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Games with Uncertainty About Payoffs

m In games with incomplete information, players face uncertainty
about their opponents’ payoffs.

m More formally speaking, player i might be unsure whether the
utility function of his opponent j is u; or u;.

m There are various occasions in the real-world where incomplete
information applies: firms unsure about competitors’ profits,
employers doubful about their employees’ qualities, efc.
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Interactive Reasoning about Rationality in the
Presence of Incomplete Information

m A choice of player i is said to be rational, if it is optimal for

e some conjecture (i.e. belief about the opponents’ choices)
e AND some utility function.

m Infusing such a notion of rationality into the interactive
reasoning of a player enables the formulation of common belief
in rationality also under incomplete information in the usual way:

e player i believes his opponents to choose rationally,

e player i believes his respective opponents to believe their
respective opponents to choose rationally,

e player i believes his respective opponents to believe their

respective opponents to believe their respective opponents
to choose rationally,

e efc.
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Example: What is Barbara’s favourite Colour?

Story:
m Barbara and you are going together to another party.
m You wonder what colour you should wear.

m You prefer blue (4) to green, green (3) to red, red (2) to
(1), and dislike most to wear the same colour (0) as Barbara.

m However, you drank so much at the last party, that you forgot
Barbara’s colour preferences.

m You are still certain about Barbara also disliking most to wear the
same colour (0) as you.

m Also, you remember that Barbara either prefers red (4) to ,
(3) to blue, blue (2) to green (1); or blue (4) to ,
(3) to green, green (2) to red (1).

m Question: Which colours can you rationally wear at the party
under common belief in rationality and your utility function?
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Example: What is Barbara’s favourite Colour?

[ is not optimal for any conjecture about Barbara’s choice.

m Thus, if Barbara believes in your rationality, then she assigns
probability 0 to for you.

m Barbara's 1% preferences: blue and green are not optimal for any
conjecture about your choice that exludes

m Barbara's 2™ preferences: green and red are not optimal for any
conjecture about your choice that exludes

m Suppose that you believe in Barbara's rationality and that she
believes in your rationality.

m Then, you believe Barbara not to choose green independent of
her preferences and hence green is better than red for you.
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Example: What is Barbara’s favourite Colour?

m The following belief hierarchy expresses common belief in
rationality and supports your choice of blue:

m You believe Barbara to choose red and entertain
“red-peaked”-preferences.

m You believe Barbara to believe you to choose blue and
entertain your preferences.

m You believe Barbarato believe you to believe Barbara to
choose red and entertain “red-peaked”-preferences.

m etc.

m Hence, you can rationally choose blue under common belief
in rationality and your utility function.
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Example: What is Barbara’s favourite Colour?

m The following belief hierarchy expresses common belief in
rationality and supports your choice of green:

m You believe Barbara to choose blue and entertain
“blue-peaked’-preferences.

m You believe Barbara to believe you to choose green and
entertain your preferences.

m You believe Barbarato believe you to believe Barbara to
choose blue and entertain “blue-peaked”-preferences.

m etc.

m Hence, you can rationally choose green under common belief
in rationality and your utility function.
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Outline

m Games with Incomplete Information

m Epistemic Model

m Common Belief in Rationality

m Generalized lterated Strict Dominance

m Characterization

m Fixed Beliefs on Utilities
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Static Games with Incomplete Information

Definition 1

A game with incomplete information is a tuple

I = (I,(Ci, Upier)
where

m [ is a finite set of players,

C; is a finite set of choices of player i,

m U; is afinite set of wtility functions of player i, with u; : x;e;C; — R for all u; € U;.

m Two possible sources for uncertainty for a player i:
e opponents’ choice combinations c_; € C_; (“strategic uncertainty”)
e opponents’ utility function combinations u_; € U_; (“payoff uncertainty”)

m Complete information as a special case, if | U; |[=1foralli € I

m FRAMEWORK: belief-free games with private values
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Decision Problems

m Given a game with incomplete information I' = (1, (C;, Us)ier), @ decision
problem for player i is a tuple
Ti(ui) = (Di, D_i, uilp;xp_;)

where D; C C; is a subset of i’s choice set, D_; C C_; is a subset of the set of
opponents’ choice combinations, and u; € U; is a concrete utility function of .

m A decision problem can be viewed as a one-person perspective model of a
game-theoretic choice problem.

m A decision problem is called full, if D; = C; and D_; = C_;, and reduced, if it is
not the case that D; = C;and D_; = C_;.

m A game with incomplete information can be represented as a collection of full
decision problems:

O = (Uyey {Fi(“i)})iel

This structure can also be called one-person perspective form of the game T'.
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lllustration: A Game with Incomplete Information

m Set of players I = {Alice, Bob}
B Cujiice = {a,b,c} and Cpop, = {d, e,f}
B Uyiice = {ua,uy} and Upyp = {up, up}

m One-person perspecitve form of the game:

d e f d e f a b ¢ a b ¢

a |3 ]2 ]1 a |1 |3 ]1 d |3 |21 d |1 [3]1
Tatice(ua) b [2 |1 [3 Taice(y) b [2 11 [ 1 Tsop(ug) e [2 [1 [3 Toop(up) e [2 [1 [1
c|0]0]O c|[0]0]O f10]07]0 f10]07]0

m Example of a reduced decision problem for Alice:

d
|
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Example: What is Barbara’s favourite Colour?

m Set of players I = {you, Barbara}
u Cyou = CBarbara = {blue, green, red, }
u Uyou - {uy} and UBarbam = {uBa I/t;;}

m One-person perspecitve form of the game:

blue __green ___red___yellow blue __green __red___yellow blue__green___red___yellow
blue 4 biue blue 4 4
o) green |3 0 3 E o R 8reen 1 1
HC 2 0 sl) B0 g 0 2
vellon 1 1 yellow yellow 3 0

m Example of a reduced decision problem for Barbara:

Dblue green
Ppug) &een [ L T 0]
yellow
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EPISTEMIC MODEL
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Reasoning About the Game: Belief Hierarchies

m  With incomplete information a belief hierarchy for player i consists of

B what i believes about his opponents’ choices and payoffs

B whati believes about what his opponents believe about their opponents’ choices and payoffs

B whati believes about what his opponents believe about what their opponents believe about their
opponents’ choices and payoffs

m  Thus with incomplete information —in a belief hierarchy — player i holds a belief
B about his opponents’ choices and payoffs,

B as well as about his opponents’ belief hierarchies.
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Epistemic Model

Definition 2

Let I" be a game with incomplete information. An epistemic model
r
M = (T;,vi, bi)ier
of I provides for every playeri € I,

m afinite set 7; of types,

m a utility function map v; : T; — U; that assignes to every type 1; € T; a utility function v; [#;],

m adescription map b; : T; — A ((Cj X Tj)/'GI\{i}) that assigns to every type #; € T; a probability
distribution b;[#;] over the opponents’ choice type combinations.

Note that — similarly to the case of games with complete information — the description map b; of player i provides for
every type t; € T;

e aconjecture (i.e. belief about the opponents’ choice combinations),

e a belief about the opponents’ types (i.e. implicit belief hierarchies).
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Example: What is Barbara’s favourite Colour?

Consider the following epistemic model of the game:

(uy represents your preferences / up Barbara’s “red-peaked” preferences / u}y her “blue-peaked” preferences)

m Type Sets:

Tyou = {ty, 1y} and Tparpara = {15, 13}

m Utility Function Maps:
Vyoulty] = Vyoulty] = uy

VBarbara [tb’] = up and VBarbara [tllg] = M;;

m Beliefs for you:
byoulty] = (blue, tg)
byou[t)’,] = % - (red, tg) + % - (red, 1) + % - (vellow, ty)

m Beliefs for Barbara:
bBarbara [tB] = (blue, ty)

bBarbara [IIB] = (green, t\)
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Some Basic Epistemic Notions

m For a given type t; € T;, the expression

Cutz : Z b tl Vl[tl](ch l)

i €C—;

denotes the expected utility for choosing ¢; € C;.

m A choice ¢; € C; is optimal for the type g, if
vi(ei, ti) > vi(cis 1)
holds for all ¢} € C;.
m A choice ¢; € C; is rational given some utility function u; € U;, if

there exists an epistemic model of the game with a type 1; € T;
such that ¢; is optimal for 7; and v;[r;] = u;.
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COMMON BELIEF IN
RATIONALITY
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Belief in Rationality

Definition 3

Let I' be a game with incomplete information, M" an epistemic
model of T, i € I some player, and 1; € T; some type of player i. The
type t; believes in rationality, if t; only assigns positive probability to
choice type combinations

((Clvtl)’ caoy (Ci—lv ti—l)v (CH-lth-l)a °o0 (cna tn))

such that ¢; is optimal for 7 for all j € I'\ {i}.
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Higher-order Beliefs in Rationality

Definition 4
Let I' be a game with incomplete information, M™" an epistemic
model of T, i € I some player, and ; € T; some type of player i.

m The type ; expresses 1-fold belief in rationality, if t; believes in
rationality.

m Let k > 1. The type t; expresses k-fold belief in rationality, if t;

only assigns positive probability to opponents’ types that express
(k-1)-fold belief in rationality.
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Common Belief in Rationality

Definition 5

Let I be a game with incomplete information, M* an epistemic
model of T, i € I some player, and 1; € T; some type of player i. The
type 1; expresses common belief in rationality, if t; expresses k-fold
belief in rationality for all k > 1.

Remark:
If all types in an epistemic model express belief in rationality,
then all types express common belief in rationality.

This also holds under incomplete information!
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Rational Choice under CBR

Definition 6

Let I be a game with incomplete information, i € I some player,

¢; € C; some choice of player i, and u; € U; some utility function of
player i. The choice ¢; is rational under common belief in rationality
given u;, if there exists an epistemic model M! of I" with some type
t; € T; of player i such that

B 1; expresses common belief in rationality,
| | V,'[Ii] = U;,

B ¢; is optimal for ¢;.
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m Consider the following game in one-person perspective form:

a
Ta(ua) b
c

d

Ta(uy)

f
1
1
0

SIS
[SIE SIS

ISITSIEN PN
ol=|=|a

¢
1

3 Ts(up) e
0 f

ofe|wa

olo|wa,
ISIENINIIN
ISIE N

d
Ts(us) e
f

1
2
0

of|w|==

o o8

m Suppose the following epistemic model of this game:

B Tuyice = {ta, 24} and Tgop = {t5, 13},

B vasice|ta] = ua and vasice[14] = uj,

B vgos[ts] = up and vpos[ts] = up,

B Duice[ta] = (d, t5) and basice[t1] = (e, t3),

W bpos(ts] = (a,14) and bgoy[13] = (b, 1) + 1(c,14).

m Types 1 and g believe in rationality.

m Types 14 and 1z also express common belief in rationality.
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Example: What is Barbara’s favourite Colour?

B The game in one-person perspective form:

blue reen red___yellow blue areen red ___yellow blue green red __yellow

blue [ [ 4 T & 7T ] blwe [0 T blue | I [+ T 4 1

Py freen | [0 T3 T3] popy ewen 1] I e i I
’ red | 2 1 [ I red PR red | [ [o T35 1
vellow | ] | yellow yellow | i 5 1 o]

m Suppose the following epistemic model of this game:

] Tyou = {tyy;y} and TBarbara = {IB:ZB}‘

Vyoulty] = Vyoulty] = uty,

| ]

B VarparaltB] = u @nd Vparpara[is] = up

B byoulty] = (red, 1) and byou[ty] = (blue, 1),
| ]

bBarbara [tB] = (green:iy) and barbara [;B} = (blue»t)’)-

m All types believe in rationality, and thus — by the “SHORTCUT” — also express
common belief in rationality.

m Consequently, you can rationally choose biue as well as green under common
belief in rationality given utility function u,.
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Strict Dominance and Incomplete Information

m The notion of strict dominance is first adapted to decision
problems.

m Via decision problems it is then carried into the setting of games
with incomplete information in one-person perspective form.

m Subsequently, an iteration of strict dominance in the one-person
perspective form gives rise to:

GENERALIZED ITERATED STRICT DOMINANCE (GISD)

m GISD constitutes a solution concept for incomplete information.
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Strict Dominance In Decision Problems

Definition 7

Let I be a game with incomplete information, O' the one-person
perspective form of T', i € I some player, T';(«;) some decision
problem of player i, and ¢; € D; some choice of player i. The choice c¢;
is strictly dominated, if there exists some mixed choice r; € A(D;) of
player i such that

ui(ci,e—i) < Z ri(ch) - ui(chy c—y)

L‘l{ €D;

forall c_; € D_,.
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Generalized lterated Strict Dominance

Definition 8

Let I" be a game with incomplete information and O the one-person
perspective form of T'.

m Round 1: For all i € I and for all u; € U; take the initial decision problem
LY () := (C) (w), C%i(wi), wy)

where C?(u;) := C; and C° () := C_;.

e Step 1.1: Set CL,;(w;) := C°;(w).
e Step 1.2: Form the reduced decision problem
T () := (Ci (w), CLi(wi), w)

where C} (u;) C C?(u;) only contains choices of i that are not stricly
dominated in the decision problem (C (), CL; (), u:).
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Generalized lterated Strict Dominance

Definition 8 (continued)

m Round k > 1: For all i € I and for all u; € U; take the reduced decision
problem from the previous round k — 1:

T () = (G (), €5 (i), )

e Step k.1: Form the set C* () by eliminating from C*>' (u;) every
opponents’ choice combination that contains for some opponent
J € I\ {i} a choice which is not included in any decision problem
Ff‘] (u) of player j from the previous round k — 1.

e Step £.2: Form the reduced decision problem
Ff(ui) = (Cf(ui), Ck,,»(u,-),u;)

where Cf(u;) € €~ (u;) only contains choices of i not strictly
dominated in the decision problem (C~" (u;), C*(u;), u;).
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Generalized lterated Strict Dominance

Definition 8 (continued)

m Output: The set
GISD := Xie[GISDi g ><,~61(C,~ X U,)

is called Generalized Iterated Strict Dominance, where for every player
i € I the set
GISD,‘ Q C,‘ X U,‘

only contains choice utility function pairs (c;, u;) € C; x U; such that
ci € Ci(w;) for all k > 0.
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lHlustration

One-person perspective form = initial decision problems of GISD:

d e f d e f a b ¢ a b ¢
a3]2]1 a[1]3]1 d[3]27]1 d[1]3]1
Dlwa) b [2 |1 [3 0wy b [2 1 |1 Th(up) e [2 |1 |3 Dh(up) e [2 |1 |1
clofo]o clo]Jo]o floJoJo floJoJo
Round 1:

m For Alice, choice c is strictly dominated in the initial decision
problems I'% (u4) and T' (i} ).

m Eliminate choice ¢ from T4 (u4) and from T (u}).

m Similarly, eliminate choice f from Bob’s initial decision problems
% (up) and T (ujp).

32/64 http://www.epicenter.name/bach
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lHlustration

Output from Round 1 = 1-fold reduced decision problems:

Round 2:

m For Bob, choice f is not in any of his decision problems '} (u3)
and T (uj).

m Eliminate choice f from T} (us) and from T'} («}).

m Similarly, eliminate choice ¢ from Bob’s 1-fold reduced decision
problems T'}(ug) and T'}(uj).
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d e d e a b a b
(Chun) Chlun)oi) (Ch)- Chla ) (Chlan). Caw) ) ¢ (Chh). i) ¢

Round 2 (continued):

m Then, choice b becomes strictly dominated for Alice in the
decision problem (C}(ua), C3(us),ua).

m Eliminate choice b from the decision problem
(Chlua), Ch(ua), ua).

m Similarly, eliminate choice e from Bob’s decision problem
(Cllg(l/tg), C}‘(MB% MB) .
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lHlustration

Output from Round 2 = 2-fold reduced decision problems:

d e a

d
2 2., a 1 3 2 b 2.,/ d 1 3
Ii(ua) a T3 (uy) b 2 1 Tg(up) d T'g(up) e |2 1

Round 3:

m The algorithm stops.

m Output:
G]SDAlice = {(aa uA)a (a7 u.i&)v (b’ uzlﬁl)}

and
GISDg,, = {(d, uB)a (da ul/R)a (67 MI/B)}
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Example: What is Barbara’s favourite Colour?

One-person perspective form = initial decision problems of GISD:

blue e red blue __ green red blue __ green red
blue 0 4 4 blue 0 2 2 blue 0 4 4 4
OB 5 T Th) el o L GO o s s s
1 1 0 3 3 0 3 3 3 0
Round 1:
m For you, choice is strictly dominated in the initial decision
problem T'(uy) by 1 blue + green.
m Eliminate choice from ') (uy).

m For Barbara, choice green is strictly dominated in the initial decision
problem I'} (us) by 1red+ 1

m Eliminate choice green from T'}(us).

m For Barbara, choice red is strictly dominated in the initial decision
problem I'}(u3) by 1blue + 1

m Eliminate choice red from T (uz).
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Example: What is Barbara’s favourite Colour?

Output from Round 1 = 1-fold reduced decision problems:

blue | o [ 4 [ I 4 blue “b/ue _z _rid [ 2 | blue Eue _'Y4"H _’fd [ 4 ]
i) green | [0 33 Thws) red _ Thlup) gree [2 T o [ 2 ]
red | 2 1 2] s 5 T3 [ 0] 5 T35 [ o]
Round 2:
m For you, choice is not in any of your decision problems as you

only have one decision problem T'} (uy) and it is not in there.
m Eliminate choice from T (up) and from Tp(uj).

m For every choice of Barbara there exists a 1-fold reduced decision
problem that contains it.

m Consequently, nothing can be eliminated in terms of Barbara’s choices
from T} (uy).
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Example: What is Barbara’s favourite Colour?

blue _green _red

blue

) oo Chp).Coep ) oo
L) g o E (Chlaey)- Cuy) ) - gre E
Round 2 (continued):

m Choice blue becomes strictly dominated by for Barbara in the

decision problem (Cg(us), C; (us), us).
m Eliminate choice blue from (Cy(us), Cy (us), us)-
m Choice green becomes strictly dominated by for Barbara in the

decision problem (Cy(u3), C; (up), up).

m Eliminate choice green from (Cy(up), C; (up), up).
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Example: What is Barbara’s favourite Colour?

Output from Round 2 = 2-fold reduced decision problems:

biue | b(/)ue {"”Zd"' fjd 7 | blue green  red g
C) o Tt ) e

red [ 2 | 2 0 2 | L3 [ 5 [ 5] L3 [ 3 [ 5]
Round 3:

m For you, the choices blue, green, and red are in your only decision
problem T (uy).

m For Barbara, choice green is not in any of her decision problems I'} (uz)
and T'(ujp).

m Eliminate choice green from T (uy).

39/64 http://www.epicenter.name/bach
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Example: What is Barbara’s favourite Colour?

Round 3 (continued):

m Choice red becomes strictly dominated by green for you in the decision
problem (C\Z(”y)v Ci(uy), ”y)-

m Eliminate choice red from (C3(uy), Cy(uy), uy).
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Example: What is Barbara’s favourite Colour?

Output from Round 3 = 3-fold reduced decision problems:

blue red blue _green
5 blue [ 0 [ 4 [ 4 | blue [ 0 [ 4 [ 4 |
T3 (uy) T (u)
¥ green !

Round 4:

m For you, choice redis no longer in any of your decision problems, i.e. it
is not in T (uy).

m Eliminate choice red from T'j(uz) and from T'y (up).

m For Barbara, the choices red, blue, and are in some 3-fold
decision problem of hers.
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Example: What is Barbara’s favourite Colour?

blue red

i) Pl (Chlun). ), )

Round 4 (continued):

m Choice becomes strictly dominated by red for Barbara in the
decision problem (Cj(us), C; (us), us).

m Eliminate choice from (C(us), C; (us), us).
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Example: What is Barbara’s favourite Colour?

Output from Round 4 = 4-fold reduced decision problems:

blue red blue  green blue  green
4 bue [0 [ 4 T 4 | 4 _ agyy blue [0 T 4 ]
RO e s )

Round 5:

m The algorithm stops.

m Output:
GISDy,, = {(blue, uy), (green, uy)}

and
GISDBarbam = {(fed, MB)7 (b/Ue, Ml/B)z ( >u;3)}-
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m The epistemic condition of common belief in rationality and
the solution concept of Generalized lterated Strict Dominance
are now related to each other in general.

m The two notions gave rise to the same choices in the two
specific games considered.

m Indeed this relationship turns out to be true in general: CBR and
GISD are equivalent in terms of their results.

m Thus, the meaning of GISD in terms of interactive thinking
is captured by CBR.

m Alternatively phrased, CBR can be procedurally
characterized by GISD.
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Linking Reasoning and Solution Concept

m By Pearce’s Lemma, the rational choices of player i given u; are those choices
not being strictly dominated in the full decision problem T;(u;).

e Thus, at every I';(u;) delete all the strictly dominated, which yields the
one-fold reduced decision problems I’} (x;) of GISD.

m What are the rational choices of player i under 1-fold belief in rationality given u;?

e Then, i believes every opponent j to choose optimally given j’s beliefs and
J's utility function.

e Thus, i only assigns positive probabiltiy to (cj, 4;) s.t. ¢; € F} (u5).

o Consequently, i eliminates from I'} (;) any choice ¢; that is not in any
1-fold decision problem of j.

e For the thus potentially smaller decision problem of i, the optimal choices
for i are the ones not strictly dominated.

e All of these choices of i are precisely captured by the 2-fold decision
problem I'?(u;) of GISD.
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Linking Reasoning and Solution Concept

m What are the rational choices of player i under 1-fold and 2-fold belief in
rationality given u;?

e Then, i believes every opponent j to choose rationally under 1-fold belief in
rationality given j’s utility function.

e Thus, i only assigns positive probabiltiy to (cj, 4;) s.t. ¢; € F]?(u,-).

o Consequently, i eliminates from I'?(x;) any choice ¢; that is not in any
2-fold decision problem of j.

e For every such potentially smaller decision problem, the optimal choices
for i are the ones not strictly dominated.

e All of these choices of i are precisely captured by the 3-fold decsision
problems I'3 (u;) of GISD.

m FEtc.
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Epistemic Characterization of Generalized lterated
Strict Dominance

Theorem 9

LetT" be a game with incomplete information, i € I some player,

¢; € C; some choice of player i, and u; € U; some ultility function of
playeri. The choice c; is rational under common belief in rationality
given u;, if and only if, (c;,u;) € GISD,;.
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Interim Summary

m The reasoning concept of common belief in rationality has
been extended to static games with incomplete information.

m Its algorithmic characterization has brought to light a basic
(non-equilibrium) solution concept:

Generalized lterated Strict Dominance (GISD)

m The ready-made algorithm of GISD could constitute a useful tool
for economists when analyzing situations with payoff uncertainty.
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FIXED BELIEFS ON
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Restricting the Reasoning about Payoff
Uncertainty

m Possibly, some beliefs about the opponents’ preferences seem
more plausible than others.

m This can be captured by fixing the players’ beliefs about their
respective opponents’ utility functions in their reasoning.

m Combining this idea with common belief in rationality gives rise
to a more restrictive reasoning pattern for games with
incomplete information.
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Fixed Beliefs on Utilities

Definition 10

Let T’ be a game with incomplete information, M" an epistemic model of T,
p = (p)ier € xier(A(U;)) a tuple of probability distributions, i € I some
player, and ; € T; some type of player i.

m The type ; expresses 1-fold belief in p, if t; assigns to every tuple
u—i € Xjen (i Us the probability [T, iy pi(w)-

m Letk > 1. The type 1; expresses k-fold belief in p, if t; only assigns
positive probability to opponents’ types that express (k-1)-fold belief in p.

m The type t; expresses common belief in p, if t; expresses k-fold belief in
pforallk > 1.

In other words, t’s (marginal) belief hierarchy on utility functions is the simple
belief hierarchy generated by some fixed profile p of probability distributions.
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Rational Choice under CBR and CBp

Definition 11

Let I' be a game with incomplete information, p = (pi)ies € xier (A(U;)) @
tuple of probability distributions, i € I some player, ¢; € C; some choice of
player i, and u; € U; some utility function of player i. The choice ¢; is rational
under common belief in rationality and common belief in p given u;, if there
exists an epistemic model M" of T" with some type #; € T; of player i such that

B ; expresses common belief in rationality,
B #; expresses common belief in p,
u V,'[l,'] = U,

B ¢; is optimal for ¢.
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Example: What is Barbara’s favourite Colour?

m Just before deciding on what colour to wear at tonight’s party,
you recall that Barbara drives a red car and also owns a red bike.

m Consequently, you deem it much more likely that Barbara’s most
preferred colour is red.

m More precisely, you are 80% confident that her utility function is
up (“red-peaked’-preferences).

m You believe that Barbara believes this; you believe that Barbara
believes that you believe this; etc.

m In other words, you express common belief in p, where

p = (uy,0.8 up+ 0.2 up)
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Example: What is Barbara’s favourite Colour?

m If you hold belief
0.8 -up+0.2-uj

about Barbara’s utilities and express CBR, then you must believe
Barbara to choose red with probability 0.8 and blue or
with probabiltiy 0.2.

m Then, blue yields at least 3.2 and green precisely 3 as expected
payoffs for you.

m Therefore, the only choice you can rationally make under
common belief in rationality and common belief in p is blue.
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Example: What is Barbara’s favourite Colour?

en red yellow

>

blue__green __red __yellow blue __gre lue __green __red __yellow
blue 4 4 blue [0 2 blue [0 4 4
T 0 3 0y Sreen |1 0 1 0y green |1 1 1
D) 8 3 o Chlun) &7 00 n n i) S50 ) ) 2
yellow 1 1 yellow [ 3 3 0 yellow [ 3 3 0

m Suppose the following epistemic model of this game:
B Tyou = {t,} and Tarpara = {18, 18},

Vyoulty] = uy,

VBarbara[tB) = ufy and Vparpara|ip] = up

byoulty] = 0.8 - (red, i) + 0.2 - (yellow, 1),

bBarbara [tB] = bBarbara [iB] = (blue7t)’)'

m All types believe in rationality and believe in p = (1,,0.8 - up + 0.2 - u},), and thus
also express common belief in rationality and common belief in p.

m Consequently, you can rationally choose biue under common belief in
rationality and common belief in p given utility function u,.
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Towards GISD with Fixed Beliefs on Utilities

m By Pearce’s Lemma, the rational choices of player i given u; are those
choices not being strictly dominated in the full decision problem T';(u;).

m What are then the rational choices of player i under 1-fold belief in
rationality and 1-fold belief in p given u;?

e The first-order belief b} € A(C_; x U_;) must induce a belief p on
U_; (this is called: b} respects p)

e ¢; must be optimal given u; for all (c;, u;) that b} deems possible
and thus ¢; € I} (w): these are the choices for j kept in T} (u;).

o Delete all choices not optimal with respect to a first-order belief b
restriced by the previous two conditions from T () to get ' (u;)
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Towards GISD with Fixed Beliefs on Utilities

m What are then the rational choices of player i under 1-fold & 2-fold belief
in rationality and 1-fold & 2-fold belief in p given u;?

e The first-order belief b} € A(C—; x U_;) must induce a belief p on
U_,; (this is called: b} respects p)

e ¢; must be optimal given ; for all (¢;, ;) that b} deems possible
under 1-fold belief in rationality and 1-fold belief in p and thus
¢j € I} (uj): these are the choices for j kept in I'} (u;).

o Delete all choices not optimal with respect to a first-order belief b}
restriced by the previous two conditions from T'?(u;) to get '3 (u;)

m Etc.
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GISD with Fixed Beliefs on Utilitites

Fix a tuple of probability distributions p = (p;)ie; € (A(U;)) and start with the
one-person perspective form O = (Uyey, {Fi(”i)})iel of the game.

Round 1 From every decision problem, eliminate those choices that are strictly dominated,
yielding 1-fold reduced decision problems ( Uy, ey, {I'} (”i)})ier

Round 2 e Atevery 1-fold reduced decision problem I'} (u;) only keep those choices c;
which are optimal for some b} that (i) respects p and (ii) only assigns
positive probabiltiy to (c;, ;) where ¢; € T (u;).

e This yields 2-fold reduced decision problems (Uyeu; {T7(u)}),¢,

Round 3 e Atevery 2-fold reduced decision problem I'?(u;) only keep those choices ¢;
which are optimal for some b! that (i) respects p and (ii) only assigns
positive probabiltiy to (c;, u;) where ¢; € I'} ().

e This yields 3-fold reduced decision problems (Uy,eu, {F?(ui)})ig

Etc.
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Example: What is Barbara’s favourite Colour?

One-person perspective form = initial decision problems and p = (uy,0.8 - ug 4 0.2 - u},)

blue gree red blue red blue en red
blue 4 4 blue 0 2 blue 4
) g T T T ] T T :
1 1 3 0 0
Round 1:
m For you, choice is strictly dominated in the initial decision

problem I')(uy) by 1blue + Lgreen.
m Eliminate choice from T (uy).

m For Barbara, choice green is strictly dominated in the initial decision
problem T'}(uz) by Sred+ 1

m Eliminate choice green from T'§(u).

m For Barbara, choice red is strictly dominated in the initial decision
problem T} (up) by 1blue + 1

m Eliminate choice red from T'%(uz).
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Example: What is Barbara’s favourite Colour?

Output from Round 1 = 1-fold reduced decision problems:
blue ee) red blue gree red g red
_—_— lt _—, _— It _—_-l
i) oo Py red e e s e
o T T N T T T ST T3 T
Round 2:

m b} must assign 0.8 to ug and 0.2 to uj.

m Since green is not in '} (ug), at most 0.2 can be assigned by b; to green.

m Then, your expected utility for green is at least 0.8 - 3 = 2.4, which means red
can no longer be optimal fo you: eliminate your choice red.

m In both of Barbara’s decision problems your choice needs to receive zero
probability.

m Then, blue can no longer be optimal for Barbara given ug (eliminate her choice
blue from T'}(up)) and green can no longer be optimal for Barbara given u},
(eliminate her choice green from T'} (ug)).
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Example: What is Barbara’s favourite Colour?

Output from Round 2 = 2-fold reduced decision problems:

Round 3:
m 5! must assign 0.8 to ug and 0.2 to uj.
m Since blue is not in I'4(ug), at most 0.2 can be assigned by b}‘, to blue.

m Then, your expected utility for blue is at least 0.8 - 4 = 3.2, which means green
can no longer be optimal fo you: eliminate your choice green.

m In both of Barbara’s decision problems your choice red needs to receive zero
probability.

m Then, can no longer be optimal for Barbara given up (eliminate her choice
from T'% (ug)).
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Example: What is Barbara’s favourite Colour?

Output from Round 3 = 3-fold reduced decision problems:

blue  green

blue red blue green
Fw) bie [0 T4 T 4 ] T red Ty e

Round 4:

m In both of Barbara’s decision problems your choice green needs to receive zero
probability.

m Then, blue can no longer be optimal for Barbara given uj; (eliminate her choice
from I'3 (u)).
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Example: What is Barbara’s favourite Colour?

Output from Round 4 = 4-fold reduced decision problems:

blue red blue blue

Ty(uy) blue [0 [ 4 [ 4 ] Thup) red T(uy) blue [0 |

Round 5:

m The algorithm stops.

m GISDY,, = {(blue,uy)} and GISDy = {(red,up), (blue, up)}
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