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Abstract

We propose a general framework for strategic interaction that relaxes the expected utility
assumption and instead works directly with players’ conditional preference relations (Gilboa
& Schmeidler} 2003} [Pereay, [2025)). By leveraging their epistemic foundations, we show that
three classical solution concepts admit natural generalisations to this broader setting without
altering their underlying reasoning principles. First, we introduce the iterated elimination of
never-optimal choices as an analogue of the iterated elimination of strictly dominated choices,
characterised by common belief in rationality. We also prove that it always yields a non-empty
solution. Second, we generalise Nash equilibrium, preserving its characterisation by common
belief in rationality and simple beliefs. Third, we extend correlated equilibrium, characterised
by common belief in rationality and a common prior. While the latter two solution concepts
are not guaranteed to exist in all games, we identify a sufficient condition for their existence,
which we call strong continuity. This property requires the set of beliefs where a choice is
weakly preferred to another to be closed, for any player and any choice pair. We also show
that this condition is equivalent to imposing a continuous utility representation on the game,
but weaker than imposing an expected utility representation. Our results demonstrate that the
foundations of game theory are robust to the relaxation of expected utility, opening the door
to richer and more flexible models of strategic interaction.
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1 Introduction

Imagine Alex standing in his hallway on a Friday evening, shoes in hand, agonising over whether
to go to a party. Meanwhile, Barbara is already at the venue, facing a dilemma of her own. Should
she make a move on Chris — who is already there — or wait in the hope that Alex will show up?
Barbara likes Alex more, but she does not want to spend the evening alone. She will only wait for
Alex if she believes that there is an at least 50% chance that he will show up, otherwise she will just
make a move on Chris. Alex’s preferences are less conventional: if he is more than 75% sure that
Barbara will wait for him, he wants to go so they can get together; and if he is less than 25% sure,
he also wants to go so he can drink himself into forgetting her. Yet in the murky middle — when
he believes the probability of Barbara waiting for him lies between 25% and 75% — the stress of
uncertainty pushes him to stay home. This simple, intuitive scenario reveals an interesting puzzle:
Alex’s preferences over his choices depend on his beliefs in a way that no expected-utility function

can capture, and thus cannot be represented within a standard normal-form game.

The expected utility assumption has long been a cornerstone of game theory (von Neumann &|
Morgenstern, 1944/1947} |Savagel, [1954; |Anscombe & Aumann| 1963). Nevertheless, systematic de-

viations from this principle are well-documented in the empirical literature (Allais, 1953; [Ellsberg,

, and recent theoretical findings also suggest that its axiomatic basis imposes very strong
conditions on the preferences . This paper proposes an alternative game-theoretic
framework with more general preference structures, conditional preference relations
\Schmeidler, 2003; Pereal 2025). These structures assign a ranking over the player’s choices to

any probabilistic belief she may hold about her opponents’ choices, allowing for much more flex-
ibility in specifying the preferences than the expected utility assumption. We explore how three
standard solution concepts from game theory can be meaningfully extended to this new framework.

A key methodological principle of our approach is that the generalisation of a solution concept
should preserve the essence of its epistemic foundations. That is, we view solution concepts as being
fully defined by the reasoning principles that underlie them. In this sense, our generalised concepts
are not just analogous to their expected-utility counterparts — they are epistemically equivalent.
The justification for calling them generalisations lies precisely in this shared reasoning.

The first solution concept we consider is the iterated elimination of strictly dominated choices,
also known as correlated rationalisability (Bernheim)| 1984} [Pearce) [1984; Brandenburger & Dekell
. We rely on its characterisation by common belief in rationality (Brandenburger & Dekell
[1987; [Tan & da Costa Werlang, [1988), and provide a generalisation called the iterated elimination of

never-optimal choices. Next, we generalise Nash equilibrium (Nash| [1950| [1951)), which we view as
being characterised by common belief in rationality and simple beliefs 2012). We similarly
generalise correlated equilibrium , using its characterisation by common belief in
rationality and a common prior (Dekel & Siniscalchi, [2015; Bach & Pereal [2020b; |Aumann, [1987)).




Besides generalising these solution concepts, we also provide some existence results. We first
prove that the iterated elimination of never-optimal choices yields a solution in any game. Next,
we show that the continuity axiom of |Gilboa and Schmeidler| (2003) — which we refer to as strong
continuity to avoid confusion with the weaker continuity notion of|Perea, (2025) — provides a sufficient
condition for the existence of Nash and correlated equilibria. Strong continuity simply means that
the set of beliefs under which a choice is weakly preferred to another is closed, which seems rather
plausible from a behavioural perspective. It is much weaker than the expected utility assumption,
which also requires other axioms (preservation of indifference and strict preference, three-choice and
four-choice linear preference intensity) in addition to continuity (Perea, [2025). These additional
axioms thus turn out to be unnecessary for equilibrium existence. We also show that strongly
continuous preferences are exactly the ones that admit a continuous (but not necessarily expected)
utility representation.

The paper is organised as follows. Section [2] introduces our basic framework of games with
conditional preference relations. Next, we present the proposed solution concepts: the iterated
elimination of never-optimal choices in Section [3| the Nash equilibrium in Section [ and the cor-
related equilibrium in Section In Section [6] we provide an example of a specific game in our
framework and demonstrate how the proposed solution concepts can be applied to it. Finally, in
Section [7] we discuss our results. Appendix [A] includes the proofs of our propositions and some

additional lemmata.

2 Basic setting

This section introduces the framework we use in this paper. The key concept of our game-theoretic

analysis is of course the concept of a game. We define a game as a tuple (I, C, ), where:
e [ is the non-empty and finite set of playersﬂ

e C = (C))ier, where C; is the non-empty and finite set of choices available for player ¢ € I.

o = ((z0)pe A(C—i)>ie ;» where 27 is player i’s complete and transitive preference relation over

C;, when her probabilistic belief about her opponents’ choice combinations isﬂ p € A(C-,).

We also refer to 77, = (2ZF)pca(c_,) as the conditional preference relation of player i.

~1

INote that whenever we use a bold symbol without subscript (like x), it always denotes a profile or vector with
length |I|, with a unique element (z;) corresponding to each player ¢ € I. We also use the common game-theoretic
notation for truncated profiles, _; = (z; )jeI\{i}~ When each z; is a set,  may either refer to the vector of sets
(z;);eq or the set of vectors X;crx;, depending on the context.

2For any finite set X, A(X) denotes the set of probability distributions on X, which can be viewed as a simplex.
However, in contexts where one set is a subset of another (e.g. Y C X)), A(Y) is sometimes understood as the subset
of A(X) consisting of distributions that assign probability zero to every element of X \ Y. This notational convention
keeps several definitions more compact and improves readability.



The only point where this formulation differs from the textbook definition of a normal-form
game is how we treat the preferences. Instead of specifying a payoff function, we use the concept
of conditional preference relations (Gilboa & Schmeidler, [2003; [Pereal, 2025)). This is a key element
of our approach. Unlike in the classic game-theoretic framework, where players have preferences
over choice profiles, here they have preferences over only their own choices, and these preferences
depend on their beliefs about the choices of others. This allows for more flexibility, enabling us to
relax the expected utility assumption.

For the remainder of this paper, we fix the game (I,C,Z) as our analytic basis, and every
concept we define henceforth is to be interpreted within the context of this given game. We do this

to avoid having to write ‘In game (I, C, %) at the beginning of each definition that follows.

2.1 Continuity

A central concept in our analysis is the notion of continuous preferences. In the literature, there
are two non-equivalent definitions of what continuity means for a conditional preference relation.
To distinguish between them, we refer to the notion of |Pereaf (2025) as weak continuity, and to
the notion of |Gilboa and Schmeidler| (2003) as strong continuity. The two concepts are defined as

follows.

Definition 1 (Weakly continuous preferences). Player i’s conditional preference relation 7, is

weakly continuous if for any pair of choices ¢;, ¢, € C; and pair of beliefs p,p’ € A(C_;) we have:

A 1-)\)-p
~] p+(1=X)-p c,

¢ =Y ¢ and ¢, - ¢ = IN€J0,1]: ¢

Definition 2 (Strongly continuous preferences). Player i’s conditional preference relation 77, is
strongly continuous if {p € A(C_;) : ¢; ==

P ¢} is a closed set for any pair of choices ¢;, ¢, € C;.

As our terminology suggests, the continuity notion of |Gilboa and Schmeidler| (2003) is a stronger
property than that of |Pereal (2025). To illustrate this, consider a two-player game where player 1’s
preference between her choices ¢; and ¢} depends only on the probability p(c2) that player 2 chooses
choice cy. Player 1 strictly prefers ¢; to ¢} if p(ce) is a rational number, and she is indifferent
between them whenever p(cq) is irrational. These preferences are trivially weakly continuous,
because ¢j =¥ ¢; never occurs, so the requirement in Definition [1] is satisfied. However, the set
{p e A(Cs): ¢} ZP ¢1 } is not closed, so the preferences are not strongly continuous. Therefore, a
weakly continuous conditional preference relation is not necessarily strongly continuousﬂ On the
other hand, strong continuity does imply weak continuity. We prove this claim by characterising

the extra requirement that distinguishes the two.

3This example also demonstrates that weak continuity is an extremely permissive assumption: it even allows
for pathological and behaviourally implausible preferences such as in this Dirichlet example. In this sense, strong
continuity is only a mild additional requirement.



Proposition 1. Player i’s conditional preference relation -, is strongly continuous if and only if

~i

it is weakly continuous and {p € A(C_;) : ¢; ~¥ ¢} is a closed set for any ¢;, ¢} € C;.

As is common in decision theory, we can also use a utility function to represent the preferences
of players. The finiteness of the choice sets and the transitivity of the preferences guarantee that
such a representation exists for any belief. Although we mostly use the preference ranking notation
to emphasise our epistemic approach, it will sometimes be convenient to think in terms of utilities.

A utility representation is defined as follows.

Definition 3 (Utility representation). A wutility function u; : C; x A(C—;) — R represents condi-
tional preference relation 77, if:

c; 7= = wi(ci,p) > wi(ch,p) Ve, € Ciype A(C-y)

~I7

While the finiteness and the transitivity trivially ensure that some utility representation exists,
the existence of a representation that is continuous in beliefs is not guaranteed. This continuity
plays a crucial role in our analysis, so it is important to understand which conditional preferences
have a continuous representation. Interestingly, these are exactly the ones that satisfy the above-

defined condition of strong continuity.

Proposition 2. Player i’s conditional preference relation -, is strongly continuous if and only if

~1

there exists a utility function that is continuous in A(C_;) and represents 75,.

2.2 Epistemic models

To describe how players reason about the game, we use essentially the same framework as [Tan
and da Costa Werlang] (1988]). We encode players’ infinite belief hierarchies by types, where each
type carries a probabilistic belief about opponents’ choices and types. The notion of types traces
back to [Harsanyi (1967, [1968al [1968b), though his formulation is slightly different. The object that

contains types and their associated beliefs is called an epistemic model of the game.
Definition 4 (Epistemic model). An epistemic model of the game is a tuple (T',b), where:
o T; is the non-empty and finite set of types for player i € 1
o b : T, — A(C_; x T;) is the belief function of player i € I

We next introduce a relation between epistemic models that will be used in subsequent defini-
tions. We say one epistemic model is a submodel of another when it can be obtained by restricting
each player’s type set without altering the underlying belief functions. Loosely speaking, this means

that one is contained in the other.



Definition 5 (Submodel). An epistemic model (T",b') is a submodel of epistemic model (T, b) if
for any i € I we have T} CT; and b;(t;)(c—i, t—;) = bi(t;)(c—iyt—;) V(ti,t—;) €T ,c_; € C_;.

Next, we define the notion of optimality. A choice is called optimal under a given belief if it is
(one of) the player’s most preferred choice(s) under that belief. We can also define optimality for a
given type in an epistemic model. In that case, we need to take the marginal of that type’s belief

on the opponents’ choice combinations.

Definition 6 (Optimal choice under belief). A choice ¢; € C; is optimal for player i € I under
belief p € A(C-;) if ¢; =8 ¢ V€ C;.

~1 i

Definition 7 (Optimal choice for type). In epistemic model (T',b), choice ¢; € C; is optimal for
type t; € T; if it is optimal under belieﬂ marges_, bi(t;).

In the following sections, we define several properties (e.g. common belief in rationality, simple
beliefs, common prior) that types in an epistemic model may or may not have. We will call a choice

rational under such a property if it is optimal for some type that has the property.

Definition 8 (Rational choice under property). For player i € I, choice ¢; € C; is rational under
a given property of types if there exists an epistemic model (T',b) and a type t; € T; such that:

e t; has that property

e ¢; is optimal for t;

3 Iterated elimination of never-optimal choices

3.1 Epistemic background

In this section, we provide a generalised version of the iterated elimination of strictly dominated
choices (Bernheim, [1984; [Pearce, 1984} [Brandenburger & Dekel, |1987)). This solution concept has
been epistemically characterised by common belief in rationality (Brandenburger & Dekell [1987;
Tan & da Costa Werlang), [1988]), which is defined in three steps. First, we define (onefold) belief
in rationality. Intuitively, a player believes in rationality if she is certain that her opponents will

select choices that are optimal under their beliefs.
Definition 9 (Type with belief in rationality). In epistemic model (T, b), type t; € T; has (onefold)

belief in rationality if for any (c—;, t—;) € C_; x T_; we have:

bi(t;)(c—i,t—;) >0 = ¢; is optimal fort; Vj e I\ {i}

4For a distribution p € A(X x Y), margy p is defined as (margy p)(z) := Zyeyp(x, y) Vze X.




Next, we define kfold belief in rationality. A player has twofold belief in rationality if she believes
that her opponents believe in rationality, threefold if she believes that her opponents believe that

their opponents believe in rationality, and so on. Formally, we have:

Definition 10 (Type with kfold belief in rationality). In epistemic model (T,b), type t; € T; has
kfold belief in rationality (wher ke N\ {1}) if for any (c_;,t_;) € C_; x T_; we have:

bi(ti)(c—i,t—;) >0 = t; has k — 1fold belief in rationality Vj e I\ {i}

Finally, common belief in rationality simply requires kfold belief for any k.

Definition 11 (Type with common belief in rationality). In epistemic model (T',b), type t; € T;
has common belief in rationality if it has kfold belief in rationality for any k € N,

3.2 Proposed generalisation

Having defined these epistemic notions, we can now turn to the generalised solution concept we
propose. It relies on the same logic as the iterated elimination of strictly dominated choices: in
each round, we eliminate the choices which are not optimal under any belief about the opponents’
remaining choices from the previous round. However, since the basis of elimination in this case is
not strategic dominance, we needed to give our procedure a different name. We call it the iterated
elimination of never-optimal choices, as this name captures its essence. After providing a formal

definition of this solution concept, we also show that its existence is guaranteed in any game.

Definition 12 (Iterated elimination of never-optimal choices). Consider the following sets, defined

recursively for each k € Ny and i € I:

o — ¢
CF={c;eCF " :3pe AC*;") such that ¢; 5F ¢, Ve, € C;}

The iterated elimination of never-optimal choices (IENC) is a procedure that returns:

IENC;= () CF Viel
keNy

Proposition 3. The IENC; set is non-empty for any player i € 1.

To show that this concept is indeed a generalisation of the iterated elimination of strictly dom-

inated choices, we prove that it can be characterised by common belief in rationality.

5To avoid confusion, we use Ny when we refer to the set of positive integers, and Ny when we refer to the set of
non-negative integers.



Proposition 4. For a player i € I, choice ¢; € C; is rational under common belief in rationality if
and only if ¢; € IENC;.

4 Nash equilibrium

4.1 Epistemic background

The next solution concept we generalise is Nash equilibrium (Nash, 1950, [1951). We view this
solution concept as being epistemically characterised by common belief in rationality and simple
beliefs (Perea, [2012)). We have already defined the former criterion, so here we focus on the latter.
An epistemic model is called simple if each player has only one type, and beliefs can be generated
by a profile of probability distributions on the choices of each individual player. A type has simple
beliefs if it is contained in a simple epistemic (sub)model. For a more intuitive interpretation of

what simple beliefs mean, see |Perea, (2007, |2012]).

Definition 13 (Simple epistemic model). An epistemic model (T,b) is simple if T = {t} is a
singleton and there exists a profile of distributions q € x ;e A(C;) such that:

bi(ti)(c—i7t—’i) = H Qj(Cj) Viel,c.;eC_;
JeI\{i}

Definition 14 (Type with simple beliefs). In epistemic model (T, b), type t; € T; has simple beliefs
if there exists a submodel (T',b") of (T, b) such that t; € T} and (T',b’) is simple.

4.2 Proposed generalisation

Next, we present our generalised version of the Nash equilibrium. Unlike most game theory text-
books, we do not formulate it in terms of mixed strategies. In our framework, a Nash equilibrium is
a profile of probabilistic beliefs g € X jerA(C;) where each player ¢ € I is believed never to choose

a choice that is not optimal under ¢_;.

Definition 15 (Nash equilibrium). A profile of distributions q € x ;e A(C;) is a Nash equilibrium
if for any player i € I and any choice ¢; € C; we haveﬂ'

qi(ci)) >0 = ¢ =i c; Vc; xe;

~1

Before jumping to our existence result, we also define the closely related concept of the game’s

best response correspondence. This correspondence takes a profile of beliefs g € x;c;A(C}) on the

6With a slight abuse of notation, ¢_; € A(C_;) is defined as ¢_;(c_;) = H]EI\“} qj(cj) Ve—; € C_;.



players’ choice sets. For each player i € I, it returns the set of beliefs which assign zero probability

to the choices not optimal under belief ¢_;.

Definition 16 (Best response correspondence). A correspondence B : X jer A(Cy) = X jerA(C))
is the game’s best response correspondence if for any player i € I and profile of distributions
g € X,;c1A(Cj) we have:

Bz(q) =A ({67 cC;:c¢ ijgﬂ C; ch S 07})

When the expected utility assumption holds, [Nash| (1950, [1951) has shown that a Nash equilib-
rium exists in any finite game. Unfortunately, this famous result does not apply to our generalised
framework. However, we can provide a sufficient condition for the existence of a Nash equilib-
rium which is weaker than the expected utility assumption: when the preferences of all players are

strongly continuous, a Nash equilibrium is guaranteed to exist.

Proposition 5. If the conditional preference relation =, of each playeri € I is strongly continuous,

~1

then a Nash equilibrium ezists.

To show that our version of Nash equilibrium is indeed a generalisation of the original one, we
prove that it can also be characterised by common belief in rationality and simple beliefs. We follow
a choice-based approach, showing that a choice is rational under common belief in rationality and
simple beliefs iff it is rational under Nash equilibrium. But before proving this claim, we need to

define what we mean by ‘rational under Nash equilibrium’.

Definition 17 (Rational choice under Nash equilibrium). For player i € I, choice ¢; € C; is
rational under Nash equilibrium if there exists a Nash equilibrium q € X;c1A(C;) such that ¢; ig”'
¢ Ve

(3

Proposition 6. For a player i € I, choice ¢; € C; is rational under simple beliefs and common

belief in rationality if and only if it is rational under Nash equilibrium.

5 Correlated equilibrium

5.1 Epistemic background

Finally, we also present a generalisation of the concept of correlated equilibrium (Aumann, (1974]).
The epistemic characterisation of this solution concept relies on common belief in rationality and
the common prior assumption (Dekel & Siniscalchil |2015; [Bach & Perea), 2020b; [Aumann) |1987)).
The latter posits that each player’s beliefs are Bayesian updates of a single shared prior distribution.

For the formal definition of this condition, we use a two-step approach, analogous to the case of



simple beliefs. Note that we use a slight abuse of notation in the definitions that follow. Whenever
we omit some variables of the 7 function, we mean a marginal distribution. In particular, we replace

(margy, 7)(t;) by m(t;), (marge, 7, 7)(cis i) by m(ci,t;), and so on.

Definition 18 (Common prior). In epistemic model (T,b), a distribution 7 € A(C x T) is a

common prior if for any i € I we have:
. W(ti) >0 Vt; €T

o wleiti) >0 = bi(t)(c_i,t_;) = = V(e t)eCxT

W(Ci,t,’,)

Definition 19 (Type with common prior). In epistemic model (T,b), type t; € T; has a common
prior if there exists a submodel (T",b") of (T',b) such that t; € T} and there exists a common prior
in (T",b").

5.2 Proposed generalisation

Now we can give our generalised definition of a correlated equilibrium. Following the original for-
mulation of |Aumann| (1974), we define this concept as a common prior on choice-type combinations,
and not simply on choice profiles, as it appears in some textbooks. This important distinction has
been emphasised by |Bach and Pereal (2020b)), who refer to the textbook version as the canonical
correlated equilibrium. They show that the two definitions are not equivalent because the choices
that are rational under correlated equilibrium are not necessarily rational under canonical correlated

equilibrium.

Definition 20 (Correlated equilibrium). A common prior 7 € A(C xT) in epistemic model (T, b)
is a correlated equilibrium of the game if for any player ¢ € I, type t; € T;, belief p € A(C_;), and

choice ¢; € C; we have:

7T(C, tl)

VCQ e C;
ﬂ-(ch 7

~L 1

(W(Ci,ti) >0 and ple_;) = Ve_; € Ci) = ¢l
While the existence of a correlated equilibrium is not guaranteed in our generalised framework,

the strong continuity of the preferences once again provides a sufficient condition.

Proposition 7. If the conditional preference relation -, of each playeri € I is strongly continuous,

~T

then a correlated equilibrium exists.

Finally, we prove that this version of correlated equilibrium is indeed a generalisation of the
original. We show that a choice is rational under a common prior and common belief in rationality

iff it is rational under correlated equilibrium.

10



Definition 21 (Rational choice under correlated equilibrium). For player i € I, choice ¢; € C; is
rational under correlated equilibrium if there exists a correlated equilibrium m € A(C x T) and a
choice-type pair (¢}, t;) € C; X T; such that w(c},t;) > 0 and ¢; =¥ ¢/ V¢! € C;, where p € A(C—;)

~T 1
is defined as p(c_;) = % Ve_; € C_;.

Proposition 8. For a player i € I, choice ¢; € C; is rational under a common prior and common

belief in rationality if and only if it is rational under correlated equilibrium.

6 Example

To demonstrate how our framework operates in practice, we now present an example of a game
with conditional preference relations that do not have an expected utility representation, and apply
the generalised solution concepts to it. This example was carefully constructed with a twofold
purpose. First, it illustrates how our general framework accommodates all kinds of preferences,
even seemingly strange or unrealistic ones. To highlight this flexibility, we have deliberately chosen
somewhat intricate functions in the game’s definition. Second, we constructed the game so that
once the iterated elimination of never-optimal choices is applied, the resulting reduced game is an
exact description of the motivating Alex-Barbara story from Section [II We make this connection
explicit in Subsection[6.4 below. But for now, let us just focus on the game in its pure mathematical
form. It is a two-player game with three actions for each player, i.e. I = {1,2}, C1 = {a,b,c}, and

Cy = {d, e, f}. The conditional preference relation of player 1 is described as:

a=b=Yec if pd)>4-ple) -5 ple)+

a~f b= e if p(d)=4-p(e)’ =5 ple) +
1 sin(2000-p(e)) 2-p

b-Taxlc if

2 20 3 4 (1)
. 1 sin(2000-p(e)) 2-ple)
PP f— -
bt esla if P(d)<2 20 3
55
and 2 p(d)® +2- p(€)* +2 - p(d) - p(e) = p(d) —p(e) + o7 > 0

b=V a~4c otherwise

11



p(f)

a=b>c

p(d) Player 1 ple) ql0) Player 2 4(®)

Figure 1: The two players’ conditional preference relations

The conditional preference relation of player 2 is:

d-3ex-3f if q(a)>1—ln<q(b)+>—q(b)
angerds it @) =1-m (o) +3) - 40)

e>&wgfif1mw5qwfaw<«M<1m(mm+)«m
e=3d~3 f if qla)=1-q(b)° —q()* - q(b)

—_9. 2 _

T < ata) <1 - a0 — )

1—-2-q(b)* —q(b)
2-q(b)+3

e=3f>4d if

fr%exdd if qla)<

Since both players have three actions, their beliefs about their opponent’s choices are elements
of a two-simplex. This allows us to provide a graphical representation of the players’ conditional
preference relations, as shown in Figure [l Looking at the figure, it is easy to see that these
preferences are indeed very unconventional. Under the expected utility assumption, areas with
different preferences would have to be bordered by straight lines that intersect in the same point
(Pereal |2025). This is clearly not the case here, demonstrating that even such ‘strange’ preferences
can be handled in our general framework.

At the left side of Figure [I, we observe that the conditional preference relation of player 1 is

12



weakly continuous: for any pair of beliefs under which two choices are ranked oppositely, there
exists an intermediate belief under which the player is indifferent between them. However, the
preference is not strongly continuous since the set {p € A(Cy) : a =} ¢} is not closed (it contains
the interior of the disc but not its boundary). On the right side of the figure, player 2’s conditional
preference relation is not even weakly continuous. This is evident from the fact that no belief yields
indifference between e and f, yet there are beliefs under which e is strictly preferred to f, and

others where the reverse holds.

6.1 TIterated elimination of never-optimal choices

Now let us apply the iterated elimination of never-optimal choices to this example. We initialise this
procedure by setting C¥ = C; = {a,b,c} and C§ = Cy = {d, e, f}. Next, we get from C? and CY
to C} and C3 by eliminating the choices that are not optimal for the given player under any belief.
For player 1, we can see from Figure [T] that this is the case for choice ¢: it is never ranked on the
top of the player’s ranking. However, we cannot eliminate anything for player 2, since her choices
d, e and f are all optimal under some belief. Therefore, we have C] = {a,b} and C3 = {d,e, f}.
In Figure [2] we also show this first round of elimination graphically: we omit choice ¢ from player
1’s conditional preference relation, and also omit the beliefs that assign positive probability to ¢
from player 2’s conditional preference relation. Thus the two-simplex on the right collapses to a
line segment.

In the next step of the procedure, we obtain C7 and C3 from C} and C3 by eliminating the
choices that are never-optimal in Figure For player 1, the remaining choices a and b are both
optimal under some beliefs, so we cannot eliminate them from her choice set: C; = {a,b}. On
the other hand, choice f has become never-optimal for player 2 since the beliefs under which it
was optimal were omitted in the previous round. Therefore, we can eliminate f and conclude that
C3 = {d, e}. This step is shown in Figure

Now looking at Figure[3] it is clear that we cannot eliminate further choices from neither player’s
choice set, as both a and b are optimal for some belief of player 1, and the same goes for d and e
and player 2. This means that C{ = {a,b} and C3 = {d,e}. By an inductive reasoning, we can
conclude that CF = {a,b} and C% = {d, e} for any k € N, \ {1,2}. By definition, this implies that:

IENC, = {a,b}, IENC,={d,e}

6.2 Nash equilibrium

The next solution concept we apply to this example game is Nash equilibrium. If we tried to
find this in the game’s original form from Figure [1} our analysis would be rather complicated.

Furthermore, since we have demonstrated that neither player’s preferences are strongly continuous,
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p(f)

/ e=d>-f | d-e>-f

d e a
p(d) Player 1 ple) ql0) Player 2

Figure 2: The two players’ conditional preference relations after the first iteration of the IENC

an~b e>d d~e

a=b ! b>a , e>d ds=e
d e a b
p(d) Player 1 ple) q(a) Player 2 q(b)

Figure 3: Two players’ conditional preference relations after the second iteration of the IENC
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even the existence of a Nash equilibrium cannot be guaranteed. However, we can rely on our
epistemic results to provide a simpler way of obtaining this game’s Nash equilibria. In Proposition
[6] we have shown that the rational choices under Nash equilibrium are precisely the choices that are
rational under common belief in rationality and simple beliefs. Similarly, in Proposition [4] we have
characterised the IENC sets as the choices that are rational under common belief in rationality.
Together, these results imply that any choice that is rational under Nash equilibrium must be an
element of the corresponding ITENC set. And since the Nash equilibrium never assigns a positive
probability to a choice that is not rational under Nash equilibriunﬂ we can ignore the choices we
have eliminated in the IENC procedure. This practically means that, instead of trying to find the
Nash equilibria of the original game from Figure [T} we can find the Nash equilibria of the reduced
game from Figure [3] The results we get will be the same.

Having said this, let us now use Figure [3| to obtain the best response correspondences of the
two players. For player 1, choice a is optimal whenever she believes that the probability of player
2 playing e is between % and %, and choice b is optimal in the remaining cases. For p(e) = % and
ple) = %, both a and b are optimaﬁ Therefore, the best response correspondence of player 1 can

be described as:

0 if + <ple) <
Bi(p)(b) =1 — Bi(p)(a) =4 1 if p(e) < 1 or p(e) >
porp

0.1] if ple) =

0o

N [JCRENTJv]

Similarly, we can characterise player 2’s best response correspondence as:

0 if q(b) > 3
Ba(q)(e) =1—Ba(g)(d) ={1 it q(b) <}
[0,1] if g(b) = 5

It is easy to see that the game’s Nash equilibria are the fixed points of its best response corres-
pondence B (in fact, we use this in the proof of Proposition . Therefore, like in standard game
theory textbooks, we can find these equilibria by plotting B; and Bs in the same coordinate system
and checking where they intersect. This is what we do in Figure[d Note that, unlike in games with
expected utility, where such graphs admit only one ‘step’, here the best response correspondence
of player 1 jumps from 1 to 0 and then back up to 1 again. This is yet another demonstration that

our framework is richer. The figure shows that the game has three Nash equilibria:

« (p*,q"), where p*(e) =1—p*(d) =0 and ¢"(b) =1 —¢"(a) =1

"This follows directly from Definitions and

8 Although we did not explicitly show that the two boundaries are % and %, the reader can easily check.
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—— Player 1
—— Player 2

® Nash equilibria

0.5 @ ®

0 ple) =1 —p(d)
0 0.25 0.75 1

Figure 4: The players’ best response correspondences and the game’s Nash equilibria

o (p*,¢**), where p**(e) =1 — p**(d) = i and ¢**(b) =1 — ¢**(a) = %

o (p7 0, where pt(e) = 1— p**(d) = § and " () = 1 — 4" (a) =

N[—=

Note that neither player had strongly continuous preferences in the original game, yet we find
some Nash equilibria. Therefore, this example demonstrates that the reverse of Proposition [f]is not

true: strong continuity is a sufficient but not necessary condition of a Nash equilibrium’s existence.

6.3 Correlated equilibrium

Finally, we turn to the correlated equilibria of the game. Using a similar argument as above,
Propositions [4 and [§] imply that a correlated equilibrium can never assign a positive probability
to a choice that is not in the corresponding IENC' set. Therefore, we can once again ignore the
original game and focus on its reduced form from Figure [3] instead.

Since we have defined correlated equilibrium analogously to |Aumann| (1974), each correlated
equilibrium has an associated epistemic model. But due to the infinite number of possible epi-
stemic models with common priors, characterising the full set of correlated equilibria would be very
complicated. The game’s canonical correlated equilibria would be somewhat easier to characterise,
but we have deliberately decided to stick to the original definition. Therefore, instead of identifying
all correlated equilibria of the game, here we simply show one example of a correlated equilibrium.
Consider an epistemic model (T, b) with type sets 71 = {t{,t5} and Ty = {t5,t4}. Suppose that
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the belief function b is defined in such a way that the following distributiorﬂ 7 is a common prior
in (T,b):

1 3
m(a,t$,d, tg) = m(a,ty, e, t5) = 0

2 . 1
W(bv tliada tg) = ga W(batli7€at2) = TO

We will show that this 7 is a correlated equilibrium of the game. We can achieve this by checking
whether, for each choice-type combination with a positive probability in 7, the choice is optimal for
the corresponding conditional belief. There are only four choice-type combinations with positive

probabilities in m: (a,t$), (b,t%), (d,t%), and (e, t5). We will consider these one by one.

According to m, the (marginal) probability of choice-type combination (a,t{) is £+ + & = 1.
Conditional on this, the probabilities of the opponent’s choices are m(d|a,t}) = %g = % and
m(ela,t]) = 31/% = 3. Since 2 > § and 2 < 2, we can see from Figure [3 that choice a is indeed
optimal for player 1 under this belief.

Similarly, the marginal probability of (b, t’{) is % + 1—10 = %, so the corresponding conditional
probabilities are 7(d|b,t}) = ?/Lg = 1 and 7(e|b,t}) = 11//—120 = 1. Since § < 1, Figure [3 shows that

b is indeed optimal for player 1.

Next, let us consider the two choice-type combinations of player 2. In the case of (d,t9),
the conditional beliefs are 7(ald,td) = 1/3452/5 = % and n(bld, 1) = % = 2. From here,
% > % and Figure [3| implies that d is indeed optimal for player 2. Similarly, for (e,t§) we have
m(ale, t§) = 3/1%/%/10 = 3 and w(ble,t§) = 110 — 1 a5 the conditional beliefs, so 1 < 2

3/10+1/10 1 1 2
confirms e’s optimality.

Therefore, we have shown that 7 is indeed a correlated equilibrium of the game. We could
of course find many other examples as well. The reason we chose this specific example was that
the distribution on choice profiles generated by 7 is not a convex combination of the distributions
generated by the game’s three Nash equilibria from Subsection [6.2] This demonstrates that, just
like in games with expected utility, the set of correlated equilibria is richer than just the convex
hull of the Nash equilibria.

6.4 Alex and Barbara

We now return to our motivating example from the first paragraph of Section [I] We can represent
this situation by a two-player game between Alex and Barbara. Alex’s choice set is Calex =

{stay, go}, while Barbara’s choice set is Cparbara = {Wait, approach Chris}. Alex’s preferences over

9For the choice-type combinations that do not appear below, 7 assigns zero probability.
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his choices depend on his belief p € A(Cparbara) about Barbara’s choice in the following way:
» 1 . 3
stay =%, go if 1< p(wait) < 7
3
or p(wait) = ! (3)

1
stay ~4 . go if p(wait) = 1

stay <4, g0 otherwise

Similarly, Barbara’s preferences depend on her belief ¢ € A(Cajex) about whether Alex stays:

1

wait >4, approach Chris if g(stay) < 3
ait ~f approach Chris if g(stay) = 1 (4)

wal Barbara &PPT Il g Yy )

wait <%, .. approach Chris otherwise

If we now relabel Alex and Barbara as players 1 and 2, ‘stay’ and ‘go’ as a and b, and ‘wait’ and
‘approach Chris’ as d and e, then what we get is exactly the reduced game from Figure [3| Thus,
while the original game from Figure [I] does not correspond to any realistic scenario, the game that
emerges after iterated elimination has a clear and intuitive real-life interpretation. It is a precise
description of the Alex-Barbara situation introduced in Section[I} This was in fact one of our goals
when calibrating the example.

This equivalence also allows us to translate our previous findings into the context of the mo-
tivating story. Subsection [6.1] showed that IENC returns precisely the reduced game, so both of
Alex’s and Barbara’s choices are rational under common belief in rationality. Subsection then
established that the game has three Nash equilibria: a pure one where Alex is believed to go to
the party and Barbara is believed to wait for him, and two others where Alex is believed to go
with probability %, and Barbara is believed to wait either with probability i or %. This also means
that both of Alex’s and Barbara’s choices are rational under simple beliefs and common belief in
rationality. Finally, our findings from Subsection [6.3]reveal a possible correlated equilibrium of the
game, and demonstrate that both of Alex’s and Barbara’s choices are rational under a common
prior and common belief in rationality. However, for the sake of true love, the authors hope that

Alex chooses to go and Barbara chooses to wait for him.

7 Discussion

This paper demonstrates that the fundamental pillars of game theory do not rely on the expected
utility assumption. We show that classic solution concepts like iterated elimination, Nash equi-
librium, and correlated equilibrium can be generalised to a much broader setting with conditional

preference relations. Our epistemic approach preserves the conceptual core of each solution concept.
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The generalised versions rest on the same reasoning as their classical counterparts, making them
epistemically equivalent.

Of course, one might naturally ask what we gain by abandoning the convenient simplicity of
expected utility. The standard model of normal-form games with payoff matrices is indeed simple
and tractable. However, this simplicity also forces the analyst to assume that players’ preferences
obey strong mathematical constraints. As [Perea] (2025) has shown, expected utility is not an
inherent form of rationality. Rather, it is a highly specific condition, characterised by a set of
demanding axioms (preservation of indifference and strict preference, three-choice and four-choice
linear preference intensity) in addition to continuity. By imposing expected utility, game theorists
risk excluding plausible preferences simply because they violate these restrictive axioms.

The primary motivation behind our new framework is to avoid this risk. We wish to represent
realistic preferences that the expected utility model is structurally incapable of representing. In
addition to the well-known empirical evidence (Allais|, [1953; [Ellsberg, |1961)), our story about Alex
and Barbara also serves as an example of such preferences. Alex wishes to go to the party if he is
highly confident that Barbara will wait for him or if he is highly confident that she will not, but
he prefers to stay at home when he is uncertain. An expected utility maximiser cannot exhibit
such preferences, even though they appear completely natural and intuitive from a behavioural
perspective. Our framework accommodates these preferences, as well as other violations of the
expected utility hypothesis.

Moreover, our existence results demonstrate that this gain in behavioural flexibility does not
come at the cost of solvability. The iterated elimination of never-optimal choices yields a non-
empty solution in any game, and Nash and correlated equilibria also exist if the preferences are
strongly continuous. Therefore, strong continuity is the only property of expected utility we need
for equilibrium existence.

There are several promising directions for further research. We could conduct a similar analysis
with other well-known solution concepts such as trembling-hand perfect equilibrium (Selten), [1975)
or proper equilibrium (Myerson, [1978). Both refinements have epistemic characterisations (Blume,
Brandenburger & Dekel, [1991)) in the expected-utility setting, albeit only for two-player games. We
could also extend our analysis to games with incomplete information (Harsanyi, 1967} |1968a, |1968b]).
In such games, analogous solution concepts have been characterised epistemically (Battigalli, 2003}
Battigalli & Siniscalchi, |2003; Bach & Pereal, 2021}, |2020a;, 2017)), but not without the assumption
of expected utility. Finally, one could design laboratory or field experiments that elicit conditional
preference relations directly, and test whether observed behaviour converges to our generalised
equilibria. This would provide critical empirical validation and may help identify which preference

axioms best capture real-world strategic decision-making.
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A Proofs

Proposition 1. Player i’s conditional preference relation 7=, is strongly continuous if and only if

~1

it is weakly continuous and {p € A(C_;) : ¢; ~¥ ¢} is a closed set for any ¢;, ¢}, € C;.

Proof. We first prove the ‘if’ part, and then the ‘only if’” part.

Proof of the ‘if” part: We use proof by contradiction. Suppose that {p € A(C_;) : ¢; ~ c}}

K2

is a closed set for any ¢;, ¢, € C;, and that 7, is weakly but not strongly continuous. The latter

~T

means that for some ¢;, ¢, € C; there exists a convergent sequence of beliefs (p¥)xen, such that

k 9]
c; P ¢ Vk € Ny, but for p™ := limg_,o0 p¥ we have ¢, =¥ ¢;.

~1

k
By definition, the preference ¢; 7! ¢} can mean one of two things. Either the player is indifferent

~

between the two choices, or she strictly prefers ¢;. Suppose that the former is the case for infinitely
many elements of the (p*) sequence. This implies that there exists an infinite subsequence (5°)sen,

0
of (p*) such that ¢; ~¥ ¢, V¢ € Np. This subsequence must converge to the same value as (p*),

so we have limy_,, p' = p>°. But then the closedness of {p € A(C_;) : ¢; ~¥ ¢;} would imply that
o>

CZ- ~.

P ¢}, which contradicts our initial assumption.

The other possibility is that ¢; ~F

k
2 ¢} only holds for finitely many values of k, which necessarily

implies that we have a strict preference for infinitely many values of k. Therefore, there exists

Al
an infinite subsequence (p%)sen, of (p¥) such that ¢; =7 ¢ V£ € Ny. We of course have

limy_,oo ' = p™. We have assumed that o =P - ¢;, so the player’s preferences are reversed
between p> and each pf. Then the weak continuity of the preferences implies that for each ¢ € Ny
there exists a A’ €]0,1[ such that the belief A - p* + (1 — A?) - p* leads to an indifference. Let
us define the (p%)sen, sequence as pt = A - pf + (1 — Af) - p™ for each ¢ € Ny. Each element of
this (p*) sequence is a convex combination of p> and the corresponding element of a sequence

-0
that converges to p, indicating that lim,_, ., p* = p>. But note that ¢; ~ ¢, V¢ € Ny, so the

K3 7

closedness of {p € A(C_;) : ¢; ~¥ ¢}} implies that ¢; ~¥ ~ ¢/, We have thus reached the final

(2 K3

contradiction, proving the ‘if’ part of our proposition.

Proof of the ‘only if part: The strong continuity of =, trivially implies that {p € A(C_;) : ¢; ~¥

i} is closed because this set is equal to {p € A(C_;) : ¢; =¥ i} n{p e A(C_;) : ¢} =¥ ¢;}, and the

~1 1~

intersection of two closed sets must also be closed. It remains to show that the strong continuity of

=~ also implies its weak continuity. Suppose for contradiction that -, is strongly but not weakly

~7 ~

continuous. The latter means that there exists a pair of choices ¢;,¢; € C; and a pair of beliefs
p,p) € A(C_;) such that ¢; =¥ ¢}, ¢, =¥ ¢;, and ¢; ArPra=2p c; VA €)0,1[. Now let us define

K2

the set L as follows:
L={\p+(1=X)-p:X€][0,1]}
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This set L is a closed line segment, which means that it is a closed set. We also know from the
strong continuity of -, that the set {p” € A(C_;) : ¢ =" ci}is closed. Now let us consider the

~

intersection of these two closed sets, S = LN {p” € A(C_;) : ¢ >‘f ¢;}. This must be closed as

~

well, and it is also non-empty because p is an element of both intersected sets. Moreover, we know
that ¢; =¥ ¢}

(2

We can similarly show that the set S’ = LN {p"” € A(C_;) : ¢ =" ¢; } is closed and non-empty,

i~

and that ¢ =7 ! c; Vp"’ € S’. The latter also implies that S NS’ = @, while it is easy to see

Vp" € S because the indifference is ruled out by the assumption above.

that SU S’ = L. Therefore, we have found that the closed line segment L is the union of two
disjoint, closed and non-empty sets (S and S’). This contradicts the fact that any line segment is

a connected set, and thus concludes our proof. O

Proposition 2. Player i’s conditional preference relation =, is strongly continuous if and only if

i

there exists a utility function that is continuous in A(C_;) and represents 77,

Proof. We first prove the ‘if’ part, and then the ‘only if’ part.

Proof of the ‘if” part: Let u; be an arbitrary continuous utility function that represents =

~7°

Suppose for contradiction that =~ is not strongly continuous, i.e. there exists a pair of choices

Z
k

ci,ci € C; and a convergent sequence of beliefs (p*)ren, such that ¢; =¥ ¢, Vk € Ny, but for

P =limg_, pk we have ¢} >f . ¢;. If we use the fact that 2, is represented by wu;, we can rewrite

these statements as u;(c;, p*) > u;(ch, p¥) Vk € Ny and u;(c}, p™) > wi(e;,p>). However, this

would mean that u; is not continuous, so we have reached a contradiction. This proves that 7, is

strongly continuous when a continuous representation exists.

Proof of the ‘only if” part: Suppose that 27, is strongly continuous. We will show by construction
that a continuous utility function u,; representing 77, exists. Let us consider the elements of i’s choice
set C; in an arbitrary order. We denote the ch01ce at the kth position in this order by c¥, where
of course we have k € {1,...,|C;|}. We also define the Sy, sets for each k,¢ € {1,...,|C;|} in the
following way:

={peA(C_)): cf ~Pcl}

Finally, let us define the function dye : A(C—;) — R in the following wayiﬂ

Iélén lp—qll if Ske # 0
dk/(p) — q ke
1 if Spe=10

Together with Proposition l the strong continuity of 7. implies that Sy, is a closed set, so

i

10Tn this definition, ||p — q|| denotes the Euclidean distance between vectors p and gq.
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the minimum at the top branch of d, indeed exists. These definitions enable us to construct the
continuous utility function u; that represents 7,. We will follow a recursive approach. In the first
step, we define u;(c},-) as:

ui(ci,p) =0 Vpe A(C_)

Next, we consider each k € {2,...,|C;|} one by one, in ascending order. We define each u;(c¥,-)
in the following WayE

ui(cf, p) if 30 € {1, k—1}:ck ~P ¢t
ui(€i,p) + die(p) if b =Pl b
k
ui(ciap) =
di; (p) 0 die(p) ' . : L
(e p) + (e, p) i =Y e - e
T ) +dee® P T G + duatp) D)
ui(cf,p) — die(p) if =P b P ok

This utility function clearly represents 2, since the order of utilities is consistent with the
ranking of choices. What remains to show is that each ul(cic ,+) is continuous. We prove this by
induction. The function wu;(c},-) is constant, so it is trivially continuous. Next, we need to prove
that u;(c¥, ) is continuous, using the inductive hypothesis that u;(c}, ), u;(c?,-), ..., and ui(cf_l, 3
are all continuous. This proof is a bit trickier since we have a piecewise function with four branches.
For values of p that fall on the same branch, the function is indeed continuous because each dgy is
a continuous function, and the inductive hypothesis also implies that each ui(cf, -) is continuous.
The remaining question is what happens when we ‘jump’ from one branch to the other.

We have assumed that 2, is strongly continuous, so Proposition [I] tells us that it is also weakly
continuous. Therefore, the set of beliefs where one choice is strictly preferred to the other cannot
directly border the set of beliefs where this preference is reversed: these two sets must be separated
by beliefs where the player is indifferent between the two. This means that in the piecewise function
defined above, there can be no direct ‘jumps’ between the three bottom branches; the top branch
must always be touched when we switch between two orders. However, note that when c¥ ~ cf,
we must necessarily have p € Sie and hence dgs(p) = 0. And for die(p) = 0, all three of the
bottom branches yield exactlyE ui(cf ,D), the value of the top branch. This means that there are
no discontinuities when jumping between different branches either, so ui(cf, -) is continuous for any

k€ {1,...,]Ci|}. This concludes our proof. O

HBy cf >-f cf tf ..., we mean that among the choices in {c%,...,cf}, the most preferred one is ci.“, followed
directly. by cf. Similarly, ... if cff >f cf means that cf is the least preferred choice, preceded directly by cf. Finally,
P cg >f cf >—f ¢t =P ... denotes the case where ¢

 is ranked directly between cg and cf.

121n the case of the third branch, the value of ui(cg,p) is also possible if we approach the other boundary, but this
is only a matter of indexing.
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Lemma 1. In an epistemic model where each type has onefold belief in rationality, each type has

common belief in rationality.

Proof. Suppose that (T, b) is an epistemic model where each type has onefold belief in rationality.
We will use induction to show that these types also have kfold belief in rationality for any k& € N,..
For k =1 this is true by definition. It remains to show that it is also true for an arbitrary k, using
the inductive hypothesis that it is true for k — 1.

Consider an arbitrary type t; € T;, and a (c_;,t—;) € C_; x T_; pair that satisfies
bi(ti)(e—i,t—;) > 0. Our inductive hypothesis suggests that each type (including the ones in the t_;
profile) has k — 1fold belief in rationality. This means by definition that ¢; must have kfold belief
in rationality. And since we defined t; as an arbitrary type, this concludes our proof. O

Proposition 3. The IENC; set is non-empty for any player i € I.

Proof. The definition of CF indicates that for any k € N, we have CF C CF!. Since IENC; is
the intersection of these Cf sets and these sets are finite, our proposition is equivalent to the claim
that each CF is non-empty. We show this by induction on k. By assumption, C? = C; is non-empty
for any i € I. Next, we need to show that C¥ is non-empty, using the inductive hypothesis that
le?_l is non-empty for any j € I. This hypothesis indicates that A(Cﬁ?l) must be non-empty as
well. Now consider an arbitrary element of this set, p € A(Cf?l). Due to the transitivity of =¥,
there must be at least one choice ¢; € C; for which we have ¢; Z¥ ¢ V¢, € C;.

Trivially, we have ¢; € CY. Let us now use another induction to prove that ¢; € C¥ for any
¢ e {1,...,k}, using the inductive hypothesis that ¢; € C’f_l. We know that Cj’?_l - Cf_l Vjel,
which also means that A(C*;') € A(C*;1), and thus p € A(C*;'). Together with our inductive
hypothesis and the fact that ¢; is optimal for ¢ under belief p, this implies that ¢; satisfies all the
requirements to be in the C? set. Therefore, we have shown that ¢; € CF, so the CF set must be
non-empty for any k € Ny and 7 € I. Due to our arguments above, this also proves that IENC; is
non-empty for any i € I. O

Lemma 2. For player i € I, choice ¢; € C; is rational under up to k:folﬂ belief in rationality if
and only if ¢; € C’f“

Proof. Let o"(T,b) denote the types of i from the given epistemic model that have kfold belief in
rationality, and R¥ denote the choices that are rational for i under up to kfold belief in rationality.

13 That is, under £fold belief in rationality for each £ € {1,2,...,k}, where k € N,.
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Formally, we have:
of(T,b) = {t; € T; : t; has kfold belief in rationality}

k
RF = {ci € C;:3(T,b),t; € ﬂ 0% (T, b) such that ¢; is optimal for ti}
=1

What we need to prove is that RF = C’f“ Vi € I,k € Ny. We show this in two steps: first
that RF C O™ and then that CF ™' C RE.

Proof that Rf C Cf“: We show this by induction. For an arbitrary ¢; € R}, we know by
definition that there exists a type t; with onefold belief in rationality such that ¢; =¥ ¢ V¢, €

i G
Ci,p = marge  bi(t;). Since margs | bi(t;) is a distribution on C_; = C?;, this already indicates
by definition that ¢; € C}. t;’s onefold belief in rationality means that b;(¢;) only assigns positive
probabilities to (¢;,t;) pairs where each ¢; is optimal for ¢;. For such pairs, ¢; € C’]1 must necessarily
hold since there exists a belief (in particular, b;(¢;)) under which ¢; is optimal. In other words,
the support of marge, b;(t;) must be a subset of Cj. Since this is true for any j € I'\ {i}, we have
marge_ bi(t;) € A(C2;). Together with ¢; € C}, the definition of C? implies that we also have
¢; € C2. This concludes our proof for k = 1.

Next, we need to prove that RF C C’f“, using the inductive hypothesis that
R;C_l C C'J’-C Vj € I. For an arbitrary ¢; € RF, we know that there exists a type t; with
up to kfold belief in rationality such that ¢; 227 ¢ V¢ € Ci,p = margs |, bi(t;). Since t; has up
to kfold belief in rationality, we know that that b;(¢;) only assigns positive probabilities to (c;,t;)
pairs where each c; is optimal for ¢;, and ¢; has up to k — 1fold belief in rationality. By definition,

we then have c; € R;?_l. From the inductive hypothesis it follows that ¢; € C¥, so the support

] 9
of margq, b;(t;) is a subset of C¥. Since this is true for any j € I\ {i}, we can conclude that
margeo . bi(t;) € A (Cfl) It can easily be seen that RF C Rf‘l, so together with the inductive
hypothesis and ¢; € RF we get ¢; € CF. From here, the definition of C¥ implies ¢; € CF™. This

is precisely what we wanted to show.

Proof that C’f“ C REF: Our proof starts by constructing an epistemic model (T',b). First, we
define each type set as T; = {t : ¢; € C}} Vi € I. This means that we have a separate type
for each choice in the given player’s C} set. For any i € I, let p; : C} — A(C_;) be an arbitrary
function that satisfies the following criteria:

¢ € CP\CIM = pi(c;) e {pe A(CF 1) iei b ) Ve, e Oy} VkeNy

~1

¢ € IENC; = pi(ci) S {p S A(IENC_L) LG =P Vc; S Cz}

~1 T

()
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We know from Proposition |3|and Czk’s definition that the sets above must always be non-empty,
so such a p; function exists. This enables us to define the b; function of any player ¢ € I as:
Pz‘(‘C})(iclfi) if ¢; ¢ 012

bi(tci')(cfmt—i) = pi(ci)(c_i) if c; € 012 and tj =% v_] c [\ {Z}

0 otherwise

Consider an arbitrary type t € T; from this epistemic model. When player 4 has this type, her
marginal belief is margs . b;(t%) = pi(c;). From equation (5]) it follows that c; tﬁ”(c") ¢, Vd, e C,.
This means that ¢; must be optimal for type t¢, for any i € I and ¢; € C}.

Next, we will show that if we have ¢; € CikJrl for some ¢ € I and k € N, then ¢ must have up to
kfold belief in rationality. We prove this by induction on k. For k = 1, this is straightforward since
b;(t) only assigns positive probabilities to (c_;,t_;) pairs where t; = t% Vj € I\ {i}, and we
have just shown that c; is optimal for each ¢t%. This means that t“ has onefold belief in rationality.
Next, we should prove that ¢; € C’f“ implies t% € gf (T, b), using the inductive hypothesis that
t9 € g;?_l(T, b) Vel c} € CJ’?. We can see in equation that for any ¢; € Cf"'l we have
pi(c;) € A(C*,). Therefore, p;(c;) only assigns positive probabilities to a profile c¢_; if c_; € C* .
But then from the definition of b; it follows that b;(¢“/) only assigns positive probabilities to a
type t% if ¢; € C]’-“, and our inductive hypothesis suggests that these types are in g?il(T, b). This
implies by definition that ¢t has kfold belief in rationality. This ends the induction.

To sum up, we have shown that for any ¢; € C’f“ there exists a type t in our epistemic model
such that ¢; is optimal for ¢t and t° has up to kfold belief in rationality. By definition, this means
that ¢; € R, and thus CF** C R O

Proposition 4. For a player i € I, choice ¢; € C; is rational under common belief in rationality if
and only if ¢; € IENC;.

Proof. We first prove the ‘if’ part, and then the ‘only if’ part.

Proof of the ‘if’ part: Consider the epistemic model we have constructed in the proof of Lemma
2l We have shown that any choice ¢; € IENC; is optimal for the type ¢“. By definition, we
have TIENC; = ﬂkeNo C¥, meaning that ¢; € CF Vk € Ny. However, while proving Lemma ,
we also established that c¢; € CF implies t% € gf_l(T,b). Together, these findings imply that
te € Npey 0¥(T, b), and thus t° has common belief in rationality by definition.

To sum up, we have managed to construct an epistemic model where for each ¢; € IENC; there
exists a type t“ with common belief in rationality such that ¢; is optimal for ¢“*. By definition,

this means that ¢; is rational under common belief in rationality.
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Proof of the ‘only if” part: The statement that ¢; € C; is rational under common belief in
rationality means that there exists an epistemic model (T, b) with a type t; € T; such that ¢; is
optimal for ¢;, and ¢; has common belief in rationality. Using our notations from Lemma 2] we can

rephrase this as:
oo

AT,b),t; € ﬂ gf(T, b) such that ¢; is optimal for ¢;
=1
However, note that (,2, of(T,b) C ﬂlzzl of(T,b) Vk € N, and thus we must have ¢; €
RF Vk € Ni. We can conclude that ¢; € (,—; R¥. Together with Lemma [2, we get:

¢ € ﬁRf: ﬁof: () CF=I1ENC;
k=1 k=2

keNp
This concludes our proof. O

Proposition 5. If the conditional preference relation -, of each playeri € I is strongly continuous,

~J1

then a Nash equilibrium exists.

Proof. Tt is easy to see that for any g € x,;c;A(C;) we have:
g € B(q) < q is a Nash equilibrium

This means that our proposition is equivalent to the claim that B has a fixed point when each
7, s strongly continuous. We can prove this by applying Kakutani's (1941)) fixed point theorem to
B.

From Proposition [2] we know that the strong continuity of the conditional preference relation
is equivalent to the existence of a continuous utility representation. Let us consider an arbitrary
continuous utility representation u; for each i € I. This enables us to give an equivalent definition

to the best response correspondence B:

Bila) = & (angmac s (01
c;€C;

Since each C; is non-empty, each A(C;) set is a simplex. This means that B’s domain x;crA(C})
must be non-empty, convex and compact. Similarly, since the argmax operator always returns a
non-empty set, B;(q) must also be non-empty, convex and compact. This implies that B(q) is also
non-empty and convex, as it is the cartesian product of non-empty and convex sets. For [Kakutanifs

theorem to apply, it remains to show that B has a closed grapkﬂ

141 [Kakutanils original formulation, the last requirement of the theorem was the function’s upper hemicontinuity.
However, the two can be shown to be equivalent in this context, see the Corollary in Berge| (1959/1963] p. 112).
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By definition, the closed graph property requires that, if we have two convergent sequences
(@")ken, and (§%)ken, such that g° € B(g"®) Vk € Ny, then we must also have:

lim ¢* € B<lim qk)
k—o0 k—o0

Let us denote the two limits above by g™ and g (respectively), and suppose for contradiction
that g*° ¢ B(g™). By definition, this means that there exists a player i € I and a choice ¢; € C;
such that ¢7°(¢;) > 0 but ¢; does not maximise u; (-, ¢°%). However, the fact that ¢;° is a limit means
that for a large enough k, we must also have g~ (¢c;) > 0. Moreover, the continuity of u; also implies
that for a large enough k, ¢; cannot maximise wu;(-, ¢* ;) either. Together, these two statements yield
that there exists a k € Ny such that g* ¢ B(q*). We have reached a contradiction, proving that
g™ € B(g™). This means that B has a closed graph, so Kakutani's fixed point theorem can be
applied to it. Therefore, B has a fixed point, and hence the game has a Nash equilibrium. O

Proposition 6. For a player i € I, choice ¢; € C; is rational under simple beliefs and common

belief in rationality if and only if it is rational under Nash equilibrium.

Proof. We first prove the ‘if’ part, and then the ‘only if’ part.

Proof of the “if” part: Let q be a Nash equilibrium such that we have ¢; =7 ¢, V¢, € C;.
Consider the epistemic model (T', b) where for each j € I we have T; = {t;} and b;(t;)(c—;,t—;) =
q-j(c—;) Ve—; € C_;. Since we have q_j(c—;) = [[yep ;) q(ck), it is easy to see that this
epistemic model is simple by definition. Note also that each T} is a singleton, so the marginals of
the beliefs become:

marg bj(t;) =aq-; Viel (6)

This must also be true for player i. Together with our assumption that ¢; ={* ¢, V¢, € C,
we can conclude that choice ¢; is optimal for type t;. We have already argued that this ¢; is simple,
so it remains to show that ¢; also has common belief in rationality.

Let us consider an arbitrary playelﬁ J € I and a truncated choice profile ¢* ; € C_; such that
bj(t;)(eZ; t—;) = Tlken gy @(ck) > 0. For this inequality to hold, we need gx(cj,) >0 Vk € I\{j}.
From here, the definition of Nash equilibrium implies ¢} ={* ¢, Ve, € Ck. Together with our
result from (€], we can conclude that c is optimal for ¢;. This is true for any k € I'\ {;}, so type
t; has onefold belief in rationality (by definition). Moreover, we defined j as an arbitrary player,
so each type in our epistemic model has onefold belief in rationality. By Lemmal [T} this also means

that these types all have common belief in rationality.

15Note that we may have j = i in this case.
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Therefore, we were able to construct an epistemic model with a type (¢;) that is simple and has
common belief in rationality, and we have also shown that ¢; is optimal for this type. This means

by definition that ¢; is rational under simple beliefs and common belief in rationality.

Proof of the ‘only if” part: Suppose that ¢; is rational under simple beliefs and common belief
in rationality. This means that there exists an epistemic model (T, b) with a type t; € T; such that
¢; is optimal for ¢; and ¢; has both properties. The simpleness of t; means that there is a truncated
type profile t_; € T_; and a profile of distributions q € x;erA(C;) such that b;(t;)(c_;,t—;) =
erl\{j}Qk(Ck) VJGI,C/_J Gcf‘j

Consider an arbitrary choice profile ¢* € C such that qj(c;f) > ( for each j € I. For such profiles
we must have that b;(t;)(c%;,t—;) = [[;ep (s 9(¢j) > 0. Since we assumed that ¢; has common
(and hence also onefold) belief in rationality, it must be the case that ¢} is optimal for ¢;, for each
j € I'\ {i}. Moreover, we also know that ¢; has twofold belief in rationality, and hence each t; has
onefold belief in rationality. By a similar argument as above, b;(t;)(c;,¢—;) = [Tep (3 a(ck) >0
implies that ¢; must be optimal for ¢; as well. And since we defined ¢* as an arbitrary choice profile
that receives positive probabilities, we can write this result generally:

q;j(c;) >0 = ¢} is optimal for t; Vj e I,c; € C;

The claim that ¢} is optimal for ¢; means that it is optimal under the marginal belief

marge_, bj(t;). And note that we have (marge_ b;(t;))(c—;) = [ljen 3 anlern) = a-j(c—)).
Hence our previous finding can be rewritten as:
3(c5) >0 = ¢ zi7 ¢ Vjel.c,ded;
This result shows us that the profile of distributions q is by definition a Nash equilibrium. We
also assumed that ¢; is optimal for ¢;, so from marge | bs(t;) = g—; it follows that ¢; =it v e
C;. Therefore, we were able to construct a Nash equilibrium in which ¢; is rational. This concludes

our proof. O

Proposition 7. If the conditional preference relation 7. of each player i € I is strongly continuous,

~1

then a correlated equilibrium exists.

Proof. In Proposition [5] we have shown that the strong continuity of the preferences implies the
existence of a Nash equilibrium. We prove the statement by constructing a correlated equilibrium
from an arbitrary Nash equilibrium g € X;c;A(C;). Consider an epistemic model (T',b) where
T = {t} is a singleton, and define 7 € A(C x T) as 7(c,t) = [[;c;¢i(ci) Ve € C. Now consider
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a choice ¢; € C; of player i € I for which we have 7(c;,t;) > 0. By definition, we have:

m(cisti) = (marg77> (cit) = D> wlenewnt)= Y Jlale) =

CixT: c_;€C_; c_;€C_; jeI

=ale) [T D a(e) =alw)

JEIN{i} ¢;€C;

Hence we must necessarily have ¢;(¢;) > 0. However, since g is a Nash equilibrium, this implies

that ¢; =7 ' ¢ V¢, € C;. And note that for any c¢_; € C_;, the value of ¢_; can be expressed as:

~

¢-ile-) = ] ale) = eraites) _ rle,t) _ mlets)

jen{i} ¢i(c) m(eiti) (e ti)

Therefore, we have found that 7(c;,t;) > 0 implies ¢; =7 * ¢, V¢, € C;, and q_;(c_;) = m(eits)

~1 T om(citi) "

By definition, this means that 7 is a correlated equilibrium, so a correlated equilibrium exists. [

Proposition 8. For a player i € I, choice ¢; € C; is rational under a common prior and common

belief in rationality if and only if it is rational under correlated equilibrium.

Proof. We first prove the ‘if’ part, and then the ‘only if’” part.

Proof of the ‘“if " part: Let 7 € A(CxT) be a correlated equilibrium that satisfies ¢; =¥ ¢/ Vc} €

~1 T

Ve_; € C_; and (c,t;) € C; x T;, and let the corresponding

m(ci,e—it;)
w(c;,ti)
epistemic model be (T',b). The definition of correlated equilibrium requires that 7 is a common

prior in (T, b), and thus 7(c}, ;) > 0 implies b;(¢;)(c—s, t—;) = mlepe-it) V(e—i,t_;) € C_y x T_;.

m(c,ti)

It is easy to see that marge_, bi(t;) = p, meaning that c; is by definition optimal for type #;. It is

C;, where p(c_;) =

also trivial that ¢; has a common prior — in fact, any type in 7; has a common prior since 7 is a
common prior in (T',b). Therefore, ¢; is rational under a common prior.
It remains to show that c¢; is rational under common belief in rationality. Consider an

arbitrary type t; € T} of an arbitrary player j € I, and a (¢’ ;,t* ;) € C_; x T_; pair for which
bj(t:)(c*;,t*;) > 0 holds. Since 7 is a common prior, we must have 7(t;) > 0, which means
that there exists a ¢; € C; such that W(c;,t;’f) > 0. But then the common prior property also
implies b;(t5)(c*;, ¢ ;) = Tt
m(c*,t*) > 0, and thus w(cf,t5) > 0 Vk € I\{j}. Since 7 is a correlated equilibrium, we must have
cp 7hF ¢l Vel € Cf whenever pi(é_j) = %
so m(ck,tr) > 0 also implies by (¢)(é_k, t—x) = W V(é_p,t_p) € C_) x T_y,. Like
above, we can see that marge_, br(t}) = pk, and thus cj is optimal for ¢} Therefore, we have found

that for any k& € I\ {j}, c¢; must be optimal for ¢; whenever b;(t})(c”;,t*;) > 0. By definition,

this means that ¢7 has onefold belief in rationality. But since we defined ¢} as an arbitrary type of

We assumed that this is positive, which can only be the case if

Vé_i € C_. But 7 is also a common prior,
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an arbitrary player, this must be true for any type in our epistemic model (T',b). By Lemma we
can conclude that every type has common belief in rationality, including ¢; from above. And we

have already established that ¢; is optimal for ¢;, so ¢; is rational under common belief in rationality.

Proof of the ‘only if” part: Consider an epistemic model (T',b) and a type t; € T; such that ¢; is
optimal for t;, and ¢; has common belief in rationality and a common prior. The latter means that
(T, b) has a submodel (T”,d") with a common prior 7 € A(C x T"), and t; € T]. Therefore, for any
j € I and t; € T} we must have 7(t;) > 0, and hence there exists a c;; € C; such that 7 (c},t;) > 0.

V(C_j,t_j) eC_; x

From here the common prior property implies b (t;)(c—;,t—;) = mlegeiit)

m(ct5)
!
T,
Consider a (¢*,t*,) € C x T_; pair which satisfies 7(c*,t;,t*;) > 0. We must necessarily
have 7(cf,t;) > 0, and thus b;(¢;)(c*,;,t*,) = % > 0. Together with ¢;’s common belief in

rationality, this implies that for each j € I'\ {i}, the type t; also has common belief in rationality.
Then for each j, we can similarly consider a pair (¢**, ;) € C x T_; satisfying 7(c*™,t7,t™) > 0
and conclude that each ¢;;* has common belief in rationality. If we continue recursively in this
manner, we end up with a set of types (denoted by 77) for each player, with each element having
common belief in rationality. Formally, for each j € I we define the function 7; : | J, ny e = 2Ti
as:

mi(ty) ={t; € Tj : ", t2 ;) € C x T_j_; with 7(c",t") > 0}
Next, we define the following sequence of sets recursively:

TP = {t:}
T) =0 Vjel\/{i}

it =1iu | Y mt) VieltleN,
keI\{j} treT}

Finally, the T} sets are defined as the union of these sets:

* 74 .
rr=UT viel
LEeNy

As we have argued, each element of 7" has common belief in rationality. Now consider the tuple
(T*,b"), where the function b} : 7 — A(C-; x T*,) is defined as b} (t;) = b;(t;) Vt; € T;. The
way we have defined the T sets ensures that when t; € T}, the b;- (t;) distribution only assigns

positive probabilities to truncated type profiles in T ., meaning that this (7",b*) is in fact an

YR
epistemic model. But then it must be a submodel of (T, b'), and thus also of (T",b). We can also
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define a probability distribution 7* € A(C x T™*) in the following way:

W*(C, t*) _ W(C,t*)

=" VYt eCxT"
Zt’eT* W(Cv t/)

It is easy to see that this 7* is a common prior in (T*,b*). Now for some j € I, con-
sider an arbitrary pair (c},t;) € C; x T} which satisfies 7*(c},t7) > 0. This means that
there exists a (c¢*;,t*;) € C_; x T*; pair such that ﬂ*(c*,t**()*;)o, and thus 7*(c,t5) >

- : * (4% * * T (e, *
0 Vk € I\ {j}. Together, these imply bi(t;)(c*,.t*,) = e > U so the type t; as-
signs a positive probability to (c}f,t;‘). However, since t;, € T}, and any type in T} has com-
mon (in particular, onefold) belief in rationality, ¢; must necessarily be optimal for 7. The

. . . 7 (ck,el it )
belief of ¢ is b} (t5)(c_;,t_ ;) = W V(e ;,t ;) € Cj x T*,

ﬂ*(c;,clj,t;)

(marge_ bj(t7))(cl;) = EHCEAN Vel ; € C_;. Denoting this marge_ b7(t}) distribution by

whose marginal is

pj, we have that ¢} i?’ cj V¢, € Cj holds whenever 7*(cj, ¢7) > 0, and p; is defined as above. This

is precisely the requirement of a correlated equilibrium, so we can conclude that 7* is a correlated
equilibrium of the game.

We have also assumed that ¢; is optimal for ¢;, meaning that ¢; =¥ ¢/ V¢! € C;, where

p = marge_, bi(t;). From t; € T} it also follows that p = margs_. b7 (t;). Then the common prior

m*(ch,e_i,t;)
m*(ch,ti)

Together with the fact that 7* is a correlated equilibrium, this by definition means that ¢; is rational

property implies that p(c_;) = for any c¢_; € C_;, and any ¢, € C; with 7*(c},t;) > 0.

under correlated equilibrium. O
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