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Introduction

Strategic-Form Games with Random Events

m In T3 the possibility of incorporating random events in dynamic
games was modelled by means of chance moves.

m In static games random events can also occur and players thus
face probabilistic outcomes.

m This is modelled by allowing probabilistic outcomes (or lotteries)
to be associated with strategy profiles.

m The question of how players rank probabilistic outcomes then
has to be addressed.

m Expected Utility Theory from T4 provides one possible answer.
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Introduction

Outline

m General Strategic Form

m Mixed Strategies

m Mixed Strategy Nash Equilibrium

m lterated Strict Dominance
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General Strategic Form

GENERAL STRATEGIC
FORM
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General Strategic Form

General Strategic Form Frames

Definition 1

A game frame in strategic form is a quadruple F = (I, (S)ics, O.f),
where

e [is a set of players,
e S;is a set of strategies for every player i € I,
e O is a set of basic outcomes,

e f: X;e18; — L(0) is a probabilistic consequence function
associating with every strategy profile s € x;¢;S; a lottery over
the set of basic outcomes f(s) € O.
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General Strategic Form

General Strategic Form Games

Definition 2

A game in strategic form is a pair G = (F, (Zi)ier), Where
o F =(1,(Si)ies, O.f) is a game frame in strategic form,

e ~; is a preference relation over £(0) satisfying AXIOMS 1 — 4 for
every player i € I.
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General Strategic Form

General Reduced Strategic Form Games

Definition 3

Let G = (F, (Zi)ier) be a game in strategic form. Suppose that
U; : O — R is an vNM utility function that represents -, for every
player i € I. A reduced game in strategic form is a triple

g = <I, (Si)iela (ﬂ—i)i61>y where S —>R such that

mi(s) = ]E<Uz(f(s)))

for all s € x;¢S; is player i's vNM payoff function for all i € 1.
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General Strategic Form

lllustration

m ALICE and BOB simultaneously submit a bid for a painting:
either $100 or $200 are possible as bids.

m The higher bidder wins and has to pay his own (higher) bid.
m If both bid the same amount, then a fair coin is tossed.
m If the outcome is heads, ALICE wins and has to pay her own bid.

m If the outcome is tails, BOB wins and has to pay his own bid.
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General Strategic Form

lllustration

e 01: ALICE wins and pays $100.
e 0,: BOB wins and pays $100.
e 03: BOB wins and pays $200.
e 04: ALICE wins and pays $200.

BOB
$100 $200
$100 [Of Of} 03
2 2
ALICE
$200 04 ["f "f}
2 2
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General Strategic Form

lllustration

e o;: ALICE wins and pays $100.
e 0,: BOB wins and pays $100.
e 03: BOB wins and pays $200.
e o04: ALICE wins and pays $200.

m Suppose the following preferences in line with Axioms 1 — 4:
01 ™ALICE 04 =ALICE 02 ~ALICE 03

02 >BOB 94 =BOB 03 >BOB 01

m Represent these preferences by the following vNM utility functions:

Unrice(01) = 4, Uapice(04) = 2, Uapice(02) = Uapice(o3) =1

Upop(02) = 6, Upop(os) =5, Upop(03) =4, Upop(o1) =1

m [t follows that
0|
]E(UALICE [ 1
2

SR

] ) —2.5 and IE(UAucE [u; 04] ) =13

i
2
0%2] ) =3.5 and JE(UBOB {0%3 0%4] ) =43
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General Strategic Form

lllustration

$100
ALICE

$200

Note that NE = 0.

BOB
$100  $200
2.5,3.5 1,4
2,5 15,45

ECON322 Game Theory: T5 Strategic-Form Games

http://www.epicenter.name/bach


http://www.epicenter.name/bach

Mixed Strategies

MIXED STRATEGIES
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Mixed Strategies

Extending the Players’ Choice Objects

m So far, the choice objects of the players have been their
strategies, formally assembled in the set S; for all i € 1.

m The strategies are sometimes also referred to as pure strategies.

m It is possible to extend the choice object space of the players, by
also admitting probability distributions over their strategy sets.

m Indeed, a probability distribution over S; is called a mixed
strategy of player i and typically denoted by o; € A(S;).

m Pure strategies can be viewed as degenerate mixed strategies,
that assign probability 1 to a single pure strategy.
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Mixed Strategies

Interpretation

m Objective Randomization: instead of choosing a strategy
himself, a player delegates the choice to a random device.

m Others’ Beliefs: the probabilities reflect the opponents’
uncertainty about a player’s choice.

m If mixed strategies are admitted, then the framework must admit
probabilistic outcomes and consequently cardinal payoffs.
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Mixed Strategies

lllustration

BOB

$100 [a%' Of] o3

$200 04 [O,f "%“]

ALICE

m Consider a mixed strategy of ALICE such that o47;cz ($100) = 1 and ozscr ($200) = 2.

® o,y ck could be interpreted as a decision to let, say, a die determine the bid: ALICE will roll a die and bid
$100 if the outcome is 1 or 2, and $200 if the outcome is 3, 4, 5, or 6.

m Suppose that BOB uses a mixed strategy such that oo ($100) = % and oppp($200) = %

m Since the players rely on independent random devices, the pair (cazicE, opop) of mixed strategies gives
rise to following probabilistic outcome:

strategy profile:  ($100, $100)  ($100, $200)  ($200, $100)  ($200, $200)

01 0y o3 04
outcome: 03 4
1 1 1 1
1.3 _ 3 1.2_ 2 2.3 _ 6 2.2 4
probability: 3°5= 15 3'5= 75 3°5=715 53'5= 15
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Mixed Strategies

lllustration

By AXIOM 4 (SUBSTITUTABILITY), which establishes a relation between simple and compound lotteries,
both players are indifferent between the following two lotteries:

0] 0y 03 04
{ 1 i } 03 { i 1 ] o 0y 03 04
2 2 2 2 ~ 3

3 2 4 0 30
15 15 15

S
o &

1

l
W
Bloe
g
=

Consider again the vNM utility functions previously fixed, i.e.:

Uarice(01) = 4, Uapice(os) = 2, Uapice(02) = Uapice(o3) =1

Upop(02) = 6, Upop(os) =5, Upop(o3) = 4, Upop(o1) =1

m The following expected utilities then follow:

0y 0y 03 04 3 3 8 16 55
E(Ua '[3 3 $ ]6] =— 4+ —-1+—-1+—-2=—
( uee| s & £ 8 ) 30 30 30 30 30

0} [ 03 04 3 3 8 16 133

E(U, %G ]] = 14— 64— 44— 5= —

(vsos [% ST B ) 30 30 30 30 30

n

Thus, the players’ expected payoffs from the mixed strategy profile (carice, opop) can be constructed as
follows, where oapcp (8100) = 3, oaLice(8200) = %, opop(8100) = 2, and opo5(8200) = 2:

55
Emarice(OALICE, OBOB) = —

133
and Empop(oaLicE, oBoB) = ——

30
ECON322 Game Theory: T5 Strategi
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Mixed Strategies

lllustration

m  The payoffs Ewarce(oaLice, oBoB) = % and Enpop(oaLicEs BOB) = % can also be computed in a
different — yet equivalent — way based on the corresponding reduced game in strategic form.

BOB
$100 $200
$100 | 2.5,3.5 1,4
ALICE
$200 2,5 1.5,4.5

m  Accordingly:

strategy profile: (%100, $100)  ($100, $200)  ($200, $100)  ($200, $200)

expected utilities: (2.5,3.5) (1,4) (2,5) (1.5,4.5)

S

=1

N

probability: 1-3=

|

1

3

1o

2 2.3 2.2
571 3°5 7 3°5

Sl
G
5l
G

B The players’ expected payoffs from the mixed strategy profile (oarice, opog) then ensue as follows:

Emarice(ALICE> OBOB) = 2 22,5+ 2. 1+ Al “2 4 Ay 1.5 = »
15 15 15 15 30
Enpop(oaLicE: oBOB) = 2 2354 2 -S4 4 Al S5+ hd -45 = 13
1 15 15 15 30
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Mixed Strategies

Notation

m Leto € x;er(A(Si)),, be a mixed strategy profile.
B Lets € xS, be a (pure) strategy profile.

m The probability o(s) := I, 0,(s;) = o1(s1) - 02(52) = . .. - Tulsn)
denotes the product of the probabilities o;(s;) for all i € I.

m Let G* areduced game in strategic form and i € I some player.

m The payoff functions =; : x;c;S; — R are then extended to
expected payoff functions Em; : xje,(A(Sj))jel — R for mixed
strategies as follows:

Emi(o) = Y ofs)-mils)

SEXjerS;

forall o € x;e/(A(S)))

iel”
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Nash Equilibrium

MIXED STRATEGY NASH
EQUILIBRIUM
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Nash Equilibrium

Generalizing the Idea of NE with Mixed Strategies

Definition 4

Let G* = (I, (Si)icr, (mi)icr) be a reduced game in strategic form and
o € %ier(A(S))),., be some mixed strategy profile. The mixed
strategy profile o forms a Nash Equilibrium, whenever

Emi(o) > Emi(o],0—;)

holds for all o/ € A(S;) and for all i € 1. The set of all such strategy
profiles is denoted by NE.

m Nash Equilibrium with pure strategies obtains as a special case,
if attention is restricted to degenerate mixed strategies.

m The set of mixed strategy Nash Equilibria is also denoted by
MSNE and the set of pure strategy Nash Equilibria by PSNE.
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Nash Equilibrium

lllustration

BOB
$100 $200

$100 25,35 10, 40
ALICE

$200 20, 50 15,45

100 200 100 200
m Does (caricE, opop) With oaricE = ($ 1 $2 ) and opop = ($ 3 § 2 ) form a NE?
3 3 3 5
= Note that
E ( ) 3 25+2 10+6 20+4 522
- (o .o = . . _. — 5= .
ALICE\OGALICE BOB 15 15 15 15 3
m However, if ALICE switches to 647;cr = ($1100 $%OO), then her payoff becomes

3 2
Emarice(GALICE, OBOB) = 5 ©2540-20+ 3 104+0-15=19.

55 ,
Emavice(TALICE, OBOB) = 3 <19 = Emapice(TaricE> OBOB)»

the pair (oarice, opop) does not form a NE.
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Nash Equilibrium

lllustration

BOB
$100 $200

$100 25,35 10, 40
ALICE

$200 | 20,50 15,45

. . $100  $200
m Now, consider (647,05, T50g) With 041 1cp = opop = ( 1 1 )
2 2

m Note that Emaice (05 e Tpop) = 5 25+ 104+ 5204 L 15=T0 =175,

m Could ALICE possibly obtain a larger payoff with some other mixed strategy oazjcr = ($;OO 1$i()3)>

suchthatp € [0, 1]\ {1}?

1 1 1 1
— . p 254 —p-104=-(1—p)-204—-(L—p)-15
p 5P 5 (1=p) 5 (1—=p)

"
E7arice(OALICE, Opop) = 2

= (1 25+1 10) + (1 —p) (1 zo+l 15)7357175
R 2 Pty 2 T2 T
m Thus, against o,z any mixed strategy of ALICE yields the same expected payoff, and consequently all
mixed strategies of ALICE are best resonses to oj5pp.

B It can be verified that the same applies to BOB: any mixed strategy of his yields same expected payoff
against o ;7 and consequently all mixed strategies of ALICE are best resonses to o ;¢

m Therefore, (04,06 opop) € NE.
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Nash Equilibrium

NE with Mixed Strategies Always EXxist

Theorem 5 (Nash, 1951)

Let G* = (1, (Si)ic1, (m)ic1) be a reduced game in strategic form such
that S; is finite for all i € 1. Then, NE # ().
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Nash Equilibrium

How To Find the NE in a given Game?

m First, all pure strategies ruled out by ISD can be discarded.

m Attention can thus be restricted to the reduced game given by
ISD C XiEISi-

m The NE of the reduced game will also be NE of the original game
where all strategies outside the set ISD receive zero probability.

m The Principle of Indifference (Pl) can then be used to identify the
NE in the reduced game.

m Remark: The support (“supp”) of a probability distribution is a
set containing all objects that receive positive probability.
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Nash Equilibrium

Principle of Indifference

Let G* = (1,(S))jer, (m))je1) be a reduced game in strategic form,
(07)jer € NE some mixed strategy Nash equilibrium, and i € I some
player. Then,

Principle of Indifference (PI)

Em(si, 0% ;) = Emi(o™)
for all s; € supp(o}).
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Nash Equilibrium

Intuition

m Towards a contradlctlon let s;, 5! € supp(c}) such that
Em(si, 0%;) > Emi(s), 0*;).

m Player i can then increase his expected payoff by reducing o (s!)
to zero and adding that value to o; (s;).

m Indeed, define a mixed strategy 6; by 6;(s;) := o7 (s;) + o7 (s}),
Gi(s}) :== 0, and 6;(s!") := o7 (s{) for all s € S; \ {si,s!}.

m [t follows that En;(6;,0*;) > Em;(c*), contradicting that o* € NE.
m Therefore, all 5; € supp(c;) induces the same expected payoff.

m |t follows that ¢} as a convex combination of these same
expected payoffs also induces this same expected payoff.
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Nash Equilibrium

lllustration

Rowena

m First of all, note that PSNE = () and that ISD = {B, C} x {E, F}.

Colin
E F

B 4,0 2,4
Rowena

C 3,3 4,2

m Note that in the reduced game PSNE = () also holds.
m Next, p, ¢ € (0, 1) have to be deternined such that

* * B C E F
(O Rowena> 7 Colin) = ( <P 1 71;) ’ <q 1— q) ) € NE

ECON322 Game Theor 5 Strategic-Form Games /44
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Nash Equilibrium

lllustration

Colin

Rowena

m By P, it needs to be the case that Emgowena (B, 0 &yiin) = ERowena (Cs 0 &gy 1-611
E7 Rowena (B, Uéolin) =4-q+2-(1—q)=3-9g+4-(1—49) = Emrowena(C, 0'2:01,',,)
2
=3
m Thus, B and C as well as any mixture between B and C yield an expected payoff of % to Rowena:

. . . E F
consequently any mixed strategy is a best response for Rowena against o ¢, = (2 1 ) .
3 3

m By P, it needs to be the case that Emcoin (0 gowenas E) = ETcotin (T Rowenas F)» i€

E7 Cotin (O Rowenar E) = 0-p+3 - (1 =p) =4-p+2- (1 = p) = E7Colin( goenar F)

P=3

m Thus, E and F as well as any mixture between E and F yield an expected payoff of '572 to Colin:
. . " . B C
consequently any mixed strategy is a best response for Colin against o *goyena = ( 1 4 ) .

A B cC D E F G . .
m ltfollows that (o2, enas @ Colin) = ( (0 1 4 0) s (2 0) ) € NE in the original game.
5 5

1
3 3
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Nash Equilibrium

The Principle of Indifference is a Necessary but

Not Sufficient Condition for MSNE

m NE implies Pl (“necessary condition”).

m However, Pl does not imply NE (“sufficient condition”).
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Nash Equilibrium

lllustration

Colin
D E
A 3,0 0,2
Rowena B 0,2 3,0
C 2,0 2,1

m Consider the mixed strategy profile o = (o Rrowena> ocolin) = ( (

(S-S
- &y
0
N
T~
o=
D=
~—
~—

m  Given ogeyenq,Colin is indifferent between D and E, as both these pure strategies induce an expected
payoff of 1, which is also the expected payoff induced by the mixed strategy o cyji-

m Given o¢,;,, Rowena is indifferent between A and B, as both these pure strategies induce an expected
payoff of 1.5, which is also the expected payoff induced by the mixed strategy o royena-

m However, o does not form a Nash Equilibrium, as Rowena could get an expected payoff of 2 by switching to

N A B C
TRowena = |\ 0 1

ECON322 Game Theor!
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Nash Equilibrium

lllustration

Colin
E
A 3,0 0,2
Rowena B 0,2 3,0
o] 2,0 2,1

B What are the Nash Equilibria of this game then?

D

m  Against an arbitrary mixed strategy o,y = (q

1 f q), Rowena’s expected payoffs for her pure
strategies are as follows:
Em Rowena (A, 0coiin) =3 -q+0- (1 —¢q) =3¢ (solid red line)
E7gowena (B, ocolin) =0+ q+3- (1 —¢q) =3 —3-¢ (solid blue line)
ETRowena (Cs colin) =2 -q+2- (1 —q) =2 (dashed green line)

e 4

N 4

osf 4

T S S T R
0 01 02 03 04 05 06 07 08 09 1
]

ECON322 Game Theory 1/44
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Nash Equilibrium

lllustration

m  The maximum expected payoff is given by the blue line up to ¢ = % then by the green line up to ¢
and then by the red line.

Il
Wt

m Thus, the best response function of Rowena is as follows:

B ifo<g< 1
B .
€ ) frape o ifg=1
p l—p
BRRowena (0 colin) = { C ifl<g<?
A
€ ) torallpeo,1] itg=2
p 1—p )
A 2 <g<1

m Consequently, a Nash Equilibrium takes one of the following two forms:
( A B C D E ) or ( A B C D E )
o p 1-p)2\% 3 poo 1-p)2 1

ECON322 Game Theory 32/44
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Nash Equilibrium

lllustration

Colin
D E
A 3,0 0,2
Rowena B 0,2 3,0
C 2,0 2,1

D E
( A B ¢ |2 1 ) cannot be a Nash Equilibrium for any p € [0, 1], because if
p 0 1-—p 3 3

D E
O Rowena (B) = 0, then E strictly dominates D and thus (Z l) ) is not a best response for Colin.
3 3

m Consequently, the only candidate for a Nash Equilibrium is of the form
(G2 %) (5D
0 » 1-p)7"\3 3
n

By PI, Colin needs to be indifferent between D and E, i.e.:

2:p+0-(1=p)=0-p+1-(1—p)

m Therefore,

ECON322 Game Theor!
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lterated Strict Do

Best Response & Strict Dominance with 2 Playe

m Inn player games, a strategy is a best response to a profile of opponents’ mixed strategies, if it maximizes
the expected payoff and the latter is computed via the product of the opponents’ mixed strategies.

= Formally,

Emi(oi,o_i) = > ai(s) - > milsivs—i) - Wiep iy oi(s)

5ES; s_jES_;

and
BRi(0_;) := {o; € A(S;) : Emi(0, 0—;) > Emi(o],0_;) forall o} € A(S;)}

m In two player games, the profile of opponents” mixed strategies reduces to a single mixed strategy and the
definition of expected payoff simplifies as follows:

Emi(oj, 05) = Y oi(si) - > mi(si,55) - 0j(sy)

5ES; 5ES;

m Intwo player games, it is the case that, if a pure strategy is a best response to a mixed strategy of the
opponent, then it is not strictly dominated by another pure strategy.

m However, the converse does not hold.

ECON322 Game Theor!
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lterated Strict Dominance

lllustration

Colin
D E
A 0,1 4,0
Rowena B 1,2 1,4
C 2,0 0,1

m B is not strictly dominated by another pure strategy for Rowena, yet it cannot be a best response to any
mixed strategy of Colin.

D

m To see this, consider an arbitrary mixed strategy o ¢, = (q

. fq) with ¢ € [0, 1] of Colin.

m Observe that
EnRowena (B, 0 colin) = 1
and

A B C 1 2 4
]Eﬂkowemz((% 0 %>,Ga)lin)25'4'(1—@4—5‘2'?:5

m Since
A B C 4
]Effknwena( 1o 2 ,chzm) =3 > 1 = Emrowena (B o cotin)
3 3

the pure strategy B is not a best response to o ¢y -

ECON322 Game Theory http://www.epicenter.name/bach
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lterated Strict Dominance

Once Mixed Strategies enter Stage, an

Equivalence Result for Two Player Games ensues

Theorem 6 (Pearce, 1984)

LetG* = (I,(S)ic1, (mi)icr) be a reduced game in strategic form such
that| I |=2, i € I some player, and s; € I some strategy of player i.
The strategy s; is not a best response to any mixed strategy of i’s
opponent, if and only if, s; is strictly dominated by a mixed strategy of
player i.
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lterated Strict Do

ISD with Mixed Strategies

Definition 7

Let G* = (I, (Si)ier, (m)icr) be areduced game in strategic form.

e Let g*§D be the game obtained by removing from G*, for every player i € I, all those strategies of i (if any)

that are strictly dominated in G* by some mixed strategy.

Let g*gD be the game obtained by removing from g*éD, for every player i € I, all those strategies of i (if
any) that are strictly dominated in g*&, by some mixed strategy.

e Etc.

The final output is called Iterated Strict Dominance and denoted by G* &5 . The set of strategy profiles surviving step
k > 1is denoted by SD* and the set of those that are contained in the final output by ISD.

In two player games and in a cardinal framework including mixed strategies, it can be shown that

NE C ISD.

ECON322 Game Theor
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lterated Strict Dominance

lllustration

g*:
Bob
D E F
A 34 |21 |1,2
Alice B | 0,0 | 1,3 | 4,1
C |1,4 |1.,4 |26

In G*, Alice’s pure strategy C is strictly dominated by (’? B).
2 2

ECON322 Game Theory: T5 Strategic-Form Games
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lterated Strict Dominance

lllustration

g*}GD:
Bob
D E F
Alice A [3:4 [2.1 1,2
B |00 | 1,3 ]4,1

In G*,,, Bob’s pure strategy F is strictly dominated by (? 1;)
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lterated Strict Dominance

lllustration

g*éD:
Bob
D E
Alice A |34 |21
B |00 | 1,3

In g*ﬁD, Alice’s pure strategy B is strictly dominated by A.
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lterated Strict Dominance

lllustration

3.
9%sp'

Bob
D E

Alice A

In G*3,,, Bob’s pure strategy E is strictly dominated by D.
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lllustration
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m In G*§p, No strategy is strictly dominated by any mixed strategy
for neither player.

m Thus G*5, = G*55, and lterated Strict Dominance stops.

m The solution of the game then obtains as:
ISD = ISDjice X ISDp,p = {A} X {D} = {(AaD)}

m Note that, since NE C ISD holds with mixed strategies in the
case of two players, it follows that NE = {(A,D)}.
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Background Reading

GIACOMO BONANNO (2018): Game Theory, 2" Edition

m Chapter 6: Strategic-Form Games

available at:

http://faculty.econ.ucdavis.edu/faculty/bonanno/GT_Book.html
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