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Context

* Previous days: motivations of players depend on OBSERVABLE AND MATERIAL
OUTCOMES of strategic interaction:
* Wearing same type of clothes at parties

* Money outcomes in bids for drawings, etc...

* In many real-life situations: people are ALSO internally driven by EMOTIONAL
AND PSYCHOLOGICAL MOTIVATIONS:

* Avoiding Guilt by trying to not disappoint the other player

* Surprising others

* Punishing people because of anger of from others intentionally hurting your outcomes

* etc



Context

* Commonalities: your motivation depends on your HIGHER-ORDER beliefs

* Guilt: you will feel guilty if you BELIEVE that you did not meet other players expectations = Belief about
others expectation is second-order belief

* Surprise: you think you surprised someone if you believe you chose exactly opposite of what the other
person expected you to choose = second-order belief

* Anger: you think other player made a decision while believing/knowing that that decision would have a
bad outcome for you. = Anger results from your second-order belief.

* Beliefs are not observable, often not confirmed = utility no longer fully depends on observable
outcome of game.



Context

* Commonalities: your motivation depends on your HIGHER-ORDER beliefs

* Guilt: you will feel guilty if you BELIEVE that you did not meet other players expectations = Belief about
others expectation is second-order belief

* Surprise: you think you surprised someone if you believe you chose exactly opposite of what the other
person expected you to choose = second-order belief

* Anger: you think other player made a decision while believing/knowing that that decision would have a
bad outcome for you. = Anger results from your second-order belief.

* Beliefs are not observable, often not confirmed = utility no longer fully depends on observable
outcome of game.

* Quick example for context »



Context

Example: group project with friend

ay you are for a project in a team of 2, with your friend Barbara. Over the weekend you both independentl
ork on it. Deadline is Sunday 23:59. More effort from either results in lower grade, but of course cost
recious weekend time.

P~ You value weekend time a lot, and are okay with a 60% score on the project.

I|ke hers to make that happen.

I>Then your guilt-aversion will drive you to choose higher effort. Otherwise you get disutility of letting down

|
|
|
I>You believe that Barbara is aiming for an 80% score, and believe she is expecting you choose your effort equally :
|
|
I Barbara. :

Surprise:
I
IYou want to exceed Barbara’s expectations. If you believe she was expecting 80%, you choose effort to get to 90%.




Context

* Literature examples of applications
* Guilt: see e.g. Dufwenberg & Charness (2006)

* Surprise: see e.g. Khalmetski et al. (2025), Mourmans (2017)

* Anger: see e.g. Aina et al. (2020)

* Intention-based reciprocity: see e.g. Rabin (1993), Dufwenberg & Kirchsteiger(2004),
* Social norm conformity: see e.g. Li (2008), Charness et al. (2019)

* We continue with fundamentals of psychological games: How do we model them? How to we
model reasoning in these games? What procedures exist? Can we apply previous procedures
and why/why not?



Game Example




Game Example: decision problem
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Going to a party (Original, standard game)

~ Neither you nor Barbara wants to wear the same as other.

~ You prefer blue over green over red. Barbara red over blue over green

~ Barbara and you go to party. You have to decide color of clothes: blue, green red

You Blue green red Barbara blue green ned
blue ( 3 3 pite v, 2|

—green 2 € 2 3 —green 1 0
red 1 | 0 - red 3 3|

Under common belief in rationality you choose to wear blue




Game Example : decision problem

Surprising Barbara

Barbara and you go to party. You have to decide color of clothes: blue, green red

You prefer blue over green over red. Barbara red over blue over green

Neither you nor Barbara wants to wear the same as other.

You want to be unpredictable: you wish to surprise Barbara by color you wear.

If you wear blue and you believe that Barbara believes, with probability 1, that you will wear
anything but blue, you get surprise utility of 3.

If you wear blue and you believe that Barbara believes, with probability 1, that you will wear blue,

you get surprise utility of 0.

Surprise
Utilities

Barbara believes you choose You believe Barbara chooses
You blue green red Barbara blue green red
blue 0 3 3 blue 0 2 2
green 2 0 2 green 1 0 1
red 1 1 0 red 3 3 0




Game Example

* Assume that utilities are addi

* We can now create decision

Baseline utility

blem

u + surprise u.

states

Surprise utility

Barbara believes you choose
You blue green red You blue green red
blue 0 3 3 blue 0 3 3
green 2 0 2 green 2 0 2

You (b, b) (b,g) (b,r) (g,b) (9,9) (9,r) (rb) (r.g) (rr)

blue 0 3 3/ 3 6 6

3 6 6
green 4 2 4 2 0 2 4 2 4
1 1 0

red 2 2 1 2 2 1




Game Example: decision problem

* Assume that utilities are additive: total utility = baseline u + surprise u.

* We can now create decision problem with choices and states

Decision problem for You in “Surprising Barbara”

You (b, b) (b,9) (b,r) (9,b) (9,9) (9,r) (1,b) (r.9) (rr)
blue 0 3 3 3 6 6 3 6 6
green 4 2 4 2 0 2 4 2 4
red 2 2 1 2 2 1 1 1 0
Decision problem for Barbara in “Surprising Barbara”
Barbara | (b, b) (b,9) (b,r) (9,b) (9,9) (9,r) (1,b) (r.9) (rr)
blue 0 2 2 2 4 4 2 4 4
green 2 1 2 1 0 1 2 1 2
red 6 6 3 6 6 3 3 3 0




Game Example: expected utilities

Decision problem for You in “Surprising Barbara”

You (b, b) (b,g) (b,r) (9,b) (9,9) (g,r) (r,b) (rg) (r,r)
blue 0 3 3 3 6 6 3 6 6
green 4 2 4 2 0 2 4 2 4
red 2 2 1 2 2 1 1 1 0

I Utility now depends on first-order AND I
: second-order beliefs |
|
|

Belief hierarchy for you I First-order and second order beliefs induce:

You Barbara You I I
02 blue > blue :0,2 +(b,b) + (0.8 - 0.5) - (r,g) + (0.8 - 0.5) - (r,r) =
' |
/ 10,2 - (b,b) +0.4 - (r,g) + 0.4 - (r,r) I
\ 0.5 green ' ) . [
0.8 / I This we second-order expectation induced
red 05 , o I by the first-order and second-order beliefs

[
I
IExpected utility from wearing green: .
' |
[

0,2-4+04-2+04-4=3.2



Game Example: expected utilities

* Two different second-order beliefs can induce the same second-order
expectation

* Both belief diagrams below induce 0,2 - (b,b) + 0.4 - (r,g) + 0.4 - (r,r)

You Barbara You
blue > blue

% green
0.5

red > red

You

Barbara

y
0.2 blue » Dblue
04
N

You

red

v

green

red red

v



Definition of Psychological Game

@
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Definition of Psychological Game

* In example: preferences only dependend on second-order epxectation of belief
hierarchy, not on fully specification first and second-order belief

* Throughout this course we continue assuming this.

* Very concretely, a second-order expectation is:

Definition 8.2.1 (Second-order expectation) Consider two players, i and j, with sets of

hoices C; and C;. A second-order expectation for player i is a probability distribution e; that
ssigns to every choice-pair (cj, ¢;) where ¢; € C; and ¢; € Cj, a probability e; (c;, ¢;) .




Definition of Psychological Game

* So we assume a player’s preferences over choices depend on second-order
expectations, which is a probability distribution over choice-pairs (¢;, ¢;) .

* This is the same as: player i’s decision problem is given by
* The set of choices (;
* The set of states §; = C; X (;

* Conditional preference relation that assigns to every belief (second-order
expectation) ¢;€ A(S;) some preference relation over his own choices.

* If we further assume that that conditional preference relation has a expected utility
representation u; we get something very familiar:



Definition of Psychological Game

Definition 8.2.2 (Psychological game) A psychological game with two players specifies, for
oth players i, decision problem (C;, S;, u;), where:

i The set of choices (;,

ii.  The set of states §; = C; X (; consists of all choice-pairs (cj, ¢;) where ¢; € C; and ¢; € C;, and

iii.  Player /’s conditional preference relation has an expected utility representation u; , assigning to every
choice ¢; € C; and every state (cj, c;) € S; some utility u;(c;, (¢}, ¢;))

|In example:

: i.  Your set of choices C; = {blue, green, red} ; Barbara’s set of choices C, = {blue, green,red}

| ii.  Yoursetof states S; = C, x C; = {(b,b), (b,g), (b,7),(g,b),(g9,9),(g,7),(r,b),(r,g9),(r,r)}; Barbara similarly.
I iii. Your utility assigns to every combination (¢, (c,, ¢1)) some utility. E.g. u, (blue, (green, blue)) = 3 ; Barbara similarly.
I
!
I




CBR in Psychological Games
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CBR in Psychological Games

* Optimality of choices : “given my belief over the possible states, my
choice ¢; is optimal if given that belief it yields at least as high an expected utility

177

as any other choice ¢;”.

*Belief in opponent’s rationality the same: “l believe in my opponent’s rationality
if | believe my opponent makes an optimal choice given her belief over her
possible states”

* Common belief in rationality also the same: “I express up to k-fold belief in
rationality for every k”.

* Let us formalize this!



Reason: recursive procedure we are
going to define. This procedure may

CBR Iﬂ PSyChO‘Oglca| Games tam/einfininiteuymanysteps_

Epistemic model. Same as for standard games (Ch3). Mamely, the states are
determined by choices only.

Definition 8.3.1 (Epistemic Model) An epistemic model M = (Ti/éi)iEI for a psychological game specifies
a) for every player i a set of types T;, which may contain |nfinitely many typesfand

b) For every player i and every type t; € T;, a probability distribution b;(t;) on the opponents’ choice-type
combinations. We assume that b;(t;) assigns positive probability to only finitely many opponents’ choice-type
combinations. This probability distribution b;(t;) represents t;’s belief about the opponents’ choices and types.

LDefinition 8.3.2 (Optimal choice for a type) Consider a type t; for a player i in an epistemic model, and suppose
hat t; has second-order expectation e;. Then the choice ¢; is optimal for type ¢; if

Z ei(c;,ci) - ui(ci, (¢, ¢f)) = Z AR (ci", (cj,ci’)),for all ¢;’ € C;

(Cj,Ci,)ESi (Cj,Cl-,)ESi




CBR in Psychological Games

* In the remainder, notation wise we write for the expected utility from a choice
c; and a type t; the following

u;i(ci, ty) = Z ei(c;, i) - ui(cy, (¢, ¢i))

(Cj,Ci,)ESi




CBR in Psychological Games

* Example of epistemic model. Equivalent to standard games!

Types T, = {thiue (97"} T, = {¢hiue tred)
Beliefs for You b, (tPtme) = (0.8) - (blue,t2™€) +(0.2) - (red,t5e%)
by (£97¢¢™) _ (red, £7¢%)
Beliefs for Barbara b, (thte) = (green,t; ")
b, (t;‘ed) = (0.9) - (blue, tP™€) +(0.1) - (green,tlgreen)

» What would be second order-expectation induced by type t?%¢?

* What would be optimal choice given type t2t4€?



CBR in Psychological Games

* What would be second order-expectation induced by type t?/#¢?
Types T, = {tflue’tlgreen}’ T, = {téalue’tged}
Beliefs for You by (tflue) = (0.8) - (blue,t2™€) +(0.2) - (red,t5e%)
by (57 _ (red, t5e%)
Beliefs for Barbara b, (thte) = (green,t; ")
b, (t;‘ed) = (0.9) - (blue, tP™€) +(0.1) - (green,tlgreen)

*e; =(0.8)-[1-(b,g)] +(0.2)-[(0.9) - (r,b) + (0.1) (1, g)]
*e; =(0.8) (b, g)+(0.18) - (r,b) + (0.02): (, g)



CBR in Psychological Games

lue 3

* What would be optimal choice given type tf
- second-order expectation induced by t?'¢ : e, =(0.8) (b, g)+ (0.18) - (r, b) + (0.02) (1, g)

*We now just fill in the utilities given the beliefs that get positive probability assigned!

* u, (blue, t?™€) = (0.8) -3+ (0.18) - 3 + (0.02)- 6 = 3.06
‘uy (green, tP'€) = (0.8) -2 + (0.18) - 4 + (0.02)- 2 = 2.36
‘uy (red, t?™¢) = (0.8) -1+ (0.18) - 1 + (0.02)- 1 = 1.8

* So blue is optimal given type t2t€|



CBR in Psychological Games

* Similarly one can check that green is optimal given tg " blue is optimal given tbl“e and red is
optimal given t}°

Types T, = {thte, cJ7°"), T, = {t2e, t]e?}
Beliefs for You by (¢e9e) = (0.8) - (blue, t5¢) +(0.2) - (red,t5°%)
by (£97%°) _ (red, t5¢%)
Beliefs for Barbara b, (thte) = (green,t]" ™)
b,(t5¢%) = (0.9) - (blue,t?™€) + (0.1) - (green,t{ ™)

* Every type only assigns positive probability to choice-type pairs where choice is optimal for type 2>
* At each step of reasoning induced by types rationality is believed =

* Each type in model expresses common belief in rationality . You can wear blue and green under CBR



CBR in Psychological Games

* Similarly one can check that green is optimal given tg " blue is optimal given tbl“e and red is
optimal given t}°
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* Every type only assigns positive probability to choice-type pairs where choice is optimal for type 2>
* At each step of reasoning induced by types rationality is believed =

* Each type in model expresses common belief in rationality . You can wear blue and green under CBR



CBR in Psychological Games

Definition 8.3.3 (Belief in the opponent’s rationality) Type t; believes in the opponent’s rationality if b; (t;)
nly assigns positive probability to choice-type pairs (cj, tj) where choice ¢; is optimal for the type ¢;.

Definition 8.3.4 (Common belief in rationality) A type t; expresses 1-fold belief in rationality if t; believes in the
pponent’s rationality.

type t; expresses 2-fold belief in rationality if b; (t;) assigns only positive probability to opponent’s types that express 1-fold
elief in rationality.

type t; expresses 3-fold belief in rationality if b; (t;) assigns only positive probability to opponent’s types that express 2-fold
elief in rationality. And so on.

type t; expresses common belief in rationality if the expresses k-fold belief in rationality for every k > 1

Rational choice under CBR (Definition 8.3.5) is then also similar: a choice is rational if there is some epistemic model with a type
in it such that (1) the choice is optimal for the type and (2) the type expresses CBR.



CBR in Psychological Games

Recap

*The notion of belief in rationality is the same as in standard games: “I believe my opponent makes an optimal
choice given her belief”.

*The notion of CBR is the same as in standard games: “in no level of reasoning is there a belief that a player is
making an unreasonable choice”

*The notion of : “choice is optimal given second-order
expectation induced by second-order belief”

* The notion of optimality is not exactly the same because the set-up of the decision-problems are different.
*states are extremes of second-order expectations instead of extreme first-order beliefs / choices of opponent

* This has consequences for a procedure that can characterize rational choices under CBR!



Recursive procedure for RCBR

73
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Recursive procedure for RCBR (general)

* A recursive procedure to characterize rational choices under CBR (RCBR) in most
cases tries to do the following:

* Reduce reasoning step to only essential information to determine what choice can be
optimal at a certain k-th level op reasoning.

* What information does each step need to contain?
* Your (remaining) possible choices that are still reasonable at that step.

* The set of remaining reasonable events that your preferences depend on

* In standard games this set of events is for instance your opponent’s remaining
choices that are still optimal at a particular reasoning step.

* Any other information is superfluous for your preferences and can be thrown out



Recursive procedure for RCBR (general)

* E.g. for standard games:

* Your preferences only depend on material outcomes of game: combo of your choice and
opponent’s choice

* For each step in procedure information can thus be reduced to: reasonable choices of you
and reasonable choices of your opponent up to that particular reasoning level.

* What your opponent used to make a choice reasonable up to level — k
because your preferences do not depend on it.

* For psychological games we need more information:
* Your preferences now also depend on beliefs / the reasoning of your opponent.
* We need information of WHY your opponent could have reasonable made a remaining choice



Recursive procedure for RCBR (general)

* Example ‘Surprising Barbara’:
* You care about wearing a different color from Barbara, but also surprising her.

* To determine optimality of my choice, | need info on (1) what colors Barbara can reasonably wear to
determine | will wear a different color from her, but also (2) what reasoning she can reasonably have for
that color to determine if Barbara believes | will wear a different color than what | am intending to do.

* Example guilt in team project
* You care about not working too hard, but also not letting down your friend in expected final grade

* To determine optimality of my choice, | need info on (1) what effort my friend can reasonably put in to
determine how much effort | should put in to achieve minimum passing grade, but also (2) what
reasoning my friend can reasonably have for her effort to determine if my friend believes we together
are coordinating on a higher than passing grade and that | am not letting her down.



Recursive procedure for RCBR (general)

* Each level of reasoning results in a set of combination of choices and beliefs that can
reason those choices (true for any game, standard or psy)

* This puts restrictions on reasonable combinations of choices and first-order beliefs |
can consider for my opponent if | believe in her rationality in my second-order belief.

* My second-order expectations are derived from my second-order beliefs 2> The above
restrictions in 2nd-order beliefs work through in my 2nd-order expectations

*In other words: for each step we need info on opponent’s possible first-order beliefs
that reason her choices to derive reasonable second-order expecations for me.

*This also means: eliminating choices and states is not enough.
* States are just summary statistics of 2nd-order expectations: the extremes of the distribution

* We cannot retrieve the full-on first-order beliefs of my opponent from those extremes.



Elimination of choices and states: not 2

enough? (O-fold)

* Let us go back to game ‘Surprising Barbara’. Let us apply elimination of choices

and states.

You (b, b) (b,g) (b,r) (g,b) (9,9) (g,r) (r.b) (r.g) (rr)

blue 0 3 3 3 6 6 3 6 6

green 4 2 4 2 0 2 4 2 4

red 2 2 1 2 2 1 1 1 0
Barbara | (b, b) (b,g) (b,r) (g,b) (9,9) (g,r) (rb) (r.g) (rr)
blue 0 2 2 2 4 4 2 4 4
green 2 1 2 1 0 1 2 1 2
red 6 6 3 6 6 3 3 3 0




Elimination of choices and states: not 2

enough? (O-fold)

* red is strictly dominated for you by (0.4)blue + 0.6(green).

* green is strictly dominated for Barbara by (0.6)blue + (0.4)red

You (b, b) (b,g) (b,r) (g,b) (9,9) (g,r) (r,b) (r,9) (r,r)

blue 0 3 3 3 6 6 3 6 6

green 4 2 4 2 0 2 4 2 4

—ed 2 2 1 2 2 2 2 2 8

Barbara | (b,b)  (bg) (b,r) (9,b) (9,9) (9,r) (1,b) (r9) (r,r)
blue 0 2 2 2 4 4 2 4 4
green 2 1 2 1 8 1 2 1 2
red 6 6 3 6 6 3 3 3 0




Elimination of choices and states: not
enough? (1-fold and 2-fold)

*Elimination of choices and states:
* we eliminate in your decision-problem all states (c,, ¢,) where ¢, = red . And in
Barbara’s decision-problem all states (c,, ¢,) where ¢, = red

* we eliminate in your decision-problem all states (cp, ¢y ) where ¢, = green . And in Barbara’s
decision-problem all states (c,, c,) where ¢, = green.

* Namely, if You express 1-fold belief in rationality, you cannot believe Barbara chooses green.
And if you express 2-fold belief in rationality, you cannot believe Barbara believes you choose
red. Similarly for Barbara.



Elimination of choices and states: not 2

enough? (1-fold and 2-fold)

You |(bb) (bg) r)  feb)  @a) M) b)) (a) ()
blue 0 3 3 6 6 3 6 €
green 4 2 L. ( Z 4 2 4
—red 2 2 1 + €
Barbara | (b,b)  (bg) (b,r) (9,b) (9.9) (9,r) (tb) (r9) (tr)
blue |0 > 2 2 4 4 2 ) .
green 2 2 1 o 1 2 3
6




Elimination of choices and states: not 2

enough? (Step 2)

*Elimination of choices and states:
* No choices left for You strictly dominated. Also not for Barbara

* Therefore also no states to be eliminated. Procedure ends!

* You can wear Blue and Green. Barbara can wear Blue and Red

* We already made EM for this with types expressing CBR. So procedure works????
* No, procedure does not generally work. We will see now!

You (b, b) (b,g) (r.b) (rg) Barbara | (b, b) (b,r) (g,b) (g,r)
blue 0 3 3 6 blue 0 2 2 4
green 4 2 4 2 red 6 3 6 3




Elimination of choices and states: not 2

enough (Example Game)

Black and White dinner

~ Barbara and You go to a dinner party at Chris. You must either wear black or white.

~ Your preferences: You prefer to wear , except under one condition: if You believe, with
probability 1, that by wearing black You wear a different color from Barbara AND surprise her
with your color decision, then You are indifferent between white and black.

~ Barbara has similar preferences as You, but then reversed (black main preference).

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 1 black 1 1 1 1
white 1 1 1 1 white 1 0 0 0




Elimination of ¢
enough (Examp

noices and states: not
e Game)

* What can You reasonably wear under common belief in rationality?

Let’s start considering your choice black

Your choice black only optimal if probability 1 is assigned to (w,w) in your second-order expectation.

This means that you believe with probability 1 that Barbara chooses white, while believing with
probability 1 that you will wear white.

As we see in Barbara’s decision problem: white is never optimal for Barbara if she assigns in her 1st
order belief positive probability to you wearing white.

Thus: there is no second-order belief for You possible that assigns positive probability to Barbara
wearing white while Barbara believes you wear white.

Black is never optimal for You under CBR. White only optimal under CBR. Similarly black for Barbara.

You (b, b) (b,w) (w,b) (w,w)
black 0 0 0 1
white 1 1 1 1

You (b, b) (b,w) (w,b) (w,w)
black 1 1 1 1
white 1 0 0 0




Elimination of choices and states: not
enough (Example Game)

* What if we apply elimination of choices and states?
* No choice can be eliminated for You or Barbara in the first round. None are STRICTLY dominated

* That means no states can be eliminated either
* Procedure ends
* white and BLACK remain for you. And black and WHITE remain for Barbara. Too many!

* Reason as discussed earlier: we are missing information = your opponent’s possible reasoning/first-
order beliefs for a particular choice should be remembered for each reasoning step. Only this
sufficiently restricts the possible second-order expectations for You.

You (b, b) (b,w) (w,b) (w,w) You (b, b) (b,w) (w,b) (w,w)
black 0 0 0 1 black 1 1 1 1
white 1 1 1 1 white 1 0 0 0




Elimination of ¢
enough (Examp

noices and states: not
e Game)

* What can You reasonably wear under common belief in rationality?

Let’s start considering your choice black

Your choice black only optimal if probability 1 is assigned to (w,w) in your second-order expectation.

This means that you believe with probability 1 that Barbara chooses white, while believing with
probability 1 that you will wear white.

As we see in Barbara’s decision problem: white is never optimal for Barbara if she assigns in her 1st
order belief positive probability to you wearing white.

Thus: there is no second-order belief for You possible that assigns positive probability to Barbara
wearing white while Barbara believes you wear white.

Black is never optimal for You under CBR. White only optimal under CBR. Similarly black for Barbara.

You (b, b) (b,w) (w,b) (w,w)
black 0 0 0 1
white 1 1 1 1

You (b, b) (b,w) (w,b) (w,w)
black 1 1 1 1
white 1 0 0 0




Elimination of choices and crcenE)
second-order expectations

A procedure that characterizes rational choices under common belief in rationality should be
able to characterize the set of reasonable second-order expectations up to that level.

We call this iterated elimination of choices and second-order expectations

In words:

Round 1: eliminate for both players all choices that are strictly dominated in their decision
problems

Round 2:

for each player, for every remaining choice of the opponent, find the set of first-order beliefs
under which that choice is an optimal choice. Call this condition A.

For each player, then derive the restricted set of second-order expectations where the belief
about the opponents choices and first-order beliefs satisfies condition A. This is the
‘reasonable’ second-order expectations that are aligned with up to 1-fold belief in rationality.

Then eliminate for both players all choices that are not optimal under any second-order
expectation in the restricted set. ........ And so on for Round 3, 4, 5 etc.









Note: we are eliminating non-finite sets. Second-order expectations. The regular graphical
representation no longer works. We need something to represents four extremes, and all
possible beliefs in between = Polyhedron
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Example CBR and IESDCSE

Black and White dinner with a huge preference for surprise

~ Barbara and You go to a dinner party at Chris. You must either wear black or white.

 Your preferences: You prefer to wear , except under one condition: if You believe, with
probability 1, that by wearing black You wear a different color from Barbara AND surprise her
with your color decision, then You strongly prefer to wear black over white

~Barbara has similar preferences as You, but then reversed (black main preference).

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




Example CBR and IESDCSE (1)

Step 1:

No choices are strictly dominated for You or for Barbara. So we cannot eliminate anything

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




Example CBR and IESDCSE (2)

Step 2:

We want to establish choice-first-order belief pairs for each opponent’s remaining choices
where the choice can be rational for a first-order belief for the opponent. This we use to derive
‘reasonable’ second-order expectation for each player that satisfies up to 1-fold belief in

rationality.
You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




Example CBR and IESDCSE (2)

Step 2:

> First for Barbara we establish BZ(black) and B%(white).

» Barbara prefers white over black if: state (b,b) is assigned at least probability 0.4 in her second-
order expectation e,.

» You prefer black over white if: state (w,w) is assigned at least probability 0.4 in your second-
order expectation e;.

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




Example CBR and IESDCSE (2)

Step 2: Your reasonable second-order expectations

»Barbara prefers white over black if: state (b,b) is assigned at least probability 0.4 in her second-
order expectation e,.

> B2(white) = {b, € A(Cy) | by(black) > 0.4} is the set of Barbara’s first-order beliefs that support
white

» All second-order expectations above red triangle support Barbara’s choice white.
» All second-order expectations below red triangle support Barbara’s choice black then

»B2(black) = {b, € A(Cy) }is the set of Barbara’s first-order beliefs that support black . Note that with
all the extremes of the that are within black’s support, cover both (b, ..) and (w,..)

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




your conditional preference relation Barbara’s conditional preference relation

(W, W) (bw, wb, ww, bb) (b’ b) 2nd-order expectation

Or supporting choice

(left, bottom, right, top)

black > white white > black

1
@)
(0.6,0,0,0.4) (0,0,0.6,0.4) (0.6,0,0,0.4) (0,0,0.6,0.4)
O
(0,0.6,0,0.4) (b,w) (0,0.6,0,0.4)
(w,b) (b, b) black >\white (w,w)

2nd-order expectation

supporting choice black

(b,w) (w,b)




Example CBR and IESDCSE (2)

Step 2: Your reasonable second-order expectations

»We have
> B2(white) = {b, € A(C,) | by(black) > 0.4} is the set of first-order beliefs that support white
»B2(black) = {b, € A(Cy) }is the set of first-order beliefs that support black .
»Your set of reasonable second-order expectations:
»EZ = {e; € E; |e;(- | white,) € B5(white) and e, (- | black,) € BZ(black)}
» B2(black) imposes no restrictions, so: Ef = {e; € E; |e;(black,| white,) > 0.4}

» “Given that | believe Barbara chooses white, | must believe under 1-fold belief in rationality that
Barbara believes at least white probability 0.4 that | will choose black.

» This is everything in your diagram under the blue triangle.

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




your conditional preference relation Barbara’s conditional preference relation

(w, w) (bw, wh, ww, bb) (b, b)
Or
(left, bottom, right, top)

2nd-order expectation
supporting choice black
AND consistent with 1-
fold belief in rationality

black > white white > black

(0.4,0,0,0.6)

(0,0,0.6,0.4)

(0.6,0,0,0.4)

(0.6,0,0,0.4)

(0,0.6,0,0.4)

black > (w,w)

white > black
(w,b)




Example CBR and IESDCSE (2)

Step 2: Your reasonable second-order expectations

»We have
> B2(white) = {b, € A(C,) | by(black) > 0.4} is the set of first-order beliefs that support white
»>B2Z(black) = {b, € A(C,) }is the set of first-order beliefs that support black .
»EZ = {e, € E; |e;(black,| white,) > 0.4}

>

» We only assign positive probability in the first-level of e; to optimal choices for Barbara
> The conditional second order expectation e; (c; | ¢,) for each optimal ¢, is in line with B(c,)

> B%(c,) are the first-order beliefs that are exactly derived from Barbara’s second-order expectations e,
under which ¢, is optimal.

» Hence, your second-order expectation e in in the end is derived from second-order belief that can be
consistent with believing in Barbara’s rationality.



Example CBR and IESDCSE (2)

Step 2: Your reasonable choice expressing up to 1-fold belief in rationality

»We have
> BZ(white) = {b, € A(C,) | b,(black) > 0.4} is the set of first-order beliefs that support white
»BZ(black) = {b, € A(C;) }is the set of first-order beliefs that support black .
»EZ = {e, € E; |e;(black,| white,) > 0.4}

» We see in figure that both choices still have support below blue triangle = Both black and
white can be chosen when expressing up to 1-fold belief in rationality for You



Example CBR and IESDCSE (2)

Step 2: Barbara’s reasonable second-order expectations

» For Barbara we can do exactly same exercise.

»We get
> BZ(black) = {b, € A(C,) | b,(white) > 0.4} is the set of Your first-order beliefs that support white
»BZ(white) = {b, € A(C,) }is the set of Your first-order beliefs that support black .
»E% = {e, € E, |e,(white,| black,) = 0.4} This is the set below the blue triangle in the right diagram

» For each of Barbara’s we can still find a second-order expectation e, expressing up to 1-fold
belief in rationality that supports that choice = No choice can be eliminated.



your conditional preference relation Barbara’s conditional preference relation

(w,w) (b,b)

black > white

white > black

(0.4,0,0,0.6) (0.4,0,0,0.6)

(0.6,0,0,0.4) (0.6,0,0,0.4)




Example CBR and IESDCSE (3)

Step 3:

We want to establish choice-first-order belief pairs for each opponent’s remaining choices
where the choice can be rational for a first-order belief of the opponent THAT IS CONSISTENT
WITH 1-FOLD BELIEF IN RATIONALITY. This we use to derive ‘reasonable’ second-order
expectation for each player that satisfies up to 2-fold belief in rationality.

You (b, b) (b,w) (w,b) (w,w) Barbara | (b, b) (b,w) (w,b) (w,w)
black 0 0 0 5 black 2 2 2 2
white 2 2 2 2 white 5 0 0 0




your conditional preference relation Barbara’s conditional preference relation

(w,w) (b,b)

black > white

white > black

(0.4,0,0,0.6) (0.4,0,0,0.6)

(0.6,0,0,0.4)




Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

> First for Barbara we establish B (black) and B3 (white) that can be derived from her set of
second-order expectations that align with 1-fold belief in rationality EZ.

> Let us start with Barbara’s choice white. So with B3 (white)

> The set EZ(white), second-order expectations aligning with 1-fold belief in rationality and
supporting Barbara’s choice white, is defined by the points: )
with (bw, wb, ww, bb).



Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

»>The set EZ(white), second-order expectations aligning with 1-fold belief in rationality and
supporting Barbara’s choice white, is defined by the points: ,
with (bw, wb, ww, bb).

» (7, is on the blue line between and AND that the fourth coordinate
must be 0.4.

»This means there must be some A1 € [0,1] such thatq; = (1 —A4)-(0,1,0,0) + A+(0.4, 0, O, 0.6)
» Since the fourth coordinate is 0.4, we get that (1 —41)-0+1-0.6=0.4

> S04 =22=2Thusq; =3-(0,1,0,0)+=(0.4,0,0,0.6). Then

> Please check this for yourself!



Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

»>The set EZ(white), second-order expectations aligning with 1-fold belief in rationality and
supporting Barbara’s choice white, is defined by the points:

>
»These are the extremes of your set of second-order expectations E2 (white).

» Note the following

> and put each in total probability 1 (namely 0.6 + 0.4) in the first-level to You
choosing black.

» (7, and ¢ each put probability of at least to You choosing black.

»Then we must have that IF Barbara chooses white rationally under 1-fold belief in rationality, that she
should assign at least probablllty to you choosing black in her first order belief. So:

» B3 (white) = {bz € A(Cy) | by (blackl) = 5}



Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

»The set EZ(black), second-order expectations aligning with 1-fold belief in rationality and
supporting Barbara’s choice black is large

»>The set E2(black) contains all second-order expectations of the form (1 — 1) - (b,w) + A - (w,b) with
A€]0,1].

»So all possible first-order beliefs for Barbara can still support her choice black under 1-fold belief in
rationality.

> So: B3(black) = {b, € A(C,) }

»We have now:
> B3 (white) = {bz € A(Cy) | b,(blacky) = %} and B3 (black) = {b, € A(C;) }



Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

»We have now:
» B3 (white) = {b, € A(C,) | by(blacky) = 2} and B3 (black) = {b, € A(C;) }

» The set of second-order expectations of You that align with UP TO 2-FOLD belief in rationality:
> E3 = {e; € E; |e;(- | white,) € B3(white) and e, (- | black,) € B3(black)}

»This boils down to: E3 = {el € E; |e;(black,| white,) = %}
»This is everything below the purple triangle in the left diagram.



your conditional preference relation Barbara’s conditional preference relation

(w,w) (b,b)

black > white

white > black

(2/3,0,0,1/3) (2/3,0,0,1/3)

Ny
......
LIS

—————’————--——————— EIE - - - - N NN S S S S - - -

(W , b) '..““ ( b, b) “»"‘ (W , W)

white > black black > white




Example CBR and IESDCSE (3)

Step 3: Your reasonable second-order expectations

» The set of second-order expectations of You that align with UP TO 2-FOLD belief in rationality:
~E} = {e; € E; |ey(black, | white;) =2}
»This is everything below the purple triangle in the left diagram.

» Note that the purple triangle is completely below the red triangle. The red triangle indicated
indifference between black and white for You.

» There is no second-order expectation aligning with up to 2-fold belief in rationality that supports Your
choice black.

» The choice black can be eliminated for you.



Example CBR and IESDCSE (3)

Step 3: Barbara’s reasonable second-order expectations

» For Barbara we can do again something similar
B3 = {e; € E, |e;(white, | black,) > 2}.
»This is everything below the purple triangle in the right diagram.

» Note that the purple triangle is completely below the red triangle. The red triangle indicated
indifference between black and white for Barbara.

» There is no second-order expectation aligning with up to 2-fold belief in rationality that supports
Barbara’s choice white.

» The choice white can be eliminated for Barbara.



Example CBR and IESDCSE (3)

Step 3:

Black can be eliminated for You, White for Barbara. New reduced decision problems are below.

You |(bb)  (bw)  (wh)  (ww) Barbara | (b,b)  (bw) _ (wb)  (ww)
white | 2 2 2 2 black |2 2 2 2




Example CBR and IESDCSE (4)

Step 4:

We want to establish choice-first-order belief pairs for each opponent’s remaining choices
where the choice can be rational for a first-order belief of the opponent THAT IS CONSISTENT
WITH 2-FOLD BELIEF IN RATIONALITY. This we use to derive ‘reasonable’ second-order

expectation for each player that satisfies up to 3-fold belief in rationality.

New information we retrieved is: black is eliminated for You, white for Barbara. What does that
mean for the first-order beliefs of the opponent that can be considered?




Example CBR and IESDCSE (4)

Step 4: Your reasonable second-order expectations

»We have now:

» B3 (white) is now empty. Namely, white for Barbara was eliminated. It cannot be supported by any
second-order expectation aligned with up to 2-fold belief in rationality.

> So any second-order expectation for You must have e;(w,b) = e;(w,w) = 0.
> We only need to determine B (black) to derive E;

»For E3 (black), we essentially have the same story as with EZ(black),

»The set E3 (black) contains all second-order expectations of the form (1 — 1) - (b,w) + A - (w,b) with
A €[0,1].

»So all possible first-order beliefs for Barbara can still support her choice black under 1-fold belief in
rationality.

> So: B3(black) = {b, € A(Cy) }



your conditional preference relation Barbara’s conditional preference relation

(w,w) (b,b)

black > white

white > black

(2/3,0,0,1/3) (2/3,0,0,1/3)

Ny
......
LIS

—————’————--——————— EIE - - - - N NN S S S S - - -

(W , b) '..““ ( b, b) “»"‘ (W , W)

white > black black > white




Example CBR and IESDCSE (4)

Step 4: Your reasonable second-order expectations

»We have now:
> B (white). Thus e;(w,b) = e;(w,w) = 0
> B3 (black) = {b, € A(Cy) }
> Thus we have E{ = {e; € E; |e;(w,b) = e;(w,w) = 0}
» This is the green line in the left diagram.

Step 3: Barbara’s reasonable second-order expectations

» For Barbara very similar:
>E£1- = {ez € EZ |€2(b, b) = ez(b, W) = O}
»This is the green line in the right diagram.



your conditional preference relation Barbara’s conditional preference relation

(w,w) (b,b)

black > white white > black

. *
o* o*

(w, b) (b,b) N C .\ . (w, w)

.
* +*

white > black black > white

* .
o *
. *
* *
* *
. *
. *
. *
* *
. *
* *
. .
. +*
o *




Example CBR and IESDCSE (5)

Step 5:

We want to establish choice-first-order belief pairs for each opponent’s remaining choices
where the choice can be rational for a first-order belief of the opponent THAT IS CONSISTENT
WITH 3-FOLD BELIEF IN RATIONALITY. This we use to derive ‘reasonable’ second-order
expectation for each player that satisfies up to 4-fold belief in rationality.

New information we retrieved is: you in your first-order belief assign probability 1 on Barbara
choosing black, Barbara assigns probability 1 on You choosing White.




Example CBR and IESDCSE (5)

Step 5: Your reasonable second-order expectations

»We have now:
» B3 (white) is empty, like in previous step

» Each of Barbara’s second-order expectations in E§ assigns in the first level probability 1 to You choosing
White.

> So we have B3 (black) = {b, € A(C;) | b,(white;) = 1}
> Together then we have E? = {e; € E; |e;(w,b) = e;(w,w) = 0 and e, (White, | black,) = 1}
>ThUS: E15 - {el € El |€1(b, W) - 1} .

Step 5: Your reasonable second-order expectations

» For Barbara we can do a similar exercise. In the end we get:
»E3 ={e; €E, |e;(w,b) =1}



Example CBR and IESDCSE (5)

Step 5: Your reasonable second-order expectations

»We have now:
»White as the optimal choice for you, with second-order expectation e; = (b, w)
» Black as the optimal choice for Barbara, with second-order expectation e, = (w, b)

» As per player there is only one choice, and one second-order expectation left, the elimination
procedure ends.

» Each round k of the game characterizes rational choices and accompyning second-order
expectation that express up to k-fold belief in rationality.

» Hence the entire procecudure characterizes rational choices under CBR



Example CBR and IESDCSE (5)

»>We have :
»White as the optimal choice for you, with second-order expectation e; = (b, w)

»Black as the optimal choice for Barbara, with second-order expectation e, = (w, b)
»These choices are rational under common belief in rationality

»Outcome: you both wear your preferred color, but do not manage to surprise one another.

Types T1 — {t\lzvhite }’ T2 — {té)lack }
Beliefs for You b, (tyhite) = (black, t2ack)
Beliefs for Barbara b, (t2'<k) — (white, tWhite)




Some comments

Procedure is not necessarily finite:

I> Procedure of eliminating choices and second-order expectations does not always finish in finite amount of steps.

|
- Limit-arguments must be applied in some cases. See Example 8.5 in book.

|
1~ This is reason why in the definition of epistemic models we rely on infinitely many types.
PFo;et_i ure characterizes RCB R_('Fh;o_re_m_8_4 _1) ________________________________

|> At each Step k+1 by design we constructed the set second-order expectations for the player such that these
I second-order expectations are consistent up to k fold belief in rationality. We eliminate choices that are not
: optimal for any of those second-order expectations.

:> Then all surviving choices must be rational while expressing up to k-fold belief in rationality for every k

:>AII surviving choices must be in the set of RCBR.




Some comments

:There is always at least one choice surviving (Theorem 8.4.2):

:> There is always at least one choice that survives the procedure for each player

'> Then there is also always at least one second-order expectation surviving for each player

I>If there was no choice surviving, then there would also not have been a second-order expectation to define in the

|
|
|
|
|
|
|
I penultlmate step of the procedure. Hence why a choice should always survive :
|
|

[ =

IPossibility of Common Belief in Rationality (Theorem 8.4.3) l

|
I For every psychological game with finitely many choices, we can always construct epistemic models, possibly with;
| infinitely many types, where all types express common belief in rationality. |

:> This follows from Theorem 8.4.1 and 8.4.2 I




Some comments

|We can always ensure an epistemic model with finitely many types of which at least ONE expresses CBR

|
|
I These are simple belief hierarchies. We will see this tomorrow. l
| |
|
|

I~ A simple belief hierarchy for a psychological game with finitely many choices always exists.

|Procedure helpful in constructing epistemic models

|> See Section 8.4.9

|
I The procedure not only delivers rational choices under CBR, but also second-order expectations consistent with

I CBR.
!

I-The information in these second-order expectations can be used to construct epistemic models.




EPICENTER

Epistemic Game Theory

Can we make life easier than IESDCSE?




EPICENTER

Epistemic Game Theory
* The procedure of eliminating choices and second-order expectation is quite complex.
* Makes sense: preferences depend on complex objects : beliefs = reasoning about motivations gets
more complex
* Two ways that can make life easier:
° (1) reduce the amount of states we can define second-order expecations over
from the start
* (2) reasoning becomes akin a standard
game

* We discuss each in turn.



EPICENTER

Epistemic Game Theory

States first procedure

* We saw in the game ‘Black and White party with strong surprise’ that once a choice could be
eliminated, we could also eliminate also states that refer to that choice.

* The here:
* Try to eliminate all choices and states first. This leads to reduced decision-problems.

* In the beliefs over states (second-order expectations) we only assign positive probability to states that
remain in the reduced decision-problem

* By Theorem 2.6.1 the choices that are optimal for such beliefs are exactly the choices that are not
strictly dominated in the reduced decision problem.

* The idea is the get rid of as many states as possible first, such that the procedure of IESDCSE can be
applied to a smaller, easier reduced decision problem.




States first procedure




States first procedure

*Note that iterated elimination of choices and states eliminates to FEW combinations of choices
and second-order expectations, because it only considers the extremes second-order
expectations

* The choices and states it DOES eliminate, would also not have surived iterated elimination of
choices and second-order expectations



EPICENTE@

Research Center for
Epistemic Game Theory

Example for States-First

Exceeding Barbara’s expectations

Barbara and You have the opportunity to record a song at a famous study. You don’t want to
embarrass yourselves at the recordings. You can earn revenues from the sales.

You both indicate to Chris how many weeks you will practice: 1, 3, 5 or 7.
The total earnings are 2-w;-w,. Barbara and you each get half: w;-w,.
The mental costs of preparing for You are w#, for Barbara wZ.

You receive a psychological bonus if you manage to exceed Barbara’s expectation of how many
weeks you will practice. If you practive w; and Barbara believes with probability 1 you will
practice w;, you receive a psychological bonus of w; — w7 if w; > wj or 0 otherwise




Example for States-First

* Decision problem for You and Barbara are identical. Below therefore only yours

You (1,1) (1,3) (1,5) (1,7) (3,1) (3,3) (3,5) (3,7)
1 0 0 0 0 2 2 2 2

3 -4 -6 -6 -6 2 0 0 0

5 -16 -18 -20 -20 -6 -8 -10 -10
7 -36 -38 -40 -42 -22 -24 -26 -28

You (cont) | (5,1) (5,3) (5,5) (5,7) (7,1) (7,3) (7,5) (7,7)

1 4 4 4 4 6 6 6 6
3 8 6 6 6 14 12 12 12
5 4 2 0 0 14 12 10 10
7 -8 -10 -12 -14 6 4 2 0




Example for States-First (1.1)

* Step 1, Round 1: Eliminate strictly dominated choices. Which are strictly dominated?

You (1,1) (1,3) (1,5) (1,7) (3,1) (3,3) (3,5) (3,7)
1 0 0 0 0 2 2 2 2

3 -4 -6 -6 -6 2 0 0 0

5 -16 -18 -20 -20 -6 -8 -10 -10

N
N
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You (cont) | (5,1) (5,3) (5,5) (5,7) (7,1) (7,3) (7,5) (7,7)

1 4 4 4 4 6 6 6 6
3 8 6 6 6 14 12 12 12
5 4 2 0 0 14 12 10 10

N
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Example for States-First (1.2)

* Step 1, Round 2: Eliminate all states that consists of previously eliminated choices to obtain
reduced decision problems

You (1,1) (1,3) (1,5) (1)7) (3,1) (3,3) (3,5) (3,7)
1 0 0 0 0 2 2 2 2

3 -4 -6 -6 -6 2 0 0 0

5 -16 -18 -20 -20 -6 -8 -10 -10

You (cont) | (5,1) (5,3) (5,5) (5/7) (7)1) (7)3) (7,5) (7,7)
1 4 4 4 4 6 6 6 6

3 8 6 6 6 14 12 12 12

5 4 2 0 0 14 12 10 10




Example for States-First (1.2)

* Step 1, Round 2: Which choices are strictly dominated in reduced decision problems?

You (1,1) (1,3) (1,5) (3,1) (3,3) (3,5)
1 0 0 0 2 2 2

3 4 -6 -6 2 0 0

5 =16 =18 =20 =6 =8 =10

You (cont) (5,1) (5,3) (5,5)
1 4

4 4
3 8 6 6
5 2 0




Example for States-First (1.3)

* Step 1, Round 3: Eliminate all states that consists of previously eliminated choices to obtain 2-
fold reduced decision problems

You (1,1) (1,3) (1.,5) (3,1) (3,3) (3{5)
1 0 0 0 2 2 2

3 -4 -6 -6 2 0 0
You (cont) (5,1) (5,3) (5,5)

1 4 4 4
3 8 6 6




Example for States-First (1.3)

* Step 1, Round 3: Which choices are now strictly dominated? None

You (1,1) (1,3) (3,1) (3,3)

1 0 0 2 2
3 -4 -6 2 0




Example for States-First (2.1)

* Step 2, Round 1: Which choices are now strictly dominated? None

* Step 2, Round 2: What is the set of second-order expectations for you that express up to 1-fold
belief in rationality? Which choices are optimal under such second-order expectations?

* We start with defining the conditional preference relations for You and Barbara: for each choice depict
the set of second-order expectations that depict the optimality of that choice.

* Which first-order beliefs can we derive from that?

*Note that Your/Barbara’s choice 3 is only optimal if in the second-order expectation probability 1
is assigned to (3,1). Otherwise 1 is preferred.

You (1,1) (1,3) (3,1) (3,3)
1 0 0 2 2
3 -4 -6 2 0




Example for States-First (2.2)

> Note that Your/Barbara’s choice 3 is only optimal if in the second-order expectation probability
1 is assigned to (3,1). In the Figure in left diagram it is indicated with red point. Otherwise 1 is
preferred.

> So we have BZ(3) = {3}.

»Barbara choice 1 is optimal for any second-order expectaiton in the reduced decision problem.

»>So we have B2 = A(Cy)

»The set of second-order expectations for You that express 1-fold belief in rationality we can
derive from that is

» E? = {e; €E; | e,(+] 3,) = 3; and e,(+| 1,) € A(C,)}, or equivalently:
~Ef = {e; € E; | ey(-] 32) = 34}
» This corresponds to blue triangle in figure.



your conditional preference relation Barbara’s conditional preference relation

(3,3) (3,3)

(1,3)

(1,1)




Example for States-First (2.2)

> So we have for You that the set of reasonable second-order expectations expressing 1-fold
belief in rationality is defined by:

»Ef = {e; € By | ex(-] 32) = 34}
»Blue triangle in figure

> Note that the red point, the point where choice 3 could be optimal, is not supported by the
blue triangle

»3is NOT an optimal choice for a second-order expectation expressing 1-fold belief in rationality.
» You can also see it from decision-problem: if state (3, ?) is believed it, it must be (3,3), not (3,1)
»3 can be eliminated for You.

» For Barbara exactly the same: we can elimated 3 for Barbara



Example for States-First

» Conclusion: Barbara and You can only rationally practice for 1 week under CBR. And therefore
also only reasonably believe the other will do so.

»The mental cost of practice was simply too high!

Types Ty = {t1 }, T, = {t7}
Beliefs for You b, (1) = (1,t3)
Beliefs for Barbara b, (t) = (1,t1)

»This conclusion is drawn much quicker than if we would have applied IESDCSE throughout!



When is iterated elimination of g_&ggﬁg..@
choices and states enough?

* Earlier: iterated elimination of choices and states does not always characterize RCBR

* Reason: more information needed at each step: Preferences now depend on the reasoning that Barbara
has behind her choices.

* Higher-order reasoning (1-fold, 2-fold, ..) restrict Barbara’s reasonable first-order beliefs (WE SEE THIS
IN IESDCSE!) - restricts your reasonable second-order expectations = affects optimality of choices.

* In other words:

* Expressing O-fold belief in rationality (optimality of Your choice) and 1-fold belief in rationality can give
conflicting conditions on my set of reasonable second-order expectations.

* We need info on conditions of both to determine UP TO 1-fold (0O-fold + 1-fold) belief in rationality to
resolve the conflict.

* Elimination of choices and states essentially at start of Step 2 throws out info of conditions that
determine 1-fold.



When is iterated elimination of
choices and states enough?

*When do these conflicts in reasoning not arise?

*Logically: when reasoning (A) behind particular choices of opponents (B) is not relevant for your
preferences, restrictions on reasonable second-order expectations will not affect optimality of
your choices.

* This is the logic for if preferences depend up to 2 orders of beliefs, but can be extended to if preferences
depend up to n order of belief.

* Example is standard games:
* 1-fold belief in rationality WILL impose restrictions on second level of the second-order expectation

* But the second level is not relevant for your preferences. Conditions imposed on that can be
disregarded.



