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Introduction
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The Beliefs of All Agents stem from a Joint Source

m A classical idea in economics is the common prior assumption
(CPA): accordingly, all beliefs stem from a joint source.

m In other words, differences in beliefs among agents can be
entirely explained by differences in information.

m In games with complete information, it has been shown that
common belief in rationality together with the CPA epistemically
characterizes Correlated Equilibirum.

m Also, the CPA has been furnished with a conceptually
illuminating characterization by means of symmetric beliefs.

m In this part things are extended to incomplete information.

m [t turns out that the CPA together with common belief in
rationality is equivalent to Bayesian Equilibrium.
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Example: The Moonlight Serenade

m You had a fight with Barbara and contemplate about three ways
of apologizing to her:

e perform a moonlight serenade outside her house,
e bring her a box of her chocolate,
e send your common friend Chris to apologize for you.

m When the doorbell rings Barbara can open up or ignore the bell.

m Your preferences are captured by the following decision problem:

open  ignore

serenade 4 0
I'y(uy) chocolate 0 4
Chris 3 3
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Example: The Moonlight Serenade

m You are uncertain about Barbara's preferences and whether she
will be in an angry or a forgiving mood.

m Her preferences are captured by the following two decision

problems:
serenade _chocolate Chris serenade _chocolate Chris
Tp(uen) Open ‘ 0 0 ‘ 0 Ty open ‘ 0 1 ‘ 0
s(ef') 1 1 505" ignore ‘ 1 0 1 ‘

ignore ‘ 1
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Example: The Moonlight Serenade

A beliefs diagram with an associated weighted beliefs diagram:

You Barbara You

(serenade, u,) (ignore, ug™) (serenade, u,)

(chocolate, u,) (open, u§’") (chocolate, u,)

(Chris, uy) (ignore, u}")

(Chris, uy)

You Barbara You

(serenade, u,) (ignore, ug™ (serenade, )

(chocolate, u,) (open, u}" (chocolate, u,)

for

(Chris, uy) (ignore, uj (Chris, uy)
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Example: The Moonlight Serenade

In fact all the relative weights of the outgoing arrows in the weighted beliefs diagram correspond precisely to the
probabilities of these outgoing arrows in the induced beliefs diagram on top.

You Barbara You

(serenade, ,) (ignore, ug") (serenade, uy)

for-

(chocolate, 1,) (open, u} (chocolate, uy)

. for.
(ignore, u}

(Chris, uy) (Chris, )

You Barbara

(serenade, 1) (ignore, ug™) (serenade, ,)

(chocolate, ,) (open, uf™) (chocolate, 1,)

(ignore, u}”" (Chris, uy)

(Chris, u,)
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Example: The Moonlight Serenade

You Barbara You

(serenade, u,,) (ignore, ug™) (serenade, u,)
1

uy) (open, uf")

(chocolate, uy)

for 1

(Chris, uy) (ignore, up”") ————" (Chris, uy)

Observe that the weighted beliefs diagram is symmetric:

e For every arrow from a choice utility function pair (cy, uy) of yours to a choice utility function pair (cp, up) of
Barbara, the symmetric counterpart, which is an arrow from (cg, up) to (cy, uy), also exists.

o Forevery arrow from a choice utility function pair (cp, up) of Barbara to a choice utility function pair (cy, uy)
of yours, the symmetric counterpart, which is an arrow from (cy, uy) to (cg, up), also exists.

e Every arrow carries the same weight as its symmetric counterpart.

ummer Course: Incomplete Information (lll / 1) 7/34 http://www.epicenter.name/bach


http://www.epicenter.name/bach

Introduction
[ee]e]e]ele] lelelele)

Example: The Moonlight Serenade

As the beliefs diagram on top is induced by the weighted beliefs diagram below that is symmeiric, all belief
hierarchies in the beliefs diagram are said to be symmetric.

You Barbara You

(serenade, ,) (ignore, ug") (serenade, uy)

for-

(chocolate, 1,) (open, u} (chocolate, uy)

. for.
(ignore, u}

(Chris, uy) (Chris, )

You Barbara

(serenade, 1) (ignore, ug™) (serenade, ,)

(chocolate, ,) (open, uf™) (chocolate, 1,)

(ignore, u}”" (Chris, uy)

(Chris, u,)
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Example: The Moonlight Serenade

You Barbara You

(chocolate, uy) (chocolate, uy)

(Chris, uy) (ignore, uf*") ————  (Chris, u,)

This beliefs diagram can be transformed into the following epistemic model:

1 2 3 1 2 3
o Tyou = {1, 2,83} and Toampars = {h, 13,13},

®  Vyou [t;] = Vyou [tf] = Vyou [e] = Uy

2 3
o Vgarbaralry] = u8'aNd Vgarbara (3] = VBarbaralty] = W',
o byl = (open, ),

° by[,,,[t%] % - (ignore, t,lg) + % - (open, 112;),

° b),[,,,[t;] - (ignore, r[l;) + % - (open, t%) + % - (ignore, t%),

W=

® bparbaralty) = 11 - (chocolate, t%) + & - (Chris, ts),
° bgarbara[tlzf] = % . (:erenade,tl) + % . (Chocolate,t%) + % . (Chri:,re),

* bpaaraliy] = (Chris, ).
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Example: The Moonlight Serenade

You Barbara You
(serenade, u,) (ignore, ug™). (serenade, u,)
:
w
A
10 3
(chocolate, uy) Z (open, u}™") 3 (chocolate, uy)
h
1
d
(chris, u,) n (ignore, uf*")—= (Chris, uy)

Constructing a common prior m € A(C x T)for the epistemic model:

weights probabilities 7 (-)

((xerenade, t;.), (open, tlzg)) 1 T17
((chocolam, t%), (ignore, t};)) 10 %
((chomlate, t/%), (open, r,%, uf;r)) 3 %
((Chris, t;), (ignore, 7113)) 1 %
((Chris, t?)7 (open, tlzg)) 1 %7
((Chris, t?), (ignore, t%)) 1 T17

17 1
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Example: The Moonlight Serenade

weights probabilities 7 (-)

((serenade, 1), (open, ZIZ;)) 1 %

((chocolate, t}z.), (ignore, t};)) 10 %

((chocolale, 1}2,), (open, 1,23)) 3 %

((Chrix, r)3,)7 (ignore, t,]?)) 1 %

((Chris, r?), (open, té)) 1 %
((Chris, tg), (ignore, r;)) 1 %
17 1

It can be verified that all beliefs in the epistemic model indeed stem from =« as a common prior, e.g.:

. 5 I ((serenade, I"l‘)7 (open, ti)) %
byoul[ty] (open, ) = I =5 =1
 (serenade, ) i
N . E ((cl’wcolute7 2), (ignore, t};)) % 10
byout;] (ignore, 1) = = =
) -hoc 2 104 3
7 (chocolate, 12) 7+ 13
E ((chocolate 2), (open, &} )) 3 3
byoulr}] (open, 13) = ML A y B
oLy w (chocolate, 12) %70 + % 13

ummer Course: Incomplete Information (lll / 1) 11/34

http://www.epicenter.name/bach


http://www.epicenter.name/bach

Introduction
0000000000 e

Outline

m Symmetric Beliefs

m Common Prior Assumption

m Bayesian Equilibrium

m One Theory per Choice Utility Pair
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SYMMETRIC BELIEFS
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Symmetric Beliefs
fex Yele}

Doxastic Reflection

m According to symmetric beliefs there is a symmetry between
what a player believes about an opponent and what he believes
the opponent to believe about him.

m ltis as if there exists a doxastic mirror in the mind of the agent.
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When do Belief Hierarchies satisfy Symmetry?

Let I" be a game with incomplete information.

A weighted beliefs diagram starts from a beliefs diagram, removes the probabilities at the forked arrows (if
there are any) and assigns to every arrow a from a pair (c;, #;) to a tuple (cj, u;);; @ positive weight w(a).

For every opponent j # i the symmetric counterpart to an incoming arrow a is the outgoing arrow to a tuple
(cx, u )5 that uses the same choice utility function pairs as a.

A weighted beliefs diagram diagram is symmetric, if for every arrow a each of its symmetric counterparts
(one for every opponent) is also part of the weighted beliefs diagram and carries the same weight as a.

The weighted beliefs diagram induces a beliefs diagram in which the probability of an arrow a leaving a
choice utility function pair (¢;, u;) is qual to

w(a)
pla) = o
2 arrows o’ leaving (c;,u;) w(a’)

A belief hierarchy is symmetric, if it is induced by a beliefs diagram that itself is induced by a symmetric
weighted beliefs diagram.
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Decision Rule

Definition 1

Let " be a game with incomplete information, i € I some player,

¢; € C; some choice of player i, and u; € U; some utility function of
player i. The choice ¢; is rational under common belief in rationality
and symmetric beliefs given u;, if there exists an epistemic model MT
of I with some type ¢; € T; of player i such that

B 1; expresses common belief in rationality,
m the induced belief hierarchy of #; is symmetric,

| | Vi[li] = U;,

B ¢; is optimal for ¢;.
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COMMON PRIOR
ASSUMPTION
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Common Prior Assumption
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Differences in Beliefs due to Differences in
Information

m According to the classical CPA agents start out with identical
prior beliefs and then condition on the information they receive.

m If the agents’ beliefs differ, then this is due to them having
received distinct information.

m Alternatively phrased, all beliefs root back to the same doxastic
source.
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The Common Prior Assumption

Let I" be a game with incomplete information.

m Consider a beliefs diagram and identify every choice utility function pair (c;, u;)
with a unique choice type pair (c;, #;) such that v;[r;] = u; and construct a
corresponding type-based beliefs diagram.

m A common prior w € X;e;(Cj x T;) is a probability distribution on all players’
choices type combinations.

m The type-based beliefs diagram is induced by , if for all
((ciyci), (c—iyc—i)) € Xjer(C; x T;) and for all i € I, the corresponding arrow
a((ciy¢i) = (c—i,c—;)) exists if and only if 7 ((ci, ¢;), (c—i,c—;)) > 0 and carries
the probability
ﬁ((ci, ci), (e—i, c,,-))

m(ci, 1)

pla) =

m A belief hieararchy is induced by a common prior, if there exists a common prior
m € Xjer(C; x Tj) such that the type-based beliefs diagram is induced by .
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lHlustration

m Consider the following game in one-person perspective form:

d e f d e f a b ¢ a b ¢

a [3 12711 a [1 3711 d [3 211 d [1 3 T]1
Ta(wa) b [2 |1 [3 Tay) b [2 1 |1 Tg(ug) e [2 [ 1 [3 Tp(up) e [2 |1 [1
c[0ofJoTo c[0ofoTo flofJoTo flofJoTo

m Suppose the following epistemic model of this game:
o Tuiice = {14,y } and Tpop = {18, 13},
® Vasice[ta]l = ua and vajice[ts] = uj,
® vpoy[tg] = up and vpep|tp] = up,
© buiicelta] = 3 - (d,18) + 5 - (e, 1),
o bajice[ty] = (e, 1p),
o bpopltp] = (a,1a,),

o bgyplty] =1 (a,ta) + 1 - (a,1}).

m The beliefs in this epistemic model are induced by common prior 7, where

7r((a, ta), (d, tB)) = Tr((a, ta), (e, tg)) = 7r((a7 1), (e, tg)) = %

http://www.epicenter.name/bach
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Symmetric Beliefs characterize the CPA

LetT' be a game with incomplete information. A belief hierarchy is
symmetric, if and only if, it is induced by a common prior.
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BAYESIAN EQUILIBRIUM
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The Classical Notion of Bayesian Equilibrium

m Let I be a game with incomplete information and M an
epistemic model of T".

m A common prior m € X;¢(C; x T;) constitutes a Bayesian
Equilibrium (BE), if for every player i € I it is the case that for
every pair (¢;, ;) € C; x T; such that «(¢;, ;) > 0, the choice ¢; is
optimal for #; and #s belief is given by 7 (- | (c;,1,)).

m A choice is ¢; is rational under Bayesian Equilibrium given a
utility function u;, if there exists an epistemic model M an
epistemic model of " with a common prior 7 and a choice type
pair (¢}, ;) such that w(ci, t;), vi[t;] = u;, and ¢; is optimal for .
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lHlustration

Lo [ T3 T ] d
Taluy) b [T [T ] Tslw) e
¢ !

m  Epistemic model:
o Triice = {ia, 14} and Tgop, = {15, 13},

o Vaticelta] = ua and vasice [tg] = ),

o vpoy[ip] = up and vge[1p] = up,

o m((a;1a), (d,18)) = w((a,1a), (e,15)) = 7 ((a,1}), (e, 1)) = %

o bujiceltal = 5 - (dy15) + 1 - (e, 1),
o baiice[ts] = (e, 1),
o bpeplte] = (as1a,),

o bpplipl = 5 - (a,12) + 5 - (a,14).
m 7 constitutes a Bayesian Equilibrium.
m s rational under Bayesian Equilibrium given u, (and u:‘),
B dis rational under Bayesian Equilibrium given ug,

m ¢is rational under Bayesian Equilibrium given ug,
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Characterization of Bayesian Equilibrium

Theorem 3

LetT be a game with incomplete information, i € I some player,

¢; € C; some choice of player i, and u; € U; some utility function of
playeri. The choice c; is rational under common belief in rationality
and symmetric beliefs given u;, if and only if, ¢; is rational under
Bayesian Equilibrium given u;.
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ONE THEORY PER CHOICE
UTILITY PAIR
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One Theory per Choice Utility Pair
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m The epistemic condition of one theory per choice utility pair
restricts reasoning in the following way:

For every rational choice utiltiy pair (c;,u;) deemed possible
there is a unique belief that supports c; given u;.

m Intuitively, a reasoner satisfying one theory per choice utility pair
never uses in his entire belief hierarchy distinct first-order beliefs
to rationally explain the same choice utiltiy pair for any player.

m Nonetheless, it is possible to support the same choice ¢; with
two different beliefs given two different utility functions »; and u;.

m A belief hierarchy satisfies one theory per choice utility pair, if it
can be generated by a beliefs diagram where every choice utility
pair only appears once.
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Example: The Moonlight Serenade

m Consider the following beliefs diagram for The Moonlight Serenade:

You Barbara You

(serenade, u,) (serenade, u,)

for:

(chocolate, u,) (open, ug (chocolate, uy)

N for
(ignore, up

(Chris, uy) (Chris, uy)

m As every choice utility pair only appears once in this beliefs diagram, all
belief hierarchies induced by it satisfy one theory per choice utility pair.
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Example: The Moonlight Serenade

The corresponding epistemic model thus only contains belief hierarchies satisfying the
one theory per choice utility pair:

° Tyau = {t\lnt\znt;} and TBarbara = {t[l;v tlzgv t?g}:

® Vyou [t\]] = Vyou [tﬂ = Vyou [’;} = Uy

® VBarbara [tllg] = uaBnand VBarbara [IIZg] = VBarbara [t%] = ug”,

o byoult)] = (open, 13),

° b_v,,u[t}z,] = % - (ignore, ty) + 1% - (open, 13),

° bygu[tg] = % - (ignore, tllg) + % - (open, tlzg) + % - (ignore, tg),
® bpurbaralty] = }7(1) . (chocolate,t}z,) + 117 - (Chris, t;),

o Dpaurbaralty] = % - (serenade, t)l) + % . (chocolate,tf) + % . (Chris,t;),

® bparbara [l%] = (Chris, 1)3)
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Behavioural Implications of Adding One Theory
Per Choice Utility Pair to CBR and Symmetry

m Consider a symmetric belief hierarchy g that expresses CBR and
satisfies one theory per choice utility pair.

m By Theorem 3, g is induced by a Bayesian Equilibrium, that is, by a
common prior m € X;er(C; x Tj).

m By one theory per choice utility pair, for all (¢;, u;) deemed possible in 5

there exists a unique type t(" ") supporting ¢; given u; = v; il 9.

m Replace every such choice type pair (c;, 1, £ ”f)) simply by the associated
choice utility pair (c;, ;).

m Moreover, the common prior 7 then induces a common prior
# € X;er(C; x Uj) given by

7Ar((cﬁuj)jel) = 7T((c t(’ /)) 1)

for all (¢j, uj);e; deemed possible in 3.
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Behavioural Implications of Adding One Theory
Per Choice Utility Pair to CBR and Symmetry

Cjsltj

m Since 7 forms a Bayesian Equilibrium, for all (c;, ;) such that
m(c;,1;"") > 0, the associated choice c; is optimal given utility function u;
and conditional belief 7 (- | (c;, ;")).

m Then, by construction, 7 induced by 7 satisfies an optimality condition.

m Accordigly, for all (¢j, ;) such that #(c;, u;) > 0, the associated choice ¢;
is optimal given utility function »; and conditional belief 7 (- | (c;, ))).

m A common prior € x;e; (C; x Uj) satisfying this optimality property is
called Canonical Bayesian Equilibrium.

m A choice ¢; is rational under Canonical Bayesian Equilibrium given a
utility function u, if there exists a common prior # and a choice utility
pair (¢}, u;) such that #(c{, u;) > 0 and c; is optimal given u; and
conditional belief # (- | (ci, us)).
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lllustration
d e f d e f a b ¢ a b ¢
a [3 271 a [1 [3]1 d [3 271 d [1 371
Ta(ua) b [ 2 |1 |3 Ta)) b [2 |1 1 Tp(up) e [ 2 |1 |3 Tp(up) e [2 |1 |1
clofJoTo clofJoTlo flofJoTlo floJoTo

m Consider the comon prior 7 € X;ei(C; x Uj) given by

fr((a, ua), (d, ug)) = ﬁ((a,uA), (e, ué)) = ﬁ((a,ug), (e, "1/9)) =

3
m Thus,
o #(-|(a,un)) = % du3)+2 (e, up),
o #(-| (a,uy)) = (e,u
o #(-|(d,up)) = (a us, )
o #(-| (e,up)) = % (a, uA) + 2 - (a,u)).

B 7 constitutes a Canonical Bayesian Equilibrium.

m qis rational under Bayesian Equilibrium given uy (and u}),
B d is rational under Bayesian Equilibrium given ug,

m ¢ is rational under Bayesian Equilibrium given uj,

http://www.epicenter.name/bach
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Characterization of Canonical Bayesian
Equilibrium

Theorem 4

LetT be a game with incomplete information, i € I some player,

¢; € C; some choice of player i, and u; € U; some utility function of
playeri. The choice c; is rational under common belief in rationality,
symmetric beliefs, and one theory per choice utility pair given u;, if
and only if, ¢; is rational under Canonical Bayesian Equilibrium given
U;.
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The Bigger Picture

m Solution concepts for static games in relation to informational

assumptions and epistemic conditions:

Epistemic Conditions

Complete Information Solution Concepts

Incomplete Information Solution Concepts

CBR
¥/
CBR & Common Prior Assumption

¥/

CBR & Simple Belief Hierarchy

ISD

¥/

Correlated Equilibrium

¥/

Nash Equilibrium

GISD

¥/
Bayesian Equilibrium

¥/n

Generalized Nash Equilibrium

m Remark: the characterization of Nash equilibrium & Generalized
Nash Equilibrium can be weakened to ones without CBR.

EPICENTER Summer Course: Incomplete Information (Il / Ill)

34/34

http://www.epicenter.name/bach



http://www.epicenter.name/bach

	Introduction
	

	Symmetric Beliefs
	

	Common Prior Assumption
	

	Bayesian Equilibrium
	

	One Theory per Choice Utility Pair
	


