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Introduction

@ In everyday life and on a professional level, we must often make
decisions under uncertainty.

@ The outcome depends on the realized state of nature.
@ The optimal choice depends on your belief about the state.

@ We assume: For every belief, you hold a preference relation over your
choices:

conditional preference relation.

@ When does your conditional preference relation have an expected
utility representation?

@ How do we find such an expected utility representation?
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@ Decision making under certainty

@ Decision making under uncertainty

Expected utility representation

When is there an expected utility representation?

@ How unique is expected utility representation?

Finding an expected utility representation

Strict dominance
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Decision Making under Certainty

Example: The Birthday Party

@ It is your birthday, and you must decide where to celebrate the party:
in your garden, in your house, or in a tent.

@ Your preference relation:

garden > house, tent > house, garden > tent.

@ Preference relation is transitive: garden > tent and tent > house
imply garden > house.

o Optimal choice: garden.
o Utility representations:
u(garden) =3, u(tent) =2, u(house) =1,

or
v(garden) =8, wu(tent) =7, u(house)=0.
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Decision Making under Certainty

Example: The Birthday Party

Alternative preference relation:
garden > house, house > tent, tent > garden.

Is not transitive.

There is no optimal choice.

@ There is no utility representation.
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Decision Making under Certainty

Preference Relations

e Consider a decision maker (DM) with a finite set C of choices.

A (complete) preference relation ~ specifies for every two choices
a, b € C whether

a=b,orb>=a, oranr b.

Notation: a 7~ b means that a = b or a ~ b.
@ Choice a is optimal if a - b for every choice b # a.
@ Preference relation is transitive if a 7~ b and b 7~ ¢ implies a 7 c.

e Function v : C — R is a utility representation for 7 if

ar, b ifand only if u(a) > u(b).
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Decision Making under Certainty

Utility Representation and Optimal Choice

Theorem (Utility representation and optimal choice)
Consider a preference relation =~ on a finite set of choices C. Then,

(a) there is a utility representation for 7, if and only if, 7 is transitive, and

(b) if 7~ is transitive, then there is an optimal choice for 7~ .

@ Proof: See book, Section 2.1.
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Decision Making under Uncertainty

@ We must often make decisions, knowing that the final outcome
depends on events that are beyond our control.

@ Such events are called states.

Typically, the ranking of your decisions depends on the state.
@ Problem: You are uncertain about the state.

@ To make a good decision, you must form a belief about the state.
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Decision Making under Uncertainty

Example: The Birthday Party

Story

@ It is your birthday, and tomorrow you will have a party.

@ Question: Where will you have the party: In your house, in your
garden or in a tent ?

@ The success of each of these locations heavily depends on the state of
the weather:

It can be rainy, stormy or calm tomorrow.

@ Your optimal decision depends on the state of the weather.
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Decision Making under Uncertainty

Example: The Birthday Party

rainy

stormy

calm

guests are happy
to be inside

guests are happy
to be inside

guests regret
being inside

guests become
wet and angry

guests have difficulty
standing upright

guests enjoy the
lovely weather at
the fullest

tent

guests remain dry,
but are annoyed
by the rain

ticking on the tent

complete disaster, as
the tent will blow away

guests somewhat
enjoy the sunny
weather, but would
rather be outside

o If it is rainy: house >, tent >, garden

o If it is stormy: house (5 garden > tent

o If it is calm: garden - tent >, house
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Decision Making under Uncertainty

Example: The Birthday Party

If it is rainy: house -, tent [, garden

o If it is stormy: house -5 garden > tent

If it is calm: garden | tent > house

@ Does this mean that it is never optimal to choose tent 7

@ Not necessarily: So far, we restricted to probability 1 beliefs.

But you can also be truly uncertain about the weather, for instance:

p=(0.6)- rainy + (0.4)- calm.

For such a probabilistic belief, it could be optimal to have the party in
a tent.
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Decision Making under Uncertainty

Example: The Birthday Party

calm

conditional preference relation

h>g>t

house > tent > garden

rainy g~t stormy
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Decision Making under Uncertainty

Conditional Preference Relation

e C : finite set of choices for decision maker (DM).

@ S : finite set of states.

External events that influence outcome, but about which DM is
uncertain.

@ Probabilistic belief: probability distribution p € A(S).

o Conditional preference relation 7 : assigns to every belief p € A(S) a
preference relation 77, over his choices.

@ Based on Gilboa and Schmeidler (2003) and Perea (2025).
@ Decision problem under uncertainty: triple (C, S, 7).

@ A choice c is rational if there is a belief p such that c is optimal for
—

~PpP -

Andrés Perea (Maastricht University) Decision Problems July 6, 2026 13 / 51



Decision Making under Uncertainty

Conditional Preference Relation

calm

conditional preference relation

h>g>t

house > tent > garden

rainy g~t stormy

@ All three choices are rational.
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Decision Making under Uncertainty

Dominance and Preference Reversals

Definition (Equivalence, dominance, and preference reversals)

Consider a conditional preference relation - and two choices a and b.
(a) Choices a and b are equivalent if a ~, b for all beliefs p.
(b) Choice a strictly dominates choice b if a -, b for all beliefs p.

(c) Choice a weakly dominates choice b if a 7, b for all beliefs p, and
a =4 b for some belief g.

(d) There are preference reversals between a and b if there is a belief p
with a =, b and some other belief g with b = a.

@ There are preference reversals between a and b, if and only if, a does
not weakly dominate b , choice b does not weakly dominate a and a
and b are not equivalent.

Andrés Perea (Maastricht University) Decision Problems July 6, 2026 15 / 51



Decision Making under Uncertainty

Dominance and Preference Reversals

calm
Only house and garden are rational choices.

g>=t>=h

Preference reversals between all choices.
(0,0.15,0.85)

(0.7,0.3,0) stormy
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Decision Making under Uncertainty

Dominance and Preference Reversals

[]

a weakly dominates b

[x] bl
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Decision Making under Uncertainty

Related Literature

@ Savage (1954): Takes as primitives set of states and set of outcomes.
@ An act is a mapping that assigns to every state some outcome.

@ Assumes that the DM holds a preference relation over all possible
acts.

@ But many of these acts are unrelated to the decision problem at hand.

@ Anscombe and Aumann (1963): Similar to Savage (1954), but an act
now assigns to every state a probability distribution over outcomes.

@ Again, many acts are not part of the actual decision problem.
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Decision Making under Uncertainty

Related Literature

e von Neumann and Morgenstern (1947): Take as primitive a set of
outcomes.

@ Assumes that DM holds a preference relation on (objective) lotteries
over outcomes.

@ In decision problems under uncertainty, probabilities are typically
subjective.

@ Many lotteries are not part of actual decision problem.
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Expected Utility

Definition

e Consider a conditional preference relation 7~ and a utility function
u:Cx$S—R.

@ Then, u is an expected utility representation for -~ if

for every belief p € A(S) and every two choices a, b € C

a Zp b if and only if

2 p(s) aS)>Zp b, s)

seS seS

u(a,p) u(b,p)

@ u(a, p) : expected utility of choice a under the belief p.
@ Questions: How unique is the expected utility representation?

@ How can we compute an expected utility representation?
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Expected Utility

Examples

EENrTEFTTETE "
10 17 0

house g>t> h
garden o] 7 10
tent 3 0 3 (0,0.15,0.85)

expected utility

representation ~ (0:300.7)

(0.5,0,0.5)

(0.7,0.3,0) stormy
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Expected Utility

Examples

calm

g>t>h
no expected utility
representation

g~nh

house > garden > tent

g~t

rainy stormy
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Expected Utility

Examples

calm

no expected utility
representation

(0,0.5,0.5)

L J
stormy

@ For properties (axioms) needed for expected utility representation:
See online appendix, Chapter 2. Based on Perea (2025).

@ Axioms reflect that preference intensity between two choices must be
linear in the belief.
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Expected Utility

How Unique is Utility Representation?

calm

IR

house g>t> h
garden 0 7 10
p— 3 o 3 (0,0.15,0.85)

BT

add constant utility

house
(0.3,0,0.7)
to every state e 1 12 7
g>h>t tent 4 5 0
(0.5,0,0.5) AN (0,0.5,0.5)

rainy (0.7.03.0) stormy
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Expected Utility

How Unique is Utility Representation?

calm

IR

house g>t> h
garden 0 7 10
p— 3 o 3 (0,0.15,0.85)

BT

multiply every utility

house
i (0.3,0,0.7)
by same positive garden - o o
number g>h>t tent 12 0 12
(0.5,0,0.5) AN (0,0.5,0.5)

rainy (0.7.03.0) stormy
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Expected Utility

How Unique is Utility Representation?

calm ) )
g>t>h In this example:

I = =
10 17 0

house

Every expected utility
representationis obtained

by first adding a constant

utility to every state,

and then

multiplying all utilities by
(0,05,0.5) same positive number.

garden 0 7 10
(0,0.15,0.85)

tent 3 0

Relative utility differences
are constantacross

all expected

utility representations.

(0.7,0.3,0) stormy

Decision Problems July 6, 2026
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Theorem (Unique relative utility differences)

Consider a conditional preference relation 7~ such that
(a) it has an expected utility representation,
(b) there are preference reversals between all pairs of choices, and

(c) if there are more than two choices, then there is a belief where the DM
is indifferent between some, but not all, choices.

Then, for every two expected utility representations u and v, there is some
o > 0 such that

v(a,s) —v(b,s) =wa -(u(a,s)—u(b,s))

for every two choices, and every state s.

@ From Perea (2025).

@ Expected utility difference u(a, p) — u(b, p) can be interpreted as
intensity by which the DM prefers a to b at the belief p.
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Utility Design Procedure

@ Under certain conditions, a conditional preference relation has an
expected utility representation.

For details, see online appendix, Chapter 2.

@ Is there a systematic way to find such an expected utility
representation?

Utility design procedure.

@ Restrict to scenario where there are preference reversals between all
pairs of choices.

For general case: See Section 2.4.3 in the book.
@ Case of two choices.

Case of more than two choices.
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Utility Design Procedure

Two Choices

calm

S iy | stormy | coim |
tent 0 0 0

house 1

(0,0.15,0.85)

rainy stormy
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Utility Design Procedure

Two Choices

T iy o | om
0 0 0

u(a,x) — u(b,x)

tent

house 1

(0,0.15,0.85) |

u(a,x) —u(b,x) _ p_(y)
u(,y) —u(ay) p()

utility difference property

[v]

[x]

u(b,y) —u(a,y)

rainy
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Utility Design Procedure

Two Choices

calm

I = =
0 0 0

tent
house 1 -3/7

ulh,r) —u(tr) _pi(©)

u(t,c) —u(hc)  pi(0)
1-0 07
0—u(hc) 03

0.3,0,0.7)

u(h,c) = =3/7

u(a,x) —u(b,x) _ p_(y)

ula,x) —uh,x) |u(b,y)-u(a,y)  px)

(0,0.15,0.85) 1| utility difference property

[x]® [v]

u(b,y) —u(a,y)

rainy
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Utility Design Procedure

Two Choices

calm

u(a,x) —u(b,x) _ p_(y)
ula,x) —ub,x) |u,y)—u(ay) pl)

I = =
0 0 0

tent
house 1 17/7 -3/7

(0,0.15,0.85) |

[x]

utility difference property

[v]

u(h,s) —u(t,s) _ pa(©)
u(t,o) —uhe)  p(s)| (03000

u(h,s)—0 _0.85
0+3/7 015
u(b,y) —u(a,y)

u(h,s) =17/7

h>t

utility design procedure

rainy stormy
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Utility Design Procedure

Two Choices

I = =
0 0 0

tent

SN T o | o |
0] 0

tent o]

house 1 17/7 -3/7 house 7 17 -3

(0,0.15,0.85)

multiplying all utilities
by same positive (0.3,0,0.7)
number does
not change
conditional
preference relation

rainy stormy
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Utility Design Procedure

Two Choices

TR

BT

tent 0 tent 0
house 1 17/7 -3/7 house 7 17 -3
(0,0.15,0.85)

adding same number

to all utilities in a (0.3,0,0.7)
rain storm; calm
1 | | riny | _ _

column does tent 0
not change house 7 17 0
conditional
preference relation
h>t
rainy stormy
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Utility Design Procedure

Three Choices

I = =
0 0 0

tent
house 1

garden

u(g,0) —ut,e) _py(r)
uEn—u@n)  pE

u(g,c)—0 0.7

0—u(g,r) 03

calm

u(a,x) —u(b,x) _ p_(y)

g>t>h _
u(b,y)—u(ay) p)

u(a,x) — u(b,x)

17/7 -3/7

utility difference property

0.3,0,0.7)

(0.5,0,0.5),
P2

D3
u(h,y) —u(a,y)

u(g,0) = =7/3 - u(g,n)

07,003) /p,

house > garden > tent
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Utility Design Procedure

Three Choices

calm

g>t>h u(a,x) —u(b,x) _p_(y)
ula,x) —uh,x) |u(b,y)-u(a,y) px)

I = =
0 0 0

tent

house 1 17/7 -3/7
garden utility difference property
u(g,0) —uh,0) _ pa(®) [x] [v]
u(h,7) —u(g,7)  pa(c) (0.3,0,0.7)

w9, +3/7 _05  |05,005)

1-u(g,r) ~ 05
P2 g~h D3
u(g,c) = 4/7 —u(g,r) u(b,y) —u(a,y)
©0.7.003) /p,

house > garden > tent Gz 75 w@n ]

(0.7,03,0) stormy
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Utility Design Procedure

Three Choices

calm

I = =
0 0 0

tent

g>=t>h

u(a,x) —u(b,x) _ p_(y)

ula,x) —uh,x) |u(b,y)-u(a,y) px)

utility difference property

house 1 17/7 -3/7

garden -3/7 1 (0,0.15,0.85)
u(g,¢) =4/7 —u(g,r)

(0.3,0,0.7)
u(g,c) =-7/3-u(g,r)
U
u(g,r) = —3/7 (0.5,0,0.5)
p2 ~h D3
u(g,c) =1 9
07,003) /p,

house > garden > tent

u(b,y) —u(a,y)

[ ulg,0) =-7/3-u@g,n |

(0.7,0.3,0)
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Utility Design Procedure

Three Choices

calm

I = =
0 0 0

tent
house 1 17/7 -3/7
garden -3/7 1 1

u(g, ) —u(h,e) _ ps(s)
u(h,s)—u(g,s) ps(©

0.3,0,0.7)

1+3/7 0.5

_9%5 (05005
17/7 —u(g,s) 0.5

g>=t>h

u(a,x) — u(b,x)

u(a,x) —u(b,x) _ p_(y)
u(,y) —u(ay) p()

utility difference property

P2

u(g,s) =1

07,003) /p,

house > garden > tent

D3

u(b,y) —u(a,y)

(0.7,0.3,0)
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Utility Design Procedure

Three Choices

calm

I = =
0 0 0

tent g>t> h
house i 17/7 -3/7
garden  -3/7 il 1 (0,0.15,0.85) from before
| rainy | stormy |_caim ]
(0.3,0,0.7) (et 3 0 3
house 10 17 0
(0.5,0,0.5) garden 0] 7 10
AN (0,0.5,0.5)
P2 g~h D3

0.7,003) ¢,
house > garden > tent

(0.7,03,0) stormy
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Utility Design Procedure

Four Choices

: s : s : s : s : h : h : h :
h
T p 1 ]; ] : 1 o ; 1
A T ¢ oy, 1 g 1 g 15
—e ¢ ¢ ¢ ® o—o
dry| Pth Phg Ptg Dhs Dts Pgs
0.05 0.12 0.4 0.5 0 0.88

@ You only consider two states of weather: dry and rainy.
@ But you consider a fourth possible location for your birthday party: a
nearby square.

@ The conditional preference relation above has an expected utility

representation.

@ Use the utility design procedure to compute one.
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Utility Design Procedure

Four Choices

¢ 1 s 1 s 1 s 1 h 1 h I, 1
1 1 1 h 1 h 1 1 1 1
A T g 1 . 1 . 1 Z el
I I ¢ 1 g 1 g 1 P 9
dry Pen phg ptg Phs Dts pgs rainy
0.05 0.12 0.4 0.5 0. 0.88
|| dy | iy uth, ) —u(t,) _ pen(d) ua,x) ~u(b,x) _p()
tent 0 0 ut,d)—uh,d) pm() u(b,y) —u(a,y) - p(x)
house -1/19 1
[— 1-0 _ 0_95 utility difference property
square 0—-u(h,d) 0.05
uCth,d) =-1/19 B
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Utility Design Procedure

Four Choices

¢ 1 s 1 s 1 s 1 h 1 h I, 1
1 | | h 1 h 1 1 1 |
L T L R
S WY G G G S S S
dry Pen phg ptg Phs Dts pgs rainy
0.05 0.12 0.4 0.5 0. 0.88
|y | roiny | uw,r) —u(g,r) _peg(@ ua,x) —u(b,x) _p()
tent 0 0 u(g,d) —u(t,d)  peg() u(b,y) —u(@y)  p(x)
house -1/19 1
garden 0—u(g,r) _ % utility difference property
square u(g,d)—0 04
u(g,r) = =3/2u(g,d) '
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Utility Design Procedure

Four Choices

: s : s : s : s : h : h : h :
h h
A T g 1 . 1 . 1 Z 1 ; 1
S G G G S G S
dry Pen phg ptg Phs Dts pgs rainy
0.05 0.12 0.4 0.5 0. 0.88
|| dy | iy u(h,r) = u(g,r) _ pag(d) ua,x) ~u(b,x) _p()
tent 0 0 u(g,d) —u(h,d) ~ pag(r) u(b,y) —u(a,y) px)
house -1/19 1
garden 1—u(g,r) _ @ utility difference property
square u(g, dy+1/19 0.12
[uCg.r) ==3/2-u(g,d) |
u(g,r) =35/57 —22/3-u(g,d)

43
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Utility Design Procedure

Four Choices

nQ o =

Pts Pgs | rainy
0

[ T s I . I i | N
1 1 1 h 1 h 1 1
1 5; 1 i 1 P 1 . 1 i 1 Z
b ! ¢ ! t 1 g 1 P 1 g
dry Ptn phg ptg Pns
0.05 0.12 0.4 0.5 E 0.88
|| dy | iy W) —u(gr) _ Pug(d) @D b P
Sl I 0 u(g,d) —uh,d) ~ ppg(r) u(b,y) —u(@y)  pex)
house -1/19 1
garden 2/19 -3/19 1—u(g,r) _ @ utility difference property
square u(g, dy+1/19 0.12

Andrés Perea (Maastricht University)

u(g,r) =35/57 - 22/3-u(g,d)

This yields:
u(g,d) =2/19
u(g,r)=-3/19

Decision Problems

[utg,r)==3/2-u(g,a) |
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Utility Design Procedure

Four Choices

¢ 1 s 1 s 1 s 1 h 1 h I, 1
1 | | h 1 h 1 1 1 |
L T L R
S S L SN S S S |
dry Pen phg ptg Phs Dts pgs rainy
0.05 0.12 0.4 0.5 0. 0.88
|y | roiny | u(t,r) —u(s,m) _ prs(d) ua,x) —u(b,x) _p()
tent 0 0 u(s,d) —u(t,d) ~ pus() u(d,y) —u(a,y) ~ p()
house -1/19 1
[— 2/19 3/19 0 —u(s,r) _ E utility difference property
square u(s,d)y—0 0.8
u(s,d) = —4-u(s,r) !
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Utility Design Procedure

Four Choices

s 1 s 1 s 1 s 1 h 1 h | |
1 | | h 1 h 1 1 1 |
L T L R
h t ‘ t ‘ g ‘ g ‘ g | s
dry Pen phg ptg Phs Dts pgs rainy
0.05 0.12 0.4 0.5 0. 0.88
|y | roiny | u(h,r) —u(s,r) _ pus(d) ua,x) —u(b,x) _p()
tent 0 0 u(s,d) —u(h,d) "~ pys(r) u(b,y) —u(a.y) ~ p()
house -1/19 1
s 2/19 3/19 1—-u(s,r) _ 0_5 utility difference property
u(s,d)+1/19 0.5
SERES I u(s,d) = =4 -u(s,r) |
u(s,d) =18/19 — u(s,r) B

July 6, 2026 )
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Utility Design Procedure

Four Choices

nQ o =

Pts Pgs | rainy
0

¢ 1 s | s 1 s 1 h 1 h
1 1 1 n 1 h 1 1
1 5; 1 i 1 g 1 . 1 i 1 Z
I I ¢ 1 g 1 g 1 P
dry Ptn phg ptg Phs
0.05 0.12 0.4 0.5 R 0.88
|y | roiny | uth,r) —u(s,1) _ pas(d) u(a,x) —u(b,x) _p(y)
tent 0 g u(s,d) —u(h,d) ~ pus(r) u(d,y) —u(a,y) ~ p()
house -1/19 1
— 2/19 3/19 1—-u(s,r) _ 0_5 utility difference property
s | g 6/19 u(s,d)+1/19 0.5

Andrés Perea (Maastricht University)

u(s,d) =18/19 — u(s,r)

This yields:
u(s,r)=-6/19
u(s,d) =24/19

Decision Problems

I u(s,d) = =4 -u(s,r) |
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Utility Design Procedure

Checking whether Expected Utility Representation Exists

¢ 1 s 1 s 1 s 1 h 1 hol ho |l
I I I N | | 1 I I
A T g I }; I . I S ; I
A . I g 1 g 1 g .
—é ¢ ¢ ¢ ¢ ¢ o
dry| Pren Png Ptg Phs Pts Pgs rainy
0.05 0.12 0.4 0.5 0.8 888

= Utility design procedure can also be used to check whether an expected utility
representation exists.

* In the procedure, we did not use the belief p .. | | dy | rainy |

tent (o) 0

* If there is an expected utility representation, one of these must be house  -1/19 1
garden 2/19 -3/19
* However, at p, the expected utilities of garden and square square  24/13 -6/19

are not the same.

* Hence, there is no expected utility representation.
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g>t>h

TR "
10 17 0

house

garden o] 7 10

tent 3 0 3 (0,0.15,0.85)

expected utility tent is irrational choice

representation (0.300.7)

it is strictly dominated by

(0.5,0,0.5) randomized choice

(0.5)-h+(0.5) - g

house > garden > tent

(0.7,03,0) stormy

Andrés Perea (Maastricht University) Decision Problems July 6, 2026 49



Strict Dominance

@ Recall: Choice a is rational for =~ if it is optimal for some belief.
@ Suppose that 7~ has an expected utility representation w.

@ Then, a is strictly dominated if there is a randomized choice
r € A(C) such that

u(a,s) < Y r(c)-u(c,s)
ceC

for all states s.

@ In this case, r can be chosen such that it strictly dominates a for
every expected utility representation.

Theorem (Strict dominance)

Choice a is irrational, if and only if, it is strictly dominated.

@ Based on Pearce (1984).
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