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Introduction

Sometimes, a player may be unaware of some of the choices that his
opponent can make.

In that case, the player cannot even reason about these choices.

In particular, the player cannot contemplate the possibility that others
are aware of these choices.

Awareness principle.

How to describe belief hierarchies about awareness levels?

How to formalize common belief in rationality?

Recursive elimination procedure for common belief in rationality?
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Outline

Unawareness

Belief hierarchies, beliefs diagrams and types

Common belief in rationality

Recursive elimination procedure
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Unawareness
Example: A Day at the Beach

Story

You and Barbara spend the holiday on a small island with four
beaches:
Faraway Beach, Distant Beach, Nextdoor Beach and Closeby Beach.
The last two beaches are close to the hotel. You are aware of these
beaches, and know that Barbara is aware of these beaches too
The first two beaches are far away, and diffi cult to find. You
discovered the two beaches during a long walk yesterday.
You are uncertain whether Barbara is aware of Faraway Beach and
Distant Beach.
You both have preferences over the beaches you are aware of.
Since you had a fierce discussion yesterday, you would like to avoid
Barbara today, and the same holds for Barbara.
To which beach should you go?
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Unawareness
Views

Definition (View)
A view vi for player i specifies

a finite set of choices Cj (vi ) for each of his opponents j , and

a finite set of choices Ci (vi ) for himself.

A view vi describes the choices of which the player is aware.

View vi is contained in view vk if

Cj (vi ) ⊆ Cj (vk ) for all players j .

Awareness principle:

If a player holds a view v ,

he can only reason about views that are contained in v .
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Unawareness
Definition

Definition (Game with unawareness)
A game with unawareness specifies for every player i :

a finite collection Vi of possible views, and

for every view vi ∈ Vi a utility function uvii such that
(a) for every view vi ∈ Vi and every opponent j there is some view vj ∈ Vj
contained in vi , and

(b) the utility functions uvii are consistent across views.

Based on Perea (2022).

Other models can be found in Feinberg (2004, 2021), Čopič and
Galeotti (2006), Rêgo and Halpern (2012), Heifetz, Meier and
Schipper (2013), Grant and Quiggin (2013), Halpern and Rêgo
(2014), Meier and Schipper (2014) and Schipper (2021).
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Unawareness
Definition

Definition (Game with unawareness)
A game with unawareness specifies for every player i :

a finite collection Vi of possible views, and

for every view vi ∈ Vi a utility function uvii such that
(a) for every view vi ∈ Vi and every opponent j there is some view vj ∈ Vj
contained in vi , and

(b) the utility functions uvii are consistent across views.

See Schipper (2014) for an overview.

Most other models assume a unique belief hierarchy on views.

Some models restrict to probability 1 beliefs on views.
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Unawareness
Illustration: A Day at the Beach
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Belief Hierarchies, Beliefs Diagrams and Types
Idea of Common Belief in Rationality

Under common belief in rationality, player must believe that

every opponent chooses rationally given his view.

Moreover, he must believe that every opponent believes that

every other player chooses rationally given his view.

And so on.

Imposes restrictions on:

player’s belief about the opponents’choices and views
(first-order belief),

player’s belief about what the opponents believe about choices and
views of others
(second-order belief), ...

Belief hierarchy.
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Belief Hierarchies, Beliefs Diagrams and Types
Belief Hierarchy

Definition (Belief hierarchy)
A belief hierarchy for player i specifies

a first-order belief: a belief about the opponents’choices and views,

a second-order belief: a belief about the opponents’first-order beliefs,

and so on, ad infinitum.

It must satisfy (common belief in) the awareness principle:

If player i believes that j makes choice cj and that j has view vj , then

choice cj must be part of the view vj , and

player i must believe that j only assigns positive probability to views that
are contained in vj .
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Belief Hierarchies, Beliefs Diagrams and Types
Beliefs Diagram
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Belief Hierarchies, Beliefs Diagrams and Types
Types

Recall: a belief hierarchy specifies

a first-order belief: a belief about the opponents’choices and views,

a second-order belief: a belief about the opponents’first-order beliefs,

a third-order belief: a belief about the opponents’second-order
beliefs,

and so on, ad infinitum.

Hence, a belief hierarchy specifies a belief about

the opponents’choices,

the opponents’views, and

the opponents’belief hierarchies.

Let a type be the combination of

a belief hierarchy and a view.
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Belief Hierarchies, Beliefs Diagrams and Types
Types

Definition (Epistemic model)
An epistemic model specifies for every player i

a finite set Ti of possible types, and

for every type ti ∈ Ti a
view wi (ti ) from Vi and

a belief bi (ti ) ∈ ∆(C−i × T−i ) about the opponents’choice-type
combinations.

Every type ti must satisfy the awareness principle:

if bi (ti )(cj , tj ) > 0, then choice cj must be part of the view wj (tj ) and

view wj (tj ) must be contained in the view wi (ti ).

Based on Perea (2022).
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Belief Hierarchies, Beliefs Diagrams and Types
Types

T1 = {tall ,F1 , tall ,D1 , ttwo ,N1 , ttwo ,C1 }

T2 = {tall ,F2 , tall ,N2 , tall ,C2 , ttwo ,N2 , ttwo ,C2 }

w1(t
all ,F
1 ) = v all1 b1(t

all ,F
1 ) = (Nextdoor , tall ,N2 )

w1(t
all ,D
1 ) = v all1 b1(t

all ,D
1 ) = (Faraway , tall ,F2 )

w1(t
two ,N
1 ) = v two1 b1(t

two ,N
1 ) = (Closeby , ttwo ,C2 )

w1(t
two ,C
1 ) = v two1 b1(t

two ,C
1 ) = (Nextdoor , ttwo ,N2 )

w2(t
all ,F
2 ) = v all2 b2(t

all ,F
2 ) = (0.6) · (Nextdoor , ttwo ,N1 )

+(0.4) · (Closeby , ttwo ,C1 )

w2(t
all ,N
2 ) = v all2 b2(t

all ,N
2 ) = (Faraway , tall ,F1 )

w2(t
all ,C
2 ) = v all2 b2(t

all ,C
2 ) = (Nextdoor , ttwo ,N1 )

w2(t
two ,N
2 ) = v two2 b2(t

two ,N
2 ) = (Closeby , ttwo ,C1 )

w2(t
two ,C
2 ) = v two2 b2(t

two ,C
2 ) = (Nextdoor , ttwo ,N1 )
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Belief Hierarchies, Beliefs Diagrams and Types
Types
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Common Belief in Rationality
Idea

You believe that your opponents choose rationally,

given their views.

You believe that your opponents believe that the others choose
rationally,

given their views.

And so on.

Formalization is similar to what we have seen for standard games and
games with incomplete information.

Major difference: Awareness principle.
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Common Belief in Rationality
Definition

Consider a type ti , and its first-order belief b1i (ti ) about the
opponents’choices.

Choice ci is optimal for type ti if

uwi (ti )i (ci , b1i (ti )) ≥ u
wi (ti )
i (c ′i , b

1
i (ti ))

for all choices c ′i that are part of view wi (ti ).

Definition (Belief in opponents’rationality)
Type ti believes in the opponents’rationality if

bi (ti ) only assigns positive probability to pairs (cj , tj ) where

cj is optimal for tj .
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Common Belief in Rationality
Definition

Definition (Common belief in rationality)
Type ti expresses 1-fold belief in rationality if ti believes in the opponents’
rationality.

Type ti expresses 2-fold belief in rationality if ti only assigns positive
probability to opponents’types that express 1-fold belief in rationality.

Type ti expresses 3-fold belief in rationality if ti only assigns positive
probability to opponents’types that express 2-fold belief in rationality.

And so on.

Type ti expresses common belief in rationality if ti expresses k-fold belief
in rationality for all k.

Based on Perea (2022).
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Common Belief in Rationality
Example

Andrés Perea (Maastricht University) Unawareness July 13, 2026 24 / 67



Recursive Elimination Procedure
Choices Possible under Common Belief in Rationality

Definition
Player i can rationally make choice ci under common belief in rationality
with the view vi ∈ Vi
if there is some epistemic model, and some type ti within it, such that

type ti expresses common belief in rationality,

type ti has the view vi , and

choice ci is optimal for type ti .

Find a recursive elimination procedure that, for every possible view,
yields precisely those choices that can rationally be made under
common belief in rationality.
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Recursive Elimination Procedure
Round 1

Which choices for player i are optimal for a given view vi ∈ Vi and
some belief?

By strict dominance theorem of Day 1, these are exactly the choices
that are

not strictly dominated in decision problem that belongs to vi .

Eliminate, for every player i and every view vi ∈ Vi , those choices in
his decision problem that

are strictly dominated.

1-fold reduced decision problems.
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Recursive Elimination Procedure: Round 2

Which choices are optimal for player i for a view vi ∈ Vi if he
expresses 1-fold belief in rationality?

Player i assigns probability zero to opponents’choices cj that did not
survive round 1
for any view vj that is contained in vi .

Eliminate states in i’s decision problem at vi that involve opponents’
choices which did not survive round 1
for any of the opponent’s views that are contained in vi .
Reduced decision problem.

Within reduced decision problem at vi ,

the choices that are optimal at vi for some belief are

the choices that are not strictly dominated at vi .

From reduced decision problem at vi , eliminate all strictly dominated
choices.
2-fold reduced decision problems.
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Recursive Elimination Procedure: Round 3

Which choices are optimal for player i for a view vi ∈ Vi if he
expresses up to 2-fold belief in rationality?

Player i assigns probability zero to opponents’choices cj that did not
survive round 2
for any view vj that is contained in vi .

Eliminate states in i’s decision problem at vi that involve opponents’
choices which did not survive round 2
for any of the opponent’s views that are contained in vi .
Reduced decision problem.

Within reduced decision problem at vi ,

the choices that are optimal at vi for some belief are

the choices that are not strictly dominated at vi .

From reduced decision problem at vi , eliminate all strictly dominated
choices.
3-fold reduced decision problems.
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Definition (Iterated strict dominance for unawareness)
Set up decision problems for all players and all views.

Round 1. From every decision problem, eliminate strictly dominated
choices.

1-fold reduced decision problems

Round 2. For every player i and every view vi , eliminate states that involve
opponents’choices cj that did not survive round 1
at any view vj that is contained in vi .

Within reduced decision problem so obtained, eliminate all strictly
dominated choices.

2-fold reduced decision problems

Continue until no further states and choices can be eliminated.

Taken from Perea (2022).

For every player i and view vi , there is at least one choice that
survives procedure at vi .
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Common Belief in Rationality
Characterization

Theorem (Characterization)

(a) For every view vi , the choices that are optimal for a type with view vi
that expresses up to k-fold belief in rationality

are exactly those choices that survive (k + 1) rounds of iterated strict
dominance for unawareness at the view vi .

(b) The choices that can rationally be made under common belief in
rationality with the view vi

are exactly those choices that survive all rounds of iterated strict
dominance for unawareness at the view vi .

Based on Perea (2022).

For every player i and view vi ∈ Vi , there is at least one type with
view vi that expresses common belief in rationality.
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Recursive Elimination Procedure
Example: A Day at the Beach
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Recursive Elimination Procedure
Example: Too Much Wine

Story

Yesterday, Barbara and you had a party at Chris’house while he was
away.

You both had too much wine, and Chris’house heavily suffered from
this.

1 You both danced on the table, which broke the table in two.

2 You played football in the living room, which broke the window.

3 You were jumping on the roof, which caused severe damage.

4 You painted the front door in the color pink.
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Recursive Elimination Procedure
Example: Too Much Wine

Story part 2

When Chris comes home he is in a state of shock, and wants to know
what happened.

He wakes you and Barbara up, and you both must whisper in his ear
what happened.

Despite the wine, you remember everything. You can whisper five
different stories:

1 Innocent: You and Barbara are innocent.

2 Table: Only tell about the table.

3 Window: Only tell about the table and the window.

4 Roof: Only tell about the table, window and roof.

5 Door: Tell about the table, window, roof and door.
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Recursive Elimination Procedure
Example: Too Much Wine

Story part 3

You are certain that Barbara remembers about the table and the
window.

Because of the wine, you are uncertain whether she remembers about
the roof and the door.

You think that Barbara can have three possible views:

1 View vwindow2 : She only remembers about the table and the window.

2 View v roof2 : She only remembers about the table, window and roof.

3 View vdoor2 : She remembers about the table, window, roof and door.
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Story part 4

It costs 500 euros to repair one damage.

Chris will let you and Barbara pay evenly for the damages he believes
you have caused.

If you tell different stories, Chris believes the most detailed story.

The person with the more detailed story receives a bonus of 300 euros,

the other person receives a penalty of 300 euros.

If you tell the same story: no bonus, no penalty.

Example: If you tell the story roof and Barbara tells the story
window, then Chris believes you.

Total repair costs that must be paid are 1500 euros: You and Barbara
pay 750 euros.

You receive bonus, Barbara receives penalty.

Your net payment is 450 euros, Barbara’s payment is 1050 euros.
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Recursive Elimination Procedure
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Bottom-Up Procedure
Description

The output of the procedure does not depend on the order in which
we eliminate choices.

It is often convenient to use the following order of elimination:

First, do all the eliminations at the smallest views (views of rank 1).

Then, do all the eliminations at the second-to-smallest views (views
of rank 2).

And so on.

Bottom-up procedure.
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Bottom-Up Procedure
Illustration: Too Much Wine for Barbara

You believe that Barbara was too drunk to remember what happened
to the door.

You believe that Barbara believes you were too drunk to remember
what happened after breaking the window.

Hence, it is suffi cient to include the views vwindow1 , vdoor1 for you, and
the views vwindow2 , v roof2 for Barbara.
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Fixed Beliefs on Views
Idea

Until now, we allowed for all possible beliefs on views, as long as they
respect the awareness principle.

At times, some specific beliefs on views seem very natural.

Suppose there is common belief in such specific beliefs on views.

How can we determine the choices that the players can rationally
make under common belief in rationality?
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Fixed Beliefs on Views
Illustration: A Day at the Beach

Recall that you are aware of the two remote beaches.

Suppose you believe, with probability 0.8, that Barbara is also aware
of the remote beaches.

Similarly, if Barbara is aware of the remote beaches, she believes with
probability 0.8 that you are also aware of these beaches.

Assume there is common belief in these two beliefs.
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Symmetric and Simple Belief Hierarchies

What if we focus on symmetric or simple belief hierarchies?

Then, the unawareness component disappears.

Indeed, suppose player i has view vi , holds a symmetric belief
hierarchy, and assigns positive probability to view vj of opponent j .

By the unawareness principle, vj ⊆ vi .
As the belief hierarchy is symmetric, player i must deem possible the
event that player j has view vj and assigns positive probability to view
vi .

By the unawareness principle, vi ⊆ vj .
Hence, vj = vi .

As such, player i must necessarily believe that all opponents have the
same view as he himself.

We are back to standard games.
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