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Introduction

Under common belief in rationality, you may believe that your
opponent is wrong about your beliefs.

Why not?

Yet, Nash equilibrium assumes that you believe that your opponents
are correct about your beliefs.

Simple belief hierarchy.

Common belief in rationality in combination with simple belief
hierarchies leads to Nash equilibrium.

Correlated equilibrium assumes that your belief about the opponent is
symmetric with what you believe that the opponent believes about
you.

Symmetric belief hierarchy.

Common belief in rationality in combination with symmetric belief
hierarchies leads to correlated equilibrium.
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Correct Beliefs
Example: Movie for Two

Story

You and Barbara want to see a movie tonight.

You can either go to Cinema Palace or Movie Corner, or stay at home
and watch Netflix.

Yesterday you had a fight with Barbara, and you want to make up
with her.

Barbara, on the other hand, wants to avoid you tonight.
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Correct Beliefs
Example: Movie for Two

Each of the belief hierarchies expresses common belief in rationality.

Under common belief in rationality, you can rationally go to either of
the cinemas, or stay at home.
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Correct Beliefs
Example: Movie for Two

Consider the belief hierarchy that motivates your choice Palace.

You believe that Barbara goes to Cinema Palace,

but believe that Barbara believes that you believe that Barbara goes
to Movie Corner.

You believe that Barbara is incorrect about your belief.

This belief hierarchy is not simple.
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Correct Beliefs
Example: Movie for Two

Consider the belief hierarchy that motivates your choice home.

You believe that Barbara is correct about your belief.

In fact, your belief hierarchy is fully determined by the beliefs

σ1 = “you stay at home”and σ2 = “Barbara stays at home”.

This belief hierarchy is simple.
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Correct Beliefs
Simple Belief Hierarchy

Definition (Simple belief hierarchy)
For every player i , let σi be a probabilistic belief about i’s choice.

The belief hierarchy for player i that is generated by (σ1, ..., σn) states
that

(1) in the first-order belief, player i assigns to every opponents’choice
combination (cj )j 6=i the probability ∏j 6=i σj (cj ),

(2) in the second-order belief, player i believes with probability 1 that
every opponent j assigns to every opponents’choice combination (ck )k 6=j
the probability ∏k 6=j σk (ck ), and so on.

A belief hierarchy is called simple if it is generated by a combination of
such beliefs (σ1, σ2, ..., σn).
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Correct Beliefs
Simple Belief Hierarchy

Recall: A belief hierarchy is called simple if it is generated by a
combination of beliefs (σ1, ..., σn).

Suppose player i holds a simple belief hierarchy. Then,

player i believes that his opponents are correct about each of his
beliefs,

player i believes that j’s belief about k’s choice is the same as his own
belief about k’s choice, and

player i’s belief about j’s choice is independent from i’s belief about
k’s choice.
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Relation with Nash Equilibrium
One Direction

Consider a simple belief hierarchy for player i that is generated by
some combination (σ1, ..., σn) of beliefs.

Suppose that, in addition, the belief hierarchy expresses common
belief in rationality.

Take some opponent’s choice cj with σj (cj ) > 0.

Then, player i’s first-order belief assigns positive probability to cj .

As player i believes in j’s rationality, choice cj must be optimal for
player j under the belief σ−j that i thinks that j has about the
opponents’choices.
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Relation with Nash Equilibrium
One Direction

Now, take some own choice ci with σi (ci ) > 0.

Then, i believes that every opponent j assigns positive probability to
ci .

As i believes that j believes in i’s rationality, choice ci must be
optimal for player i under the belief σ−i that i thinks that j thinks
that i has about the opponents’choices.

Conclusion: If the simple belief hierarchy is generated by the
combination of beliefs (σ1, .., σn), and expresses common belief in
rationality,

then, for every player j , the belief σj only assigns positive probability
to choices cj that are optimal under the belief σ−j .
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Relation with Nash Equilibrium
Definition

Definition (Nash equilibrium)

The combination of beliefs (σ1, ..., σn) is a Nash equilibrium if for every
player j , the belief σj only assigns positive probability to choices cj that
are optimal under the belief σ−j .

Based on Nash (1950, 1951).

We have seen: If a simple belief hierarchy is generated by the
combination of beliefs (σ1, .., σn), and expresses common belief in
rationality,

then, (σ1, .., σn) is a Nash equilibrium.
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Relation with Nash Equilibrium
Other Direction

We can show that also the opposite direction is true.

Suppose that a simple belief hierarchy for player i is generated by a
Nash equilibrium (σ1, ..., σn).

Take an opponent j , and assume that player i assigns positive
probability to choice cj .
Then σj (cj ) > 0, and hence cj must be optimal for player j under the
belief σ−j .
Since i believes that j’s belief about the opponents’choices is σ−j ,
player i believes that cj is optimal for player j .
So, i only assigns positive probability to a choice cj if he believes that
cj is optimal for player j .
Hence, player i believes in his opponents’rationality.

Similarly, it can be shown that the belief hierarchy expresses k-fold
belief in rationality for all k.
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Relation with Nash Equilibrium
Characterization

Theorem (Relation with Nash equilibrium)
Consider a simple belief hierarchy generated by the combination
(σ1, ..., σn) of beliefs.

Then, the belief hierarchy expresses common belief in rationality, if and
only if, the combination of beliefs (σ1, ..., σn) is a Nash equilibrium.

Other epistemic foundations of Nash equilibrium can be found in
Spohn (1982), Brandenburger and Dekel (1987, 1989), Tan and
Werlang (1988), Aumann and Brandenburger (1995), Polak (1999),
Asheim (2006), Perea (2007), Barelli (2009) and Bach and Tsakas
(2014).

All these foundations involve some correct beliefs assumption.

Not all layers of common belief in rationality are needed to obtain
Nash equilibrium.
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Relation with Nash Equilibrium
Existence

Question: Can we always find simple belief hierarchies that express
common belief in rationality?

The answer is given by John Nash, in his PhD dissertation.

Theorem (Nash equilibrium always exists)
For every game with finitely many choices there is at least one Nash
equilibrium (σ1, ..., σn).

Theorem (Common belief in rationality with simple belief hierarchies
is always possible)
Consider a game with finitely many choices. Then, for every player i there
is at least one simple belief hierarchy that expresses common belief in
rationality.
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Relation with Nash Equilibrium
Optimal Choices

Consider a simple belief hierarchy for player i that expresses common
belief in rationality and is generated by the combination (σ1, ..., σn)
of beliefs.

Then, (σ1, ..., σn) is a Nash equilibrium.

Thus, choice ci is optimal for player i , if and only if, ci is optimal
under the belief σ−i about the opponents’choices.

Definition (Choice optimal in a Nash equilibrium)
A choice ci is a optimal in a Nash equilibrium if there is some Nash
equilibrium (σ1, ..., σn) where ci is optimal for player i under the belief σ−i .

Theorem (Relation with Nash equilibrium choices)
Player i can rationally make choice ci under common belief in rationality
with a simple belief hierarchy, if and only if, ci is optimal in a Nash
equilibrium.
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Relation with Nash Equilibrium
Example: Movie for Two

What choices can you rationally make under common belief in
rationality with a simple belief hierarchy?

The belief hierarchy that motivates your choice home is simple and
expresses common belief in rationality.

Can you rationally go to one of the cinemas under common belief in
rationality with a simple belief hierarchy?
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Relation with Nash Equilibrium
Example: Movie for Two

Compute all Nash equilibria.

Note that (σ1, σ2) with σ1 = “you stay at home”and σ2 = “Barbara
stays at home” is a Nash equilibrium.
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Relation with Nash Equilibrium
Example: Movie for Two

Suppose that (σ1, σ2) is a Nash equilibrium with σ1(Palace) > 0.

Then, Palace is optimal for you under σ2.

Note that u1(Palace) = 4 · σ2(Palace) and u1(home) = 3.
Since Palace is optimal for you, u1(Palace) ≥ u1(home) and
therefore σ2(Palace) ≥ 3/4.

Hence, Palace is optimal for Barbara under σ1.

Note that u2(Palace) = 4 · σ1(Corner) and u2(home) = 3.
Since Palace is optimal for Barbara, u2(Palace) ≥ u2(home) and
therefore σ1(Corner) ≥ 3/4.

Hence, σ1(Palace) > 0 and σ1(Corner) > 0.
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Relation with Nash Equilibrium
Example: Movie for Two

We have seen: σ1(Palace) > 0 and σ1(Corner) > 0.

Then, Palace and Corner must both be optimal for you under σ2.

Hence, Palace and Corner must give you the same expected utility.

Note that u1(Palace) = 4 · σ2(Palace) and
u1(Corner) = 4 · σ2(Corner).

Hence, σ2(Palace) = σ2(Corner) ≤ 1/2.

But then, home is better for you under σ2. Contradiction.
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Relation with Nash Equilibrium
Example: Movie for Two

We have seen: There is no Nash equilibrium with σ1(Palace) > 0.

Similarly, there is no Nash equilibrium with σ1(Corner) > 0.

Hence, in every Nash equilibrium we must have that σ1(home) = 1.

But then, only home is optimal for Barbara.

Thus, the only Nash equilibrium is (σ1, σ2) with σ1(home) = 1 and
σ2(home) = 1.

The only choice for you optimal in a Nash equilibrium is home.

Conclusion: Under common belief in rationality with a simple belief
hierarchy, you can only rationally stay at home.
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Symmetric Beliefs
Idea

In a simple belief hierarchy, you believe that your opponents are
correct about your beliefs, and

you believe that opponent 1 has the same belief about opponent 2 as
you have yourself.

It imposes a strong connection between your own beliefs, and what
you think that others believe.

We now explore a weaker notion:

symmetric belief hierarchies.

It imposes a symmetry between your own beliefs, and what you think
that others believe.
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Symmetric Beliefs
Example: Rock, Paper, Scissors

During a long and boring train ride, Barbara and you play “rock,
paper, scissors”.

To make the game more interesting, you invent a new item: a bomb.

Barbara also invents a new item: a diamond.
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Symmetric Beliefs
Example: Rock, Paper, Scissors
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Relation with Common Prior
Example: Rock, Paper, Scissors
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Relation with Common Prior
Theorem
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Relation with Correlated Equilibrium
Argument

What do we get when we combine a
symmetric belief hierarchy with
common belief in rationality?

Consider a symmetric belief hierarchy
induced by common prior π.

Suppose that it expresses common
belief in rationality.

What can we say about the common
prior π?
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Relation with Correlated Equilibrium
Argument

In the example, all belief hierarchies
are symmetric and express common
belief in rationality.

All belief hierarchies are induced by
the common prior π.

Consider the choice-type pair (paper,
tp2 ) with π(paper, tp2 ) > 0.

As π(paper, tp2 | rock, tr1) > 0 and
your belief hierarchy starting at (rock,
tr1) believes in Barbara’s rationality,
paper must be optimal for Barbara
under the belief
π(· | paper, tp2 ) = 2/5 · (rock, tr1)+
+3/5 · (scissors, ts1).
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Relation with Correlated Equilibrium
Argument

In general: Consider a symmetric belief hierarchy β induced by a
common prior π on choice-type combinations, and assume that it
expresses common belief in rationality.

Take some choice-type pair (ci , ti ) with π(ci , ti ) > 0.

Then, there is some (cj , tj ) with π(ci , ti | cj , tj ) > 0.

The belief hierarchy that starts at (cj , tj ) is part of β, and hence
believes in i’s rationality.

But then, ci must be optimal for π(· | ci , ti ).

Hence, π(ci , ti ) > 0 implies that ci is optimal for π(· | ci , ti ).

Correlated equilibrium.
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Relation with Correlated Equilibrium
Definition

Definition (Correlated equilibrium)
A common prior π on choice-type combinations is a correlated equilibrium
if, for every player i and every choice-type pair (ci , ti ) with π(ci , ti ) > 0,
the choice ci is optimal for the belief π(· | ci , ti ).

Aumann (1974, 1987).
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We have seen: If a symmetric belief hierarchy is induced by a
common prior π and expresses common belief in rationality, then π is
a correlated equilibrium.

Other direction is also true.

Theorem (Relation with correlated equilibrium)
Consider a symmetric belief hierarchy induced by a common prior π on
choice-type combinations.

Then, the belief hierarchy expresses common belief in rationality, if and
only if, π is a correlated equilibrium.

A choice can rationally be made under a symmetric belief hierarchy that
expresses common belief in rationality, if and only if, the choice is optimal
in a correlated equilibrium.

A choice ci is optimal in a correlated equilibrium π if there is some
(c ′i , ti ) with π(c ′i , ti ) > 0 such that ci is optimal for π(· | c ′i , ti ).
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Relation with Correlated Equilibrium
Characterization

Theorem (Relation with correlated equilibrium)
Consider a symmetric belief hierarchy induced by a common prior π on
choice-type combinations.

Then, the belief hierarchy expresses common belief in rationality, if and
only if, π is a correlated equilibrium.

A choice can rationally be made under a symmetric belief hierarchy that
expresses common belief in rationality, if and only if, the choice is optimal
in a correlated equilibrium.

Based on Bach and Perea (2020).

See also Aumann (1987) and Dekel and Siniscalchi (2015).
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Relation with Correlated Equilibrium
Example: Movie for Two
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Relation with Correlated Equilibrium
Example: Movie for Two

Consider a correlated equilibrium π. We show that π(home1) = 1.

Suppose, on the contrary, that π(Pal1, t1) > 0 for some t1.

Then, Pal1 must be optimal for π(· | Pal1, t1).
Hence, u1(Pal1, π(· | Pal1, t1)) ≥ u1(home1, π(· | Pal1, t1)).

Thus,
π((Pal1, t1),Pal2)

π(Pal1, t1)
· 4 ≥ 3.

This means π((Pal1, t1),Pal2) ≥ 3
4π(Pal1, t1) for all t1.

This implies π(Pal1,Pal2) ≥ 3
4π(Pal1).
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Relation with Correlated Equilibrium
Example: Movie for Two

We have seen: π(Pal1,Pal2) ≥ 3
4π(Pal1).

Since π(Pal1) > 0, it follows that π(Pal2, t2) > 0 for some t2.

In a similar way it can be shown that π(Cor1,Pal2) ≥ 3
4π(Pal2).

Since π(Pal2) > 0, it follows that π(Cor1, t1) > 0 for some t1.

In a similar way it can be shown that π(Cor1,Cor2) ≥ 3
4π(Cor1).

Since π(Cor1) > 0, it follows that π(Cor2, t2) > 0 for some t2.

In a similar way it can be shown that π(Pal1,Cor2) ≥ 3
4π(Cor2).
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Relation with Correlated Equilibrium
Example: Movie for Two

We have seen:
π(Pal1,Pal2) ≥ 3

4π(Pal1), π(Cor1,Pal2) ≥ 3
4π(Pal2),

π(Cor1,Cor2) ≥ 3
4π(Cor1) and π(Pal1,Cor2) ≥ 3

4π(Cor2).
Note that π(Pal1) ≥ π(Pal1,Pal2) + π(Pal1,Cor2), and similarly for
π(Pal2), π(Cor1) and π(Cor2).
Hence,
π(Pal1,Pal2) + π(Cor1,Pal2) + π(Cor1,Cor2) + π(Pal1,Cor2)
≥ (3/4) · 2 · (π(Pal1,Pal2) + π(Cor1,Pal2) + π(Cor1,Cor2) +
π(Pal1,Cor2)).
Contradiction.
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We have seen: π(Pal1, t1) = 0 for every t1.
Hence, if π(Cor2, t2) > 0, then Cor2 cannot be optimal for π(· |
Cor2, t2).
Thus, π(Cor2, t2) = 0 for all t2.
Hence, if π(Cor1, t1) > 0, then Cor1 cannot be optimal for π(· |
Cor1, t1).
Thus, π(Cor1, t1) = 0 for all t1.
Hence, if π(Pal2, t2) > 0, then Pal2 cannot be optimal for π(· |
Pal2, t2).
Thus, π(Pal2, t2) = 0 for all t1.
Therefore, π(home1) = 1 and π(home2) = 1.
Under common belief in rationality with a symmetric belief hierarchy,
you can only rationally stay at home.
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One Theory per Choice
Idea
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One Theory per Choice
Definition and Relation with Common Prior

Definition (One Theory per Choice)
A belief hierarchy uses one theory per choice if it is generated by a beliefs
diagram in which every choice of a player only appears once.

Based on Bach and Perea (2020).

For common belief in rationality it does not make a difference.

For common belief in rationality with a symmetric belief hierarchy it
does.

Theorem (Relation with common prior)
A belief hierarchy is symmetric and uses one theory per choice,

if and only if,

it is induced by a common prior on choice combinations.
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One Theory per Choice
Definition of Canonical Correlated Equilibrium

Consider a symmetric belief hierarchy that uses one theory per choice,
induced by a common prior π̂ on choice combinations.

If the belief hierarchy expresses common belief in rationality, then
π̂(ci ) > 0 implies that ci is optimal for π̂(· | ci ).

Definition (Canonical correlated equilibrium)
A common prior π̂ on choice combinations is a canonical correlated
equilibrium if, for every player i and every choice ci with π(ci ) > 0, the
choice ci is optimal for the belief π(· | ci ).

Often used as textbook definition of correlated equilibrium.

However, in terms of induced optimal choices it is different from
correlated equilibrium.

Andrés Perea (Maastricht University) Correct and Symmetric Beliefs July 8, 2026 40 / 47



One Theory per Choice
Relation with Canonical Correlated Equilibrium

Theorem (Relation with canonical correlated equilibrium)
Consider a symmetric belief hierarchy that uses one theory per choice
induced by a common prior π̂ on choice combinations.

Then, the belief hierarchy expresses common belief in rationality, if and
only if, π̂ is a canonical correlated equilibrium.

A choice can rationally be made under a symmetric belief hierarchy that
uses one theory per choice and expresses common belief in rationality, if
and only if, the choice is optimal in a canonical correlated equilibrium.

Based on Bach and Perea (2020).
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One Theory per Choice
Relation with Simple Belief Hierarchies

Recall: A belief hierarchy is simple if it is generated by a combination
(σ1, ..., σn) of beliefs.

The combination (σ1, ..., σn) induces a common prior π̂ on choice
combinations given by
π̂(c1, ..., cn) = σ1(c1) · ... · σn(cn).

Thus, the belief hierarchy is symmetric and uses one theory per
choice.

Theorem (Relation with simple belief hierarchies)
Every simple belief hierarchy is symmetric and uses one theory per choice.

Consequence: Suppose there are finitely many choices for every player.
Then, for every player there is a belief hierarchy that is symmetric,
uses one theory per choice, and expresses common belief in rationality.
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Comparison of the Concepts

CBR with ... Optimal choices are those that ...
... survive iterated elimination of

strictly dominated choices
symmetric belief hierarchy are optimal in a correlated equilibrium
symmetric belief hierarchy using are optimal in a
one theory per choice canonical correlated equilibrium

simple belief hierarchy are optimal in a Nash equilibrium
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Extension to Non-Expected Utility

We have assumed that the conditional preference relations of the
players all have an expected utility representation.

Can the concepts of yesterday and today also be defined for scenarios
where no expected utility representation exists?

Yes. In Balázs and Perea (2025), the notions of common belief in
rationality, simple belief hierarchy and common prior have been
extended to conditional preference relations that do not have an
expected utility representation.

The associated concepts of iterated elimination of strictly dominated
choices, Nash equilibrium and correlated equilibrium have been
generalized to these settings.
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