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Exercise |

Let ¢, ¢, and x be propositions.

(l.a) Prove that ¢ <+ ¢ and (¢ — ¥) A (b — ) are logically
equivalent.

(I.b) Prove that ¢ — 3 and (—y) V v are logically equivalent.

(l.c) Prove that ¢ — (v — x) and (¢ — ¥) — x are not logically
equivalent.
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Exercise Il

(Il.a) Prove that n> > 2n + 3 foralln > 3.

(Il.b) Prove that Y7 i = "1 for all n > 0.

(I.c) Prove that a, = 6"+% + 7>+ is divisable by 43 for all n > 0.
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Exercise Il

(l.a) LetA ={1,2,3}, B={a,b}, and C = {a,c}. Form the product
setA x (BN C).

(lll.b) Let A, B, C, and D be sets such that A C B and C C D. Prove
that A x C C B x D.

(lll.c) Let A, B, and C be sets. Prove that
Ax (BUC)=(AxB)U(AxC).
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Exercise IV

(Iv.a) ConsiderthesetZ ={...,-3,-2—,1,0,1,2,3,...} of integers.
Letf : Z — Z be a function such that f(z) = z+ 1 for all z € Z.
Investigate whether f is injective, surjective, and bijective.

(IV.b) ConsiderthesetZ ={...,-3,-2—,1,0,1,2,3,...} of integers.
Letf: Z — 7Z x Z be a function such that f(z) = (z,z + 1) for all
z € Z. Investigate whether f is injective, surjective, and bijective.

(IV.c) Letf:A — A be afunction. Prove that [f o f](A) C f(A).
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Exercise V

m LetF, = {0, 1} be a set with two elements 0 and 1.

m Let+:F, xF, —» F,and - : F, x F, — F, be functions defined
according to the following tables:

+10 1 0 1
00 1 0/(0 O
111 0 110 1

m Note that the cells in the tables corresponding to the i-th row and
Jj-th column define i +j and i - j, respectively.

m Show that the triple (F,, +, ) constitutes a field.
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p Yoo e=2Y Yo (9o ) AW =)
T T T T T T
(lay T F F F T F
F T F T F F
F F T T T T
o plo—=U —p (o) Vi
T T T F T
(lb) T F| F F F
F T T T T
F F T T T

(I.c) Let ¢ be false, ¢ be false, and x be false. Then, ¢ — (¢ — x) is
true, however, (p — 1) — x is false.
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(l.La) = Induction basis: Let ny = 3. Observe that
32=9>9=2.3+3.

m Induction step: Let n > 3 and suppose that n> > 2n + 3
holds. It needs to be shown that (n + 1)? > 2n + 5 also
holds.

m Indeed, observe that (n + 1)> = n*> +2n+ 1 > 2n + 5, since
n*+1>5foralln>3.
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(I.Lb) = Induction basis: Let ny = 0. Observe that E?:OO =0and

0-(0+1
1) _,

. ) n . n(n+1
m Induction step: Let » > 0 and suppose that ) ;i = %

holds. It needs to be shown that S/ i = (FL0H2) 5jg0
holds.

m Indeed, observe that
Sy i = Sigi (1) = M g (0 1) = MDD
_ (n+1)(n+2)
— L .
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(Il.c) = Induction basis: Let nyp = 0. Observe that
6072 4 720+ =62+ 7' =43 and 43 =43 - 1.

® Induction step: Let n > 0 and suppose that 6"+2 4 72"+ is
divisible by 43. It needs to be shown that 6”13 4 72+3 is
also divisible by 43.

m Indeed, observe that 6”13 4 723 = 6. 6"+2 4 72 . 72 +]
—6- 6n+2 149 72n+1 =6- 6n+2 + (43 . 72n+1 +6- 72n+1)
= (6-6"1246-7F1) +43. 720 = 6. (6" T2 472 ) 44372041,
As 43 divides 43 - 7**+! and, by the inductive assumption, 43
divides 6" 4 7*"*1 and thus 6 - (6”72 + 72"*1), it is also the
case that 43 divides 6 - (6"+2 + 727+1) 4 43 . 72141,
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(l.a) m BNC = {a}

BAX(BNC)=Ax{a} ={(1,a),(2,a),(3,a)}
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(lkb) mlLetzeAxC.
m Then, there exists x € A and y € C such that z = (x,y).
m As A C B, itis the case that x € B too.

m As C C D, itis the case that y € D too.

Consequently, z = (x,y) € B x D.
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(ll.c) First, itis shown thatA x (BUC) C (A X B) U (A x C).
Letu € A X (BUC). Then, there existx € Aandy € BU Csuchthatu = (x,y).

Sincey € BU C, itis the case thaty € Bory € C.

Case 1:ify € B,thenu = (x,y) € A x Bandthusu € (A X B) U (A x C).

]
]
]
]
B Case2:ify € C,thenu = (x,y) € A x Candthusu € (A X B) U (A x C).
B Consequently, u € (A x B) U (A x C).

B Secondly, itis shown that (A x B) U (A x C) C A x (BU C).

B Letve (AxB)U(AxC).Then,y €A x Borv € A x C.

]

Case 1:ifv € A x B, thenthere exists € Aandr € Bsuchthatv = (s,r). Ast € Bitalso holds
thatr € BU C. Hence,v = (s,1) € A X (BU C).

B Case2:ifv € A x C,thenthere exists’ € Aandt’ € Csuchthatv = (s','). As/’ € Citalso
holds that 1/ € B U C. Hence,v = (s',1') € A x (BU C).

B Consequently,v € A x (BU C).
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(Iva) m LetzeZ,andconsiderz— 1€ Z. As
f(z—1)=(z—1) + 1 =z, and z was chosen arbitrarily, the
function f is surjective.

m Letz 7 € Zsuchthat f(z) =f(</). Then,z4+ 1 =27 +1, thus
z =7/, and as z, 7/ were chosen arbitrarily, the function f is
injective.

m As the function f is surjective and injective, it is also
bijective.
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(IV.b) = Note that (1,1) € Z x Z, but there exists no z € Z such that
f(@) =(z,z+1)=(1,1). Thus, (1,1) € f(Z), and the
function f is consequently not surjective.

m Letz, 7 € Z such that f(z) = f(z/). Then,
(z,z4+ 1) = (7,7 +1),le.z=7Zandz+1=2+1. Asz,7
were chosen arbitrarily, the function f is injective.

m As the function f is not both surjective and injective, it is
also not bijective.
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(IV.c) m Leta e [fof](A),i.e. there exists a* € A such that
[f of](a*) =a,ie. f(f(a*)) =a.

m Note that f(a*) € A and define &' := f(a*).

B Asd € Aandf(da’) = a, itis the the case that a € f(A).
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m The tables are both symmetric with regards to the diagonal, thus
i+j=j+iaswellasi-j=j-iholdforallijeRF,.
Consequently, + and - are commutative.

m Since
0+(0+0)=0=(0+4+0)+0 und 0-(0-0)=0=(0-0)-0
0+(04+1)=1=(0+0)+1 und 0-(0-1)=0=(0-0)-1
o+(1+0)_1_(0+1)+0 und 0-(1-0)=0=(0-1)-0
0+(1+1)=0=(0+1)+1 und 0-(1-1)=0=(0-1)-1
1+(0+0)_1_(1+0)+o und 1-(0-0)=0=(1-0)-0
+(0+1)=0=(1+0)+1 und 1-(0-1)=0=(1-0)-1
+(1+0)=0=(1+1)+0 und 1-(1-0)=0=(1-1)-0
+(1+1)=1=(1+1)+1 und 1-(1-1)=1=(1-1)-1.

it follows that + and - are associative.
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m Since
0-(0+0)=0=0-0+0-0 und (0+0)-0=0=0-0+0-0
0-(0+1)=0=0-040-1 und (04+0)-1=0=0-1+0-1
0-(1+0)=0=0-1+0-0 und (0+1)-0=0=0-0+1-0
0-(1+1)=0=0-14+0-1 und (0+1):-1=1=0-1+1-1
1-040)=0=1-04+1-0 und (14+0)-0=0=1-040-0
1-0+1)=1=1-0+1-1 und (1+0)-1=1=1-1+0-1
1-140)=1=1-141-0 und (14+1)-0=0=1-0+1-0
1-14+41)=0=1-1+1-1 und (1+1)-1=0=1-14+1-1.

it follows that the laws of distributivity hold.

m Notethat0+0=0and 0+ 1 = 1. Thus, there exists a +-netural
element which is 0.

m Notethat1-0=0and 1-1 = 1. Thus, there exists a --netural
element which is 1.
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m ltisthecasethat0+0=0aswellas1+1=0,i.e. 0isinverse
toO0and 1 isinverseto 1.

m Consequently, every element is +-invertible.

m The only element distinct from the +-netural element (i.e. 0) is 1
and as 1-1 =1 holds it follows that 1 is inverse to 1.

m Consequently, every element distinct from the +-netural element
is --invertible.

m It can now be concluded that the triple (F,, +, -) indeed
constitutes a field.
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