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1 Introduction

In a dynamic game, backward induction represents a line of reasoning in which a player, at each of his
information sets, bases his belief and behavior solely on the game that lies ahead. When viewed in its
purest form, it allows a player to forget about the events that took place in the past, including the players’
past behavior, his own past beliefs, and the utilities at terminal histories that he himself avoided. This is
essentially the message of the backward induction properties BI1 and BI2 in Kohlberg and Mertens (1986),
which together state that the solution of a game, when restricted to a subgame, should coincide with the
solution applied to the subgame in isolation.1

In particular, a “pure”backward induction concept (a) must not restrict the beliefs of a player at two
consecutive information sets by forward consistency2, that is, by the rules of conditional probability, and (b)
must assume that a player cannot commit to future actions. To see why, suppose that a player moves at two
information sets where the second follows the first. If we would tie the beliefs held at these information sets
by forward consistency, then upon reaching the second information set the player must base his belief on
the past belief he held at the first information set, which goes against pure backward induction reasoning.
Suppose next that the player considers action a optimal at the first information set because of his belief
about the opponents’behavior, and because he is able to commit to action b at the second information
set, although another action c is equally reasonable there once the second information set is reached. To
guarantee that he will actually play action b at the second information set, he must remember all these
considerations at the second information set — something that is precluded by pure backward induction
reasoning.

To the best of our knowledge, every rationalizability or equilibrium concept in the existing literature —
except for the backward induction procedure which can only be applied to games with perfect information
—violates either (a) or (b). Indeed, the concepts of subgame perfect equilibrium (Selten (1965)), sequential
equilibrium (Kreps and Wilson (1982)), backwards rationalizability (Penta (2015), Perea (2014), Catonini
and Penta (2025)) and sequential rationalizability (Asheim and Perea (2005), Dekel, Fudenberg and Levine
(1999, 2002)), all tie the beliefs of a player at the different information sets by forward consistency —either
explicitly or implicitly.3 Moreover, backward dominance (Perea (2014)) and backwards rationalizability
assume that players execute strategies that are optimal, at each of their information sets, given their condi-

1Meier and Perea (2023) introduce the property of supergame monotonicity (also called expansion monotonicity in later
versions) which closely corresponds to BI1 in Kohlberg and Mertens (1986). It states that if a player discovers that the game
is actually preceded by earlier moves, then the solution of the “supergame”, when restricted to the smaller game, should be a
weak refinement of the solution applied to the smaller game in isolation.

2This terminology is adopted from Battigalli, Catonini and Manili (2023). In the literature, this condition is often called
Bayesian updating.

3 In this paper we only consider dynamic games with observable actions, that is, there may be simultaneous moves but the
players always know which actions have been chosen in the past. For such games, subgame perfect and sequential equilibria
are equivalent, and they prescribe at every information set a probability distribution over the available actions for every active
player. As these probability distributions may be viewed as the common, fixed belief that the players hold about the future
actions of their opponents, the two concepts implicitly impose the rules of conditional probability on the players’beliefs. Indeed,
if the game moves from a first to a second information set of player, then this player is assumed to preserve his belief about the
future actions following the second information set.
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Figure 1: Battle of the sexes with an outside option

tional beliefs about the opponents’strategies. As such, these concepts presuppose that players can commit,
at each of their information sets, to the future actions involved in these optimal strategies. Battigalli and de
Vito (2021) provide epistemic conditions, different from those in Perea (2014), that also lead to backwards
rationalizability. Their model imposes forward consistency but assumes that the players, at each of their
information sets, can only control the current action at this particular information set, and cannot commit
to future actions.4

As such, none of the concepts above classifies as a pure backward induction concept. This can be
illustrated by the well-known “battle of the sexes game with an outside option”in Figure 1.

It can be verified that all of the concepts above select player 1’s strategies (a, c) and b (but not (a, d)) in
the whole game, but select player 1’s strategies c and d when applied to the subgame following a in isolation.
As such, player 1’s induced behavior in the whole game, when restricted to the subgame, is that player 1
will choose c there, whereas player 1’s induced behavior in the subgame, when this subgame is viewed in
isolation, is that player 1 could choose c and d. This violates the backward induction properties BI1 and
BI2 in Kohlberg and Mertens (1986).5

To see why the concepts rule out strategy (a, d) for player 1 in the full game, recall that each of these

4For the concepts of subgame perfect equilibrium, sequential equilibrium and sequential rationalizability, it remains a bit
ambiguous whether players can commit to future actions or not. These concepts are all based on (induced) behavioral strategies,
which assign to every information set of a player a probability distribution over his available actions there. If a player is at
a given information set, then his behavioral strategy can either be interpreted as (i) describing his continuation strategy from
this information set onwards, in which he can commit to future actions, or (ii) the belief this player has about his own future
actions, assuming he cannot commit to these.

5Kohlberg and Mertens (1986) argue that sequential equilibrium, and therefore also subgame perfect equilibrium, satisfy
the properties BI1 and BI2. I do not agree however: In the game of Figure 1, both concepts select the behavioral strategy
profiles (a, c, e), (b, d, f), and (b, 3/4c+1/4d, 1/4e+3/4f) when applied to the whole game, and select (c, e), (d, f), and (3/4c+
1/4d, 1/4e + 3/4f) when applied to the subgame in isolation. But then, in my view, player 1’s induced behavior in the whole
game, when restricted to the subgame, is that player 1 must choose c there, as only the sequential equilibrium (a, c, e) assigns a
positive probability to player 1 choosing a. This is different from player 1’s induced behavior in the subgame, when viewed in
isolation, which allows player 1 to choose c or d. Apparently, Kohlberg and Mertens (1986) hold the view that the sequential
equilibria of the whole game, when restricted to the subgame following a, are (c, e), (d, f), and (3/4c+1/4d, 1/4e+3/4f), even
if the latter two equilibria assign probability zero to the action a.
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concepts either (i) imposes forward consistency to tie the beliefs at different information sets, or (ii) assumes
that a player can commit to future actions. If (i) holds, and player 1 finds it optimal to choose action a at
the beginning, then he must believe with probability at least 2/3 that player 2 chooses e. By (i), he should
still believe so at the second information set, which renders only his action c optimal there. Suppose next
that (ii) holds. Then, player 1 will never commit to strategy (a, d) because playing b will always be better
at the beginning of the game.

The goal of this paper is to introduce a new rationalizability concept for dynamic games, the double-
utility procedure, that classifies as a pure backward induction concept, and coincides with the backward
induction procedure when applied to a game with perfect information. Like Battigalli and de Vito (2021),
we assume that a player can only control the current action at each of his information sets, and cannot
commit to future actions. To accomodate for this, a player holds, at each of his information sets, a belief
about the opponents’current and future actions, and a belief about his own future actions.

We proceed epistemically, by imposing conditions on the players’ belief hierarchies that formalize a
specific form of backward induction reasoning. More precisely, we require that every player believes, at each
of his information sets, that (i) his opponents’choose optimal actions now and in the future, and (ii) that
he himself will choose optimal actions in the future. Common belief in (i) and (ii) yields the conditions of
common belief in future action-based rationality.

These conditions are closely related to the conditions of (common full belief in) optimal planning and
belief in continuation consistency in Battigalli and de Vito (2021) which lead to the backwards rationaliz-
ability procedure, and the conditions of common belief in future rationality in Perea (2014) which underly
the backward dominance procedure. The main difference with Battigalli and de Vito (2021) is that we do
not impose forward consistency. Perea (2014), on the other hand, assumes that a player can commit to
future actions, and that he only holds a belief about the opponents’actions, and not about his own future
actions, at each of his information sets. The key condition in common belief in future rationality is that a
player always believes that his opponents will choose optimal (continuation) strategies in the future.

Different from any of the other backward induction concepts above, the conditions in common belief in
future action-based rationality allow player 1 to play the strategy (a, d) in the game of Figure 1. The reason
is that player 1 can rationally choose the action a because he believes at the beginning of the game that
player 2 will choose e and that he himself will choose c in the future. Once the subgame is reached, player 1
can rationally choose the action d because he now believes that player 2 will choose f, thus violating forward
consistency. These beliefs can be embedded in a belief hierarchy for player 1 that expresses common belief
in future action-based rationality. Important is that with the reasoning above, the strategy (a, d) should
be interpreted as a pair of “isolated” actions, rather than a plan of “coordinated” actions. In a similar
vein, it can be shown that all strategies for players 1 and 2 are compatible with common belief in future
action-based rationality.

In our main result, Theorem 4.1, we show that the behavioral consequences of common belief in action-
based rationality can be characterized by a recursive elimination procedure which we call the double-utility
procedure. It proceeds by iteratively eliminating actions, rather than strategies, at the various non-terminal
histories in the game, as follows.

We start by specifying, at every non-terminal history, and for every profile of actions there, the highest
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and lowest utility that every player can possibly achieve in the remainder of the game if this action profile is
chosen. This gives rise to a so-called double-utility game at this history. In the first round we then eliminate,
at every non-terminal history, the actions that are strictly dominated in this double utility game, meaning
that for every opponents’action profile, the highest utility that can be achieved through this action is still
lower than the lowest expected utility that can be achieved by some randomized action.

In the second round we start by updating the double-utility games at the various non-terminal histories:
For every action profile, the highest and lowest utility for a player are now defined relative to the future
actions (by himself and the opponents) that have survived the first round. We subsequently eliminate all
actions that are strictly dominated within the updated double-utility games. We continue in this fashion
until no further actions can be eliminated in the game.

Theorem 4.1 shows that the actions that can rationally be played under the conditions of common
belief in future action-based rationality are precisely the actions that survive the double-utility procedure.
By construction, the procedure satisfies the backward induction properties BI1 and BI2 in Kohlberg and
Mertens (1986), and hence it may be viewed as a pure backward induction concept. Moreover, the procedure
is computationally convenient, as the specification of the double-utility games at the various non-terminal
histories only requires us to list the sets of actions, and not the sets of strategies, for each of the players.

We next investigate how the concept behaves in some prominent special classes of games — perfect
information games and finitely repeated games. It turns out that for every game with perfect information
and without relevant ties6, the double-utility procedure coincides exactly with the backward induction
procedure. As such, the concept constitutes a generalization of backward induction to games with imperfect
information.

For every finitely repeated game, in which a given stage game is repeated during finitely many stages, the
procedure amounts to the following very simple elimination process: At the last stage we iteratively eliminate
strictly dominated actions from the stage game. At the second-to-last stage we compute, for every player i,
the difference αi between the highest and the lowest utility he can obtain in the reduced game at the last
stage, and iteratively eliminate, for every player i, actions from the stage game that are strictly dominated
by an amount higher than αi. At the third-to-last stage we compute, for every player i, the difference α′i
between the highest and the lowest utility he can obtain in the reduced game at the second-to-last stage,
and iteratively eliminate, for every player i, actions from the stage game that are strictly dominated by an
amount higher than α′i + αi, and so on.

By construction of the procedure, the sets of actions that survive at a given stage become smaller as the
repeated game proceeds. Moreover, this procedure can be adapted to the case where the utilities for the
players are discounted.

We finally compare our concept to the closely related concept of backward dominance (Perea (2014)).
It is shown that the backward dominance procedure is a refinement of the double-utility procedure. As the
backwards rationalizability procedure refines the backward dominance procedure, it follows that the former
also refines the double-utility procedure.

The paper is organized as follows. In Section 2 we introduce the model of a dynamic game together

6That is, every two different actions for a player at a non-terminal history always lead to different utilities for that player.
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with related notions such as beliefs, expected utility and optimality of actions. In Section 3 we lay out
the epistemic conditions of common belief in future action-based rationality. In Section 4 we define the
double-utility procedure and show that it characterizes the actions that can rationally be chosen under the
epistemic conditions above. In Section 5 we prove that the order and speed of elimination is irrelevant
for the output of the double-utility procedure. This property is used in Section 6 to demonstrate that the
procedure reduces to the backward induction procedure when applied to a game with perfect information.
In Section 7 we focus on finitely repeated games, and show that the procedure simplifies to a very easy
algorithm that can be used to calculate the actions that can rationally be chosen under common belief in
future action-based rationality at every stage of the repeated game. In Section 8 we show that the double-
utility procedure is more permissive than the backward dominance procedure. In Section 9 we provide some
concluding remarks. All proofs can be found in the appendix.

2 Games and Beliefs

2.1 Dynamic Games

In this paper we consider finite dynamic games that allow for simultaneous moves, but where the players
always observe which actions have been chosen in the past. Formally, a finite dynamic game with observable
actions is a tuple Γ = (I, (A∗i , Ai, ui)i∈I), where

(a) I is the finite set of players;
(b) A∗i is the finite set of actions for player i. By Ā we denote the set of action sequences, containing

the empty sequence ∅, and the finite sequences ā = (a1, ..., an), where n ∈ N and am = (ami )i∈I ∈ ×i∈IA∗i
for every m ∈ {1, ..., n};

(c) the mapping Ai assigns to every action sequence ā ∈ Ā the nonempty set Ai(ā) ⊆ A∗i of available
actions for player i after ā. Player i is said to be active at ā if |Ai(ā)| ≥ 2, and is said to be inactive otherwise.
By A(ā) := ×i∈IAi(ā) we denote the set of action profiles after ā. The action sequence ā = (a1, ..., an) ∈ Ā
is called a history if (i) a1 ∈ A(∅), (ii) am ∈ A(a1, ..., am−1) for every m ∈ {2, ..., n}, and (iii) there is at
least one active player at ∅, and at every subsequence (a1, ..., am) with m ∈ {1, ..., n− 1}. The history ā is
non-terminal if there is at least one active player at ā, and is called terminal otherwise. By H and Z we
denote the set of non-terminal and terminal histories, respectively. We assume that the mappings (Ai)i∈I
are such that the sets H and Z are finite;

(d) the mapping ui : Z → R is player i’s utility function.

We say that a history h precedes a history h′ = (a1, ..., an) or, equivalently, h′ follows h (written as h′ � h)
if h = ∅ or h = (a1, ..., am) for some m ∈ {1, .., n − 1}. We say that h weakly precedes h′ or, equivalently,
h′ weakly follows h (written as h′ < h), if either h precedes h′, or h = h′. For a history h ∈ H and action
profile a ∈ A(h), we denote by (h, a) the history obtained if we add a after h. By A−i(h) := ×j 6=iAj(h) we
denote the set of opponents’action profiles at h.
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2.2 Beliefs, Expected Utility, and Optimal Actions

For a player i and history h ∈ H, let

Ai,<h := (×h′�hAi(h′))× (×j 6=i ×h′<h Aj(h′))

be the collection of profiles of actions that i can choose after h, and that i’s opponents can choose at and
after hi. If player i chooses an action ai ∈ Ai(h) at h, and the players select an action profile a ∈ Ai,<h, this
leads to a unique terminal history z(h, ai, a).

For a finite set X, let ∆(X) be the set of probability distributions on X. Suppose that player i holds at
h a probabilistic belief bi ∈ ∆(Ai,<h) about his own future actions7 and the opponents’current and future
actions, and chooses the action ai ∈ Ai(h) there. Then, the induced expected utility is

ui(ai, bi) :=
∑

a∈Ai,<h
bi(a) · ui(z(h, ai, a)).

The action ai ∈ Ai(h) is optimal at h for the belief bi if ui(ai, bi) ≥ ui(a′i, bi) for all a′i ∈ Ai(h).

3 Belief in Future Action-Based Rationality

In this section we formally define the epistemic conditions of common belief in future action-based rationality.
To do so, we first introduce belief hierarchies and show how these can be encoded by means of types within
an epistemic model.

3.1 Belief Hierarchies and Types

We assume that every player holds, at every non-terminal history, a first-order probabilistic belief about his
own future actions and the opponents’current and future actions, a second-order belief about his own future
actions and future first-order beliefs and about his opponents’current and future actions and his opponents’
current and future first-order beliefs, and so on. Such belief hierarchies can be encoded by means of an
epistemic model with types, which will be defined next.

An epistemic model M = (Ti(h), bi)i∈I,h∈H prescribes, for every player i, (i) a finite set of types Ti(h) for
every history h ∈ H, and (ii) a belief mapping bi, which assigns to every history h ∈ Hi and type ti ∈ Ti(h)
a belief

bi(ti) ∈ ∆(×h′�h(Ai(h
′)× Ti(h′))× (×j 6=i ×h′<h (Aj(h)× Tj(h)))).

about his own future action-type pairs, and about his opponents’current and future action-type pairs. For
every type we can then derive a full belief hierarchy. In particular, the first-order belief induced by type
ti ∈ Ti(h) is given by b1i (ti) := margAi,<hbi(ti), which is a probabilistic belief on A

i,<h. Note that a type
ti ∈ Ti(h) is, by construction, forward looking, as it only holds beliefs about actions and beliefs at, and
after, history h.

7 In Battigalli and de Vito (2021), player i’s belief about his own future behavior is called a plan.
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From now on we will write

T i,<h := ×h′�hTi(h′)× (×j 6=i ×h′<h Tj(h))

for every player i and history h. As such, every type ti ∈ Ti(h) holds a belief bi(ti) ∈ ∆(Ai,<h × T i,<h).

3.2 Common Belief in Future Action-Based Rationality

For a given player i, consider a history h ∈ H, a type ti ∈ Ti(h) within an epistemic model, and an action
ai ∈ Ai(h). Then, the action ai is optimal for type ti if ai is optimal for the induced first-order belief
b1i (ti). On the basis of this, we can recursively define k-fold belief in future action-based rationality for every
k ∈ N0, where N0 := N ∪ {0}. Common belief in future action-based rationality is obtained by requiring
this condition for every k. In the definition, we say that a type ti ∈ Ti(h) assigns a positive probability to
an action-type pair (aj , t

′
j) (where j could be i) if bi(ti) assigns positive probability to an action-type profile

in Ai,<h × T i,<h that contains (aj , t
′
j).

Definition 3.1 (Common belief in future action-based rationality) Within a given epistemic model
M = (Ti(h), bi)i∈I,h∈H , every type expresses, by definition, 0-fold belief in future action-based rationality.

For some k ∈ N, we say that type ti ∈ Ti(h) expresses k-fold belief in future action-based rationality if the
belief bi(ti) only assigns positive probability to (i) action-type pairs (ai, t

′
i) of player i himself where ai is

optimal for t′i and t
′
i expresses (k−1)-fold belief in future action-based rationality, and (ii) action-type pairs

(aj , tj) of his opponents where aj is optimal for tj and tj expresses (k− 1)-fold belief in future action-based
rationality.

A type expresses common belief in future action-based rationality if it expresses k-fold belief in future
action-based rationality for every k ∈ N0.

We say that ti expresses up to k-fold belief in future action-based rationality if it expresses m-fold belief
in future action-based rationality for all m ∈ {1, ..., k}. For a given player i and history h∗ ∈ H, we say that
an action ai ∈ Ai(h∗) can rationally be chosen under up to k-fold (common) belief in future action-based
rationality if there is an epistemic model M = (Tj(h), bj)j∈I,h∈H , and a type ti ∈ Ti(h∗), such that (i) ti
expresses up to k-fold (common) belief in future action-based rationality, and (ii) the action ai is optimal
for ti.

Our condition that a type expresses 1-fold belief in future action-based rationality is similar to the combi-
nation of the conditions of belief in optimal planning and belief in continuation consistency in Battigalli and
de Vito (2021). Analogously, our notion of common belief in future action-based rationality is closely related
to their condition of common full belief in optimal planning and in the belief in continuation consistency.
For a more detailed comparison, see Section 9.

8



4 Elimination Procedure

We will now introduce an elimination procedure, called the double-utility procedure, and show that it char-
acterizes precisely those actions that can rationally be chosen under common belief in future action-based
rationality. As a first step towards this goal we start by defining double-utility games

4.1 Double-Utility Games

A double-utility game is a tuple G = (Ai, u
+
i , u

−
i )i∈I , where I is the finite set of players, Ai is the finite set

of actions for player i, and u+i , u
−
i : ×j∈IAj → R are utility functions with u+i (a) ≥ u−i (a) for all action

profiles a ∈ ×j∈IAj . The interpretation is that players may be uncertain about the outcome that results
after the action profile a = (aj)j∈I has been chosen. In this case, u

+
i (a) and u−i (a) represent the highest

and lowest utility, respectively, that player i expects after the action profile a. We refer to u+i (a) and u−i (a)
as the upper and lower utility, respectively.

Within a double-utility game G = (Ai, u
+
i , u

−
i )i∈I , an action ai ∈ Ai is strictly dominated is there is a

randomized action ri ∈ ∆(Ai) such that

u+i (ai, a−i) <
∑
a′i∈Ai

ri(a
′
i) · u−i (a′i, a−i) for all a−i ∈ A−i.

That is, whatever the opponents do, the upper utility that player i obtains from choosing ai is still lower
than the lower expected utility he obtains from choosing the randomized action ri instead.8

Analogously, an action ai ∈ Ai is optimal for a probabilistic belief βi ∈ ∆(A−i) if∑
a−i∈A−i

βi(a−i) · u+i (ai, a−i) ≥
∑

a−i∈A−i

βi(a−i) · u−i (a′i, a−i) for all a
′
i ∈ Ai.

Thus, the upper expected utility that player i obtains from choosing ai under this belief is at least as high
as the lower expected utility he obtains from choosing any other action.

The following result is a generalization of Lemma 3 in Pearce (1984), and provides a connection between
strict dominance and optimality for double-utility games.

Lemma 4.1 (Pearce’s lemma for double-utility games) Consider a double-utility game
G = (Ai, u

+
i , u

−
i )i∈I , a player i, and an action ai ∈ Ai. Then, action ai is strictly dominated within G, if and

only if, ai is not optimal in G for any probabilistic belief βi ∈ ∆(A−i).

8This is related, in spirit, to the notion of an obviously dominant strategy in Li (2017). In a dynamic game, a strategy si is
obviously dominant if for every alternative strategy s′i and history h where si, s

′
i differ for the first time, the lowest utility that

can be achieved by playing si from h onwards is still at least as high as the highest utility that can be achieved by playing s′i
from h onwards.
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4.2 Double-Utility Procedure

We now present an elimination procedure, called the double-utility procedure, that starts by defining at every
non-terminal history a double-utility game, and then proceeds by recursively eliminating strictly dominated
actions, and by updating the utility functions, in these double-utility games. We need the following additional
notation: For a given terminal history z ∈ Z, non-terminal history h ∈ H with z < h, and player i, we
denote by ai(z, h) the projection of z on Ai(h). That is, ai(z, h) is the unique action for player i at h that
leads to z.

Definition 4.1 (Double-utility procedure) (Initial step) For every h ∈ H, define the double-utility
game G0(h) := (A0i (h), u0+i [h], u0−i [h])i∈I where A0i (h) := Ai(h), and for every a ∈ ×i∈IA0i (h) we have

u0+i [h](a) : = max{ui(z) | z ∈ Z and z < (h, a)} and
u0−i [h](a) : = min{ui(z) | z ∈ Z and z < (h, a)}.

(Recursive step) Let k ∈ N and suppose that the double-utility games Gk−1(h) have been defined for every
h ∈ H. For every h ∈ H define the double-utility game Gk(h) := (Aki (h), uk+i [h], uk−i [h])i∈I where

Aki (h) := {ai ∈ Ak−1i (h) | ai not strictly dominated in Gk−1(h)},

and for every a ∈ ×i∈IAki (h) we have

uk+i [h](a) := max{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Akj (h′) for all j ∈ I and h′ ∈ H with z < h′ < (h, a)} and

uk−i [h](a) := min{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Akj (h′) for all j ∈ I and h′ ∈ H with z < h′ < (h, a)}.

Hence, uk+i [h](a) is the maximum utility that player i can get if h is reached, the players choose the
action profile a at h, and choose actions after (h, a) that have not been eliminated yet by the procedure.
Similarly for uk−i [h](a).

The double-utility procedure is computationally very convenient, since at every history we only need as
input the set of actions for every player, and not the set of strategies, as is the case for most rationalizability
procedures such as backward dominance, backwards rationalizability and strong rationalizability (also known
as extensive form rationalizability, see Pearce (1984) and Battigalli (1997)). It is well-known that the
sets of strategies in a dynamic game can quickly become very large, which makes the latter procedures
computationally more demanding for large dynamic games. In contrast, the input size for the double-utility
procedure is approximately equal to the size of the dynamic game itself.

Clearly, there will be some K ∈ N0 in the double-utility procedure such that GK(h) = GK+1(h) for all
h ∈ H, and the first such number K is the round where the procedure terminates. For a given player i and
history h ∈ H, an action ai ∈ Ai(h) is said to survive round k of the double-utility procedure if ai ∈ Aki (h).
Action ai ∈ Ai(h) is said to survive the double-utility procedure procedure if ai survives every round of the
procedure.
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Figure 2: Illustration of action-based backward dominance procedure

Theorem 4.1 (Characterization result) (a) For every k ∈ N0, an action can rationally be chosen under
up to k-fold belief in future action-based rationality, if and only if, the action survives round k + 1 of the
double-utility procedure.

(b) An action can rationally be chosen under common belief in future action-based rationality, if and only
if, the action survives the double-utility procedure.

It may be verified that for every history h and player i ∈ I, there is at least one action ai ∈ Ai(h) that
survives the double-utility procedure. In view of the theorem above, we can then construct a type ti ∈ Ti(h)
that expresses common belief in future action-based rationality, and for which ai is optimal. In particular,
we see that for every player, and every history, we can always construct a type at that history that expresses
common belief in future action-based rationality. The proof of this theorem shows that we can construct a
single epistemic model that contains such a type for every player. We thus arrive at the following conclusion.

Corollary 4.1 (Existence) There is an epistemic model M = (Ti(h), bi)i∈I,h∈H such that for every player
i and history h ∈ H there is a type ti ∈ Ti(h) that expresses common belief in future action-based rationality.

In other words, the epistemic conditions we impose never lead to logical contradictions.

4.3 Example

We will now illustrate the double-utility procedure by means of an example. Consider the dynamic game in
Figure 2. In this game there are three non-terminal histories: ∅ (the beginning) in the middle, (a, d) on the
left, and (b, e) on the right. At every non-terminal history, player 1’s actions are in the rows, and player 2’s
actions in the columns. To start the double-utility procedure, we first list the initial double-utility games
G0(h) at the three non-terminal histories h in Table 1. Here, the upper number and the lower number

11
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0
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Table 1: Initial double-utility games in example of Figure 2
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1

3
3
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0
0
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1
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0
0
,

1
1

Table 2: Round 1 double-utility games in example of Figure 2

always denote the upper and lower utility for the respective player. Hence, for the action pair (a, d) at ∅,
the upper and lower utility are 5 and 0 for player 1, and 4 and 0 for player 2, respectively.

Round 1. In G0((a, d)), player 2’s action k is strictly dominated by j and can thus be eliminated. In
G0((b, e)), player 2’s action o is strictly dominated by n and can thus be eliminated. This leads to the
double-utility games G1(h) in Table 2. Note that at ∅, player 1’s upper utility after (a, d) has fallen to 4,
that player 1’s upper utility after (b, e) has fallen to 2, and that player 2’s lower utility after (b, e) has risen
to 1.

Round 2. In G1((a, d)), player 1’s action h is strictly dominated by g, and can thus be eliminated. In
G1(∅), player 1’s action b is strictly dominated by c and can thus be eliminated. Moreover, in G1((b, e))
player 1’s action m is strictly dominated by l, and can thus be eliminated. This leads to the double-utility
games G2(h) in Table 3. Note that the lower utility for player 1 and player 2 at ∅ after (a, d) has risen to
1.

Round 3. In G2(∅), player 2’s action e is strictly dominated by d, and can thus be eliminated. This leads
to the final double-utility games G3(h) in Table 4, from which no further actions can be eliminated. We thus
see that at ∅, the surviving actions are a, c and d, the surviving actions at (a, d) are f, g, i and j, and the
surviving actions at (b, e) are l and n. By Theorem 4.1, these are precisely the actions that both players can
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Table 3: Round 2 double-utility games in example of Figure 2
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Table 4: Final double-utility games in example of Figure 2

rationally choose under common belief in future action-based rationality at the three non-terminal histories.

Consider next the battle of the sexes with an outside option, as depicted in Figure 1. It may be verified
that under the double-utility procedure, no actions can be eliminated. As such, Theorem 4.1 guarantees
that under common belief in future action-based rationality, both players can rationally play all of their
actions at the non-terminal histories.

5 Order Independence

In this section we prove that the order, and speed, by which we eliminate the actions in the double-utility
procedure is inessential for its output. We start by introducing reduction operators, after which we define the
notion of order independence, provide a suffi cient condition for order independence, show that the double-
utility procedure can be written as the repeated application of a special reduction operator, and prove that
this reduction operator satisfies the suffi cient condition.

5.1 Reduction Operators

Consider a finite set A. A reduction operator r on A assigns to every non-empty set D ⊆ A a non-empty
subset r(D) ⊆ D. For a given set D ⊆ A we set r0(D) := D, and for every k ∈ N we inductively define
rk(D) := r(rk−1(D)) as the k-fold application of the reduction operator r to D.
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An elimination order for r is a finite sequence (D0, D1, ..., DK) where (a) D0 = A, (b) r(Dk) ⊆ Dk+1 ⊆
Dk for every k ∈ {0, ...,K − 1}, and (c) r(DK) = DK . Here, condition (a) states that we start with the full
set A, condition (b) states that in round k + 1 we eliminate at most as much from Dk as is allowed by r,
but possibly less, whereas condition (c) guarantees that DK cannot be reduced any further, and hence the
elimination procedure terminates there. One special elimination order is the full speed elimination order
(D0, D1, ..., DK), where Dk+1 = r(Dk) for every k ∈ {0, 1, ...,K − 1}.

5.2 Order Independence

Some reduction operators have the special property that the final outcome will always be the same, no
matter which elimination order is chosen. This property is called order independence.

Definition 5.1 (Order independence) A reduction operator r is order independent if for every two
elimination orders (D0, D1, ..., DK) and (E0, E1, ..., EL) we have that DK = EL.

We will now introduce a condition, called monotonicity, which guarantees that the reduction operator
is order independent.

Definition 5.2 (Monotonicity) A reduction operator r is monotone if for every two sets D,E where
r(E) ⊆ D ⊆ E, we have that r(D) ⊆ r(E).

Hence, monotonicity reveals the idea that smaller sets should yield smaller reduced sets. The following
result shows that monotonicity implies order independence.

Lemma 5.1 (Monotonicity implies order independence) Every monotone reduction operator is or-
der independent.

A proof can be found, for instance, in Perea (2025), proof of Lemma 3.6.2.

5.3 Order Independence of Double-Utility Procedure

The double-utility procedure can be formulated as the iterated application of some reduction operator rdu, as
follows. The set on which rdu operates is A := ×i∈I×h∈HAi(h), and we only consider product subsets of the
form E = ×i∈I ×h∈H Ei(h) where Ei(h) ⊆ Ai(h) for every player i and history h ∈ H. For a given product
set E ⊆ A, player i and history h, we denote by Ei(h) ⊆ Ai(h) its projection on Ai(h). For every product
set E ⊆ A and history h ∈ H, consider the double-utility game G(h,E) = (Ei(h), uE+i [h], uE−i [h])i∈I where

uE+i [h](a) := max{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Ej(h′) for all j ∈ I and all h′ ∈ H with z < h′ < (h, a)} and

uE−i [h](a) := min{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Ej(h′) for all j ∈ I and all h′ ∈ H with z < h′ < (h, a)}
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for every player i and action profile a ∈ ×i∈IEi(h). For every product set E ⊆ A, the reduction D = rdu(E)
is the product set given by

Di(h) := {ai ∈ Ei(h) | ai not strictly dominated in G(h,E)} (5.1)

for every player i and history h ∈ H.
For every k ∈ N0, let Ak = ×i∈I ×h∈H Aki (h) be the profile of action sets obtained in round k of the

double-utility procedure. Then, by construction, Ak = (rdu)k(A) for every k ∈ N0, and therefore the double-
utility procedure is induced by the reduction operator rdu. It can be shown that the reduction operator rdu

is monotone.

Lemma 5.2 (Double-utility operator is monotone) The reduction operator rdu is monotone.

Together with Lemma 5.1 we conclude that the reduction operator rdu, and thus the double-utility
procedure, is order independent.

Corollary 5.1 (Double-utility procedure is order independent.) The reduction operator rdu is or-
der independent.

This property will be used in the next section to show that in games with perfect information, the
double-utility procedure reduces to the backward induction algorithm.

6 Games with Perfect Information

A dynamic game with observable actions is said to be with perfect information if at every non-terminal
history h there is only one active player. Say that a dynamic game with perfect information is without
relevant ties if for every player i, every history h ∈ H, every two distinct actions ai, a′i ∈ Ai(h), and every
two terminal histories z, z′ < h such that ai = ai(z, h) and a′i = ai(z

′, h) it holds that ui(z) 6= ui(z
′).

Consider a dynamic game Γ with perfect information and without relevant ties, and suppose we apply
the double-utility procedure. We have seen in the previous section that this procedure is obtained by the
iterated application of the reduction operator rdu, and Corollary 5.1 guarantees that the final output does
not depend on the particular elimination order.

One particular elimination order is the backwards elimination order, where we first perform the elimi-
nations at the last non-terminal histories in the game, then perform the eliminations at the second-to-last
non-terminal histories, and so on, until we reach the beginning of the game. It turns out that this elimination
order matches precisely the backward induction procedure.

To see this, consider a last non-terminal history h ∈ H which is only followed by terminal histories and
where player i is active. In the associated double-utility game at h, the upper and lower utilities for player
i are the same. Hence, if we apply the reduction operator rdu to this double-utility game, it will only select
the unique backward induction action abi(h) at h.
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Consider next a second-to-last non-terminal history h ∈ H which is only followed by last non-terminal
histories and terminal histories, and where player i is active. Suppose we have performed all the eliminations
at the last non-terminal histories that follow h. Then, in the associated double-utility game at h, the upper
and lower utility for player i after an action ai ∈ Ai(h) are the same. Indeed, they both coincide either
with the utility ui(z) if ai leads immediately to a terminal history z, or they both coincide with the utility
obtained after the unique backward induction action following ai. As such, the reduction operator rdu would
select the unique backward induction action abi(h) at h.

By continuing in this fashion, we see that applying the reduction operator rdu according to the backwards
elimination order coincides precisely with the backward induction procedure. Hence, for every history h ∈ H
it would single out the unique backward induction action abi(h).We thus arrive at the following conclusion.

Observation 6.1 (Equivalence with backward induction) In a dynamic game with perfect informa-
tion and without relevant ties, the only actions that survive the double-utility procedure are the backward
induction actions.

Together with Theorem 4.1, we obtain the following epistemic foundation for backward induction.

Corollary 6.1 (Epistemic foundation for backward induction) Consider a dynamic game with per-
fect information and without relevant ties. Then, for every player, the only actions that can rationally be
chosen under common belief in future action-based rationality are the backward induction actions.

This result is related to Theorem 1 in Battigalli and de Vito (2021), which also offers epistemic conditions
leading to backward induction in a model where the players choose actions, and not strategies, and where
a player holds beliefs about his own future actions. The epistemic conditions in Battigalli and de Vito are
optimal planning and belief in continuation consistency, and common full belief in these two events. One
important difference is that Battigalli and de Vito (2021) assume forward consistency whereas we do not.
Other differences will be discussed in Section 9.

7 Finitely Repeated Games

In this section we apply the double-utility procedure to finitely repeated games. We first define what a
finitely repeated game is, and show that the double-utility procedure reduces to a very simple algorithm for
this class of games. It can be used to calculate the sets of actions that the players can rationally choose
under common belief in future action-based rationality at every stage of the repeated game. We finally
explore some structural properties of these sets of actions at the various stages.

7.1 Definition

A static game is a tuple G = (Ai, vi)i∈I where I is the finite set of players, Ai is the finite set of actions for
player i, and vi : ×j∈IAj → R is player i’s utility function. Set A := ×i∈IAi. For every n ∈ N and δ ∈ [0, 1],
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let Γ(G,n, δ) be the n-fold repetition of G with discount factor δ. That is, if the players choose the action
profiles a1, ..., an ∈ A at the stages 1, ..., n, then the utility for every player i is

∑n
m=1 δ

m−1 · vi(am). We call
Γ(G,n, δ) a finitely repeated game with discount factor δ ∈ [0, 1], and we refer to G as the corresponding
stage game of Γ. If we set δ = 1, then Γ would be without discounting.

7.2 Strict Dominance by More Than α

Consider a static game G = (Ai, vi)i∈I and a subset Di ⊆ Ai for every player i. For a given player i and
number αi ≥ 0, we say that an action ai ∈ Di is strictly dominated by more than αi on ×j∈IDj if there is a
randomized action ri ∈ ∆(Di) such that

vi(ai, a−i) + αi <
∑
a′i∈Di

ri(a
′
i) · vi(a′i, a−i) for all a−i ∈ D−i.

Hence, by choosing αi = 0 we obtain the traditional notion of strict dominance.
Let (αi)i∈I be a profile of numbers, where αi ≥ 0 for every player i. The iterated elimination of actions

that are strictly dominated by more than (αi)i∈I is the sequence of action sets (Ak)k∈N0 where A
0 := ×i∈IAi,

and where for every k ∈ N and every player i,

Aki := {ai ∈ Ak−1i | ai is not strictly dominated by more than αi on ×j∈I Ak−1j }.

Clearly, there will be some K ∈ N0 such that AK = AK+1, and the first such number K is the round where
the procedure terminates. By the iterated elimination of strictly dominated actions we mean the procedure
above where αi = 0 for every player i.

7.3 Procedure for Finitely Repeated Games

Consider the finitely repeated game Γ(G,n, δ). Similarly to what we did for games with perfect information,
assume we apply to Γ(G,n, δ) the double-utility procedure with the backwards elimination order. What
type of procedure do we obtain?

Start by applying the double-utility procedure to a history h at the last stage n. It may be verified that
the elimination steps are exactly the ones of the iterated elimination of strictly dominated actions applied
to the stage game G. For every player i, let A∗ni be the set of actions that survive this procedure at any of
those histories at stage n, and set A∗n := ×i∈IA∗ni .

Next, turn to a history h at stage n − 1 of the repeated game. For every player i, let xi be the total
discounted utility collected up to history h. Then, the upper and lower utilities for player i in the double-
utility game Gdu(h) at h are given by

u+i [h](a) = xi + δn−2 · vi(a) + δn−1 · max
a′∈A∗n

vi(a
′) and

u−i [h](a) = xi + δn−2 · vi(a) + δn−1 · min
a′∈A∗n

vi(a
′),
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respectively. Thus, an action ai is strictly dominated in the double utility game Gdu(h) precisely when there
is a randomized choice ri ∈ ∆(Ai) such that

vi(ai, a−i) + δ ·
(

max
a′∈An∗

vi(a
′)− min

a′∈An∗
vi(a

′)

)
<
∑
a′i∈Ai

ri(a
′
i) · vi(a′i, a−i) for all a−i ∈ A−i.

That is, precisely when ai is strictly dominated by more than

αn−1i := δ ·
(

max
a′∈An∗

vi(a
′)− min

a′∈An∗
vi(a

′)

)
in the stage game G.

As such, the elimination steps at h correspond exactly to the iterated elimination of actions that are
strictly dominated by more than (αn−1i )i∈I in the stage game. For every player i, let A

∗n−1
i be the set of

actions that survive this procedure at any history at stage n− 1, and set A∗n−1 := ×i∈IA∗n−1i .
At stage n− 2 we conclude, by a similar argument, that the elimination steps of the double-utility pro-

cedure correspond to the iterated elimination of actions that are strictly dominated by more than (αn−2i )i∈I
in the stage game, where

αn−2i := δ ·
(

max
a′∈A∗n−1

vi(a
′)− min

a′∈A∗n−1
vi(a

′) + αn−1
)
.

By continuing in this fashion, we arrive at the following elimination procedure, which we call the double-
utility procedure for finitely repeated games.

Definition 7.1 (Procedure for finitely repeated games) Consider a finitely repeated game Γ(G,n, δ).
The double-utility procedure for finitely repeated games inductively defines, for every stage m ∈
{1, ..., n}, a profile of numbers (αmi )i∈I and a set of actions profiles A∗m ⊆ A, as follows.
At stage n, define for every player i the number αni := 0, and let A∗n contain precisely those actions profiles
in A that survive the iterated elimination of actions that are strictly dominated by more than (αni )i∈I in G.

At every stage m ∈ {1, ..., n− 1}, inductively define for every player i the number

αmi := δ ·
(

max
a∈A∗m+1

vi(a)− min
a∈A∗m+1

vi(a) + αm+1i

)
,

and let A∗m contain precisely those actions profiles in A that survive the iterated elimination of actions that
are strictly dominated by more than (αmi )i∈I in G.

We say that an action ai ∈ Ai survives the double-utility procedure for finitely repeated games at stage
m if ai ∈ A∗mi .

Based on our arguments above, we see that the double-utility procedure with the backwards elimination
order coincides precisely with the double-utility procedure for finitely repeated games. As, by Corollary 5.1,
the particular elimination order does not matter for the eventual output in the double-utility procedure, we
arrive at the following conclusion.
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e f g h

a 6, 6 6, 8 6, 0 6, 0
b 8, 6 4, 4 6, 0 0, 0
c 0, 6 0, 6 5, 5 8, 0
d 0, 6 0, 0 0, 8 0, 0

Table 5: Illustration of action-based backward dominance procedure for finitely repeated games

Corollary 7.1 (Procedure for finitely repeated games) In every finitely repeated game, the actions
that survive the double-utility procedure are precisely the actions that survive the double-utility procedure
for finitely repeated games at the various stages of the game.

Together with Theorem 4.1, we thus see that the double-utility procedure for finitely repeated games
selects precisely those actions that can rationally be chosen under common belief in future action-based
rationality.

7.4 Example

Consider the static game G given by Table 5, which is symmetric between players 1 and 2. Here, player
1 chooses the row and player 2 chooses the column. Consider the induced repeated game Γ(G, 3, 1) where
n = 3 and δ = 1. That is, there are three stages, and there is no discounting. We apply the double-utility
procedure for finitely repeated games to determine the actions that the players can rationally play, at each
of the three stages, under common belief in future action-based rationality.

Stage 3. By definition, α31 = α32 = 0. We thus perform the iterated elimination of actions that are strictly
dominated by more than (0, 0). In round 1, player 1’s action d is strictly dominated by a by more than 0,
and can thus be eliminated. Similarly, we can eliminate h for player 2. In round 2, player 1’s action c is
strictly dominated by a by more than 0, and can thus be eliminated. Similarly, we can eliminate g for player
2. Then, the eliminations terminate. We are thus left with the actions a, b for player 1, and e, f for player
2. That is, A∗3 = {a, b} × {e, f}.
Stage 2. Note that α21 = α22 = 4. To see this, observe that the highest and lowest utility for player 1 in A∗3

are 8 and 4, respectively, and the same for player 2. Thus, by definition,

α21 = δ · ((8− 4) + α31) = 1 · (4 + 0) = 4,

and similarly for player 2. We therefore perform the iterated elimination of actions that are strictly domi-
nated by more than (4, 4). In round 1, player 1’s action d is strictly dominated by a by more than 4, and can
thus be eliminated. Similarly, we can eliminate h for player 2. Then, the eliminations terminate. Indeed,
note that c is not strictly dominated by more than 4 after d and h have been eliminated. To see this, suppose
that player 2 chooses g. Then, c yields 5 whereas a and b only yield 1 more. Similarly for g. Hence, the set
of remaining action pairs is A∗2 = {a, b, c} × {e, f, g}.
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Stage 1. Note that α11 = α12 = 12. To see this, observe that the highest and lowest utility for player 1 in
A∗2 are 8 and 0, respectively, and the same for player 2. Thus, by definition,

α11 = δ · ((8− 0) + α21) = 1 · (8 + 4) = 12,

and similarly for player 2. We therefore perform the iterated elimination of actions that are strictly domi-
nated by more than (12, 12). It can easily be verified that no action is strictly dominated by more than 12, and
thus no action can be eliminated. Hence, the set of remaining action pairs is A∗1 = {a, b, c, d} × {e, f, g, h}.

We thus conclude that under common belief in future action-based rationality, the players can rationally
play all of their actions in stage 1, can rationally play all of their actions except d and h in stage 2, and can
rationally play the actions a, b and e, f in stage 3.

7.5 Monotonicity

Consider a finitely repeated game Γ(G,n, δ). Recall that the double-utility procedure yields, for every stage
m ∈ {1, ..., n}, a profile (αmi )i∈I of numbers, and a set A∗m of actions profiles in G. By definition, αmi ≥ αm+1i

for all m ∈ {1, ..., n − 1}. It may be verified, by induction on m, that αmi ≥ αm+1i and A∗m+1 ⊆ A∗m for
every m ∈ {1, ..., n− 1} and all players i.

To see this, note first that αn−1i ≥ αni as α
n
i = 0 and αn−1i ≥ 0. Moreover, A∗ni ⊆ A∗n−1i , as A∗ni and

A∗n−1i contain the actions that survive the iterated elimination of actions that are strictly dominated by
more than (αni )i∈I and (αn−1i )i∈I , respectively.

Next, consider some stage m ∈ {1, ..., n − 2}, and assume that αm+1i ≥ αm+2i and A∗m+2i ⊆ A∗m+1i for
all players i. By definition, for every player i,

αmi = δ ·
(

max
a∈A∗m+1

vi(a)− min
a∈A∗m+1

vi(a) + αm+1i

)
.

As A∗m+2 ⊆ A∗m+1 and αm+1i ≥ αm+2i , we conclude that

αmi ≥ δ ·
(

max
a∈A∗m+2

vi(a)− min
a∈A∗m+2

vi(a) + αm+2i

)
= αm+1.

Since A∗mi and A∗m+1i contain those actions that survive the iterated elimination of actions that are strictly
dominated by more than (αmi )i∈I and (αm+1i )i∈I , respectively, it follows that A∗m+1 ⊆ A∗m. By induction
on m, we thus arrive at the following conclusion.

Observation 7.1 (Monotonicity in finitely repeated games) For a finitely repeated game Γ = (G,n, δ),
and every stage m ∈ {1, ..., n}, let A∗m be the set of action profiles that survive the double-utility procedure
at stage m. Then, A∗m+1 ⊆ A∗m for all m ∈ {1, ..., n− 1}.

20



Together with Theorem 4.1 and Corollary 5.1, it follows that common belief in future action-based
rationality allows for more, or the same, actions if we move to an earlier stage in the repeated game. This
result is rather intuitive: Consider an action ai that is strictly dominated (by more than 0) in the stage
game G, but nevertheless can rationally be chosen under common belief in future action-based rationality
at stage m+ 1. This is possible since player i is allowed to believe that after choosing ai, the future actions
after stage m + 1 will “work in his favour”, whereas after choosing any other action, the future actions
after stage m+ 1 will “work against him”. Such a combination of “optimistic”and “pessimistic”beliefs can
apparently make it optimal to choose the strictly dominated action ai at stage m+ 1.

Now, suppose that player i finds himself at stage m, and considers playing the same action ai. Since
there is now one more future stage, player i can extend the “optimistic” and “pessimistic” beliefs above
to make the utility gap between choosing ai and not choosing ai even bigger. This combination of beliefs
would then certainly make it optimal to choose action ai at stage m.

But we can say even more: Suppose that after performing the iterated elimination of strictly dominated
actions in the stage game, at least two different utilities are possible for player i. Then, player i can rationally
play every action at stage 1 of the repeated game, provided the number of stages and the discount factor
are large enough.

Proposition 7.1 (When all actions are possible) For a static game G = (Ai, vi)i∈I , let A∗ ⊆ ×i∈IAi
be the set of action profiles that survive the iterated elimination of strictly dominated actions. For a given
player i, suppose that there are action profiles a, a′ ∈ A∗ with vi(a) 6= vi(a

′). Then, there are n∗ ∈ N and
δ∗ ∈ [0, 1), such that for every n ∈ N with n ≥ n∗ and every δ ∈ [δ∗, 1], every action ai ∈ Ai can rationally
be chosen under common belief in future action-based rationality at stage 1 of the repeated game Γ(G,n, δ).

This result has a flavor similar to the folk theorems for infinitely repeated games, stating that every
feasible and individually rational utility profile in the stage game can be achieved under a (subgame perfect)
Nash equilibrium in the repeated game if the discount factor is suffi ciently large. But the result above
is more extreme: It states that, under a certain regularity condition, every action will be possible under
common belief in future action-based rationality at the beginning of the repeated game, provided the number
of stages and the discount factor are large enough.

The intuition is rather simple: Consider a player i for whom there are action profiles a, a′ ∈ A∗ with
vi(a) > vi(a

′), and consider an arbitrary action a∗i . Player i is free to believe, at stage 1, that after choosing
a∗i he will be “rewarded”by the repetition of the action profile a in the future, and that after avoiding the
action a∗i he will be “punished”by the repetition of the action profile a

′ in the future. It may be verified
that such a belief is in accordance with common belief in future action-based rationality. By making the
number of stages and the discount factor large enough, it will then be optimal for player i to choose a∗i at
the first stage under such a belief.
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8 Relation to Backward Dominance Procedure

In this section we show that the double-utility procedure is weakly more permissive than the backward
dominance procedure. Perea (2014) introduced the conditions of common belief in future (strategy-based)
rationality, and showed that the strategies that can rationally be played under these conditions are precisely
those that survive the backward dominance procedure. The main difference with our approach is that in
Perea (2014), a player is assumed to be able to commit to future actions. This shows in the procedure, which
iteratively eliminates strategies, rather than actions. But it is also reflected in the epistemic conditions of
common belief in future rationality, in which a player only holds beliefs about the opponents’strategies, not
about his own future actions, and where a player always believes that his opponents choose strategies that
are optimal now and in the future.

To formally describe the backward dominance procedure we need some further definitions. A strategy
for player i is a mapping si that assigns to every history h ∈ H some available action si(h) ∈ Ai(h). Every
strategy profile s in ×i∈ISi induces a unique terminal history z(s) ∈ Z. We say that the strategy profile s
reaches a history h ∈ H if z(s) < h. For a given history h ∈ H and player i we define the sets

S(h) := {s ∈ ×i∈ISi | s reaches h},
Si(h) := {si ∈ Si | there is some s−i ∈ S−i such that (si, s−i) ∈ S(h)}, and
S−i(h) := {s−i ∈ S−i | there is some si ∈ Si such that (si, s−i) ∈ S(h)}.

For a given strategy si ∈ Si we denote by H(si) := {h ∈ H | si ∈ Si(h)} the collection of histories that the
strategy si allows to be reached.

A decision problem at a history h ∈ H is a profile (Di(h))i∈I of strategy sets, where Di(h) ⊆ Si(h) for
all players i. A strategy si ∈ Di(h) is strictly dominated in the decision problem (Dj(h))j∈I if there is some
randomized strategy ri ∈ ∆(Di(h)) such that

ui(z(si, s−i)) <
∑

s′i∈Di(h)
ri(s

′
i) · ui(z(s′i, s−i)) for all s−i ∈ D−i(h).

Definition 8.1 (Backward dominance procedure (Perea (2014))) (Initial step) For every history h ∈
H define the decision problem (S0i (h))i∈I where S0i (h) := Si(h) for all players i.

(Recursive step) Let k ∈ N and suppose that the decision problems (Sk−1i (h))i∈I have been defined for all
histories h ∈ H. Then define, for every history h ∈ H, the decision problem (Ski (h))i∈I where

Ski (h) := {si ∈ Sk−1i (h) | si not strictly dominated in (Sk−1j (h′))j∈I for any h′ ∈ H(si) with h′ < h}

for every player i.

A strategy si survives the backward dominance procedure if si ∈ Ski (h) for all k ∈ N and all histories
h ∈ H(si).
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The following result shows that the backward dominance procedure is always at least as restrictive as
the double-utility procedure. Indeed, every action that is allowed by the backward dominance procedure is
also allowed by the double-utility procedure.

Theorem 8.1 (Relation with backward dominance procedure) For a given player i, consider a strat-
egy si that survives the backward dominance procedure. Then, for every history h ∈ H(si), the action si(h)
survives the double-utility procedure.

Together with Theorem 5.4 in Perea (2014) and Theorem 4.1 in the present paper, we conclude that every
action that is prescribed by a strategy that can rationally be chosen under common belief in future (strategy-
based) rationality, can also rationally be chosen under common belief in future action-based rationality.

In each of the examples in this paper, the backward dominance procedure turns out to be strictly more
restrictive than the double-utility procedure. Indeed, in the game of Figure 1 we have seen that the backward
dominance procedure rules out the strictly dominated strategy (a, d) for player 1, whereas the double-utility
procedure allows for the actions a and d. In the game of Figure 2, the backward dominance procedure
eliminates the strategy (a, g) for player 1 as it is strictly dominated by c at the beginning of the game. The
double-utility procedure, however, allows for the actions a and g.

In the repeated game of Table 5, finally, the backward dominance procedure rules out every strategy for
player 1 that selects c in stage 2 and subsequently selects a in stage 3. To see this, recall that at the end of
the double-utility procedure, player 1, at stage 2, expects player 2 not to choose h at stages 2 and 3. As the
backward dominance procedure is at least as restrictive, player 1 also believes so at stage 2 at the end of the
backward dominance procedure. But then, by choosing c at stage 2 and a at stage 3, player 1 can expect
at most 11 from the last two stages, whereas always choosing a at stages 2 and 3 yields him 12 for sure.
As such, every strategy for player 1 that selects c in stage 2 and a in stage 3 is eliminated by the backward
dominance procedure. At the same time, the double-utility procedure allows for the action c at stage 2 and
the action a at stage 3.

9 Concluding Remarks

Comparison with Battigalli and de Vito (2021). In terms of modelling and epistemic conditions, our
setup comes closest to Battigalli and de Vito (2021) (BdV from now on). Similarly to our approach, BdV
assume that players choose actions, not strategies, and that a player, at every history, holds a probabilistic
belief about his own actions and the opponents’actions. BdV encode higher-order beliefs for player i by
types in an epistemic model that, at every history, hold a probabilistic belief about i’s actions at all histories,
the opponents’actions at all histories, and the opponents’types.

Differently from our model, BdV assume that a type for player i (a) satisfies forward consistency, (b)
holds at every history h a belief about actions that are chosen at histories that do not follow h, (c) holds at
every history a belief about his own current action, (d) does not have a belief about his own type, and (e)
holds beliefs about his own actions that are independent from his beliefs about the opponents’actions and
types. Because of (a) and (b), the types in BdV are not completely forward looking. Another difference is
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that BdV model a personal state for player i by a pair, consisting of i’s “realized” actions, and his type.
Our model, on the other hand, does not include such realized actions.

Our epistemic conditions of common belief in future action-based rationality are quite similar, at least
in spirit, to the epistemic conditions in BdV. The three basic conditions in BdV are: (i) optimal planning,
which states that a player believes that he himself chooses optimally at every history, given his beliefs there;
(ii) consistency, which states that at a personal state for player i, the actions that player i is believed to
make at every history according to his type coincide with the realized actions; and (iii) belief in continuation
consistency, which states that a type believes, at every history h, in the opponents’ consistency from h
onwards.

As BdV assume that types satisfy forward consistency, they are able to show that every type for player
i which satisfies optimal planning believes that player i will choose actions that, when taken together, will
constitute optimal strategies. That is, forward consistency serves as a coordination device that turns profiles
of individually optimal actions into optimal plans of actions. See their Remark 3. As such, the conditions
in BdV rule out strictly dominated strategies. In contrast, we have seen in the various examples of this
paper that our conditions of common belief in future action-based rationality allow for strictly dominated
strategies.

It may be verified that the conditions of full belief in optimal planning and belief in continuation con-
sistency in BdV jointly imply our condition of 1-fold belief in future action-based rationality. It is stronger,
however, since BdV impose forward consistency. Similarly, their conditions of optimal planning, belief in con-
tinuation consistency, and common full belief in these two events imply common belief in future action-based
rationality. BdV prove, in their Theorem 1, that the former epistemic conditions lead to the backward in-
duction beliefs in games with perfect information without relevant ties. Their result can therefore be viewed
as a counterpart to our Corollary 6.1.

For dynamic games with observable actions that violate perfect information, BdV show in Theorem 2
that the behavioral consequences of their epistemic conditions above are characterized by the backwards ra-
tionalizability procedure (Perea (2014), Penta (2015), Catonini and Penta (2025)). Recall that our epistemic
conditions lead to the double-utility procedure which, by Theorem 8.1, is more permissive than backward
dominance, and thereby also weaker than backwards rationalizability.

Related models. An important characteristic of our model is that a player, at each of the histories, holds
a belief about his own future actions. Although this assumption seems quite natural, it is far from standard
in the game theory literature. Together with Battigalli and de Vito (2021), the models by Battigalli and
Siniscalchi (1999), Battigalli, di Tillio and Samet (2013) and Meier and Perea (2025) are amongst the few
to incorporate this assumption.

Battigalli and Siniscalchi (1999) consider an epistemic model in which a type of a player is allowed to hold,
at every history, a probabilistic belief about his own strategy, the opponents’strategies and the opponents’
types. Battigalli, di Tillio and Samet (2013) provide a variation of this model in which a type, at every
history, holds a belief about the path that will be realized and the opponents’types. Such a belief induces,
in particular, a belief about his own future actions. Meier and Perea (2025) present a model that reflects
cautious reasoning by the players —a state of mind in which a player never discards any future action by
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himself or by his opponents. In their model a player holds, at the beginning of the game, a full-support belief
with non-standard probabilities (Robinson (1973)) about his own strategy and the opponents’ strategies,
and updates this belief at every history by applying the rules of conditional probability. In particular, this
model induces for every player conditional beliefs about his own future actions.

Extensions. In this paper we have restricted attention to finite dynamic games with observable actions.
It remains to be investigated how our model and results can be extended to games with an infinite horizon,
games with imperfectly observed past actions, and stochastic games with a finite and infinite horizon in
which the transitions between histories are probabilistic rather than deterministic.

10 Appendix

10.1 Proofs of Section 4

Proof of Lemma 4.1. Consider a double-utility game G = (Ai, u
+
i , u

−
i )i∈I , a player j, and an action

a∗j ∈ Aj . Let A−j := ×k 6=jAk. Define a “standard”game Ĝ = (Ai, ui)i∈I where uj : Aj × A−j → R is given
by

uj(aj , a−j) :=

{
u+j (aj , a−j), if aj = a∗j
u−j (aj , a−j), if aj 6= a∗j

for all (aj , a−j) ∈ Aj ×A−j . Then, by construction, a∗j is strictly dominated in the double-utility game G, if
and only if, a∗j is strictly dominated (in the normal sense) in the standard game Ĝ. Moreover, a

∗
j is optimal

for some belief about the opponents’action profiles in the double-utility game G, if and only if, a∗j is optimal

(in the normal sense) for some belief about the opponents’action profiles in the standard game Ĝ.
By Lemma 3 in Pearce (1984) we know that a∗j is strictly dominated in the standard game Ĝ, if and only

if, a∗j is not optimal for any belief about the opponents’action profiles in the standard game Ĝ. Together
with the two equivalences above, this completes the proof. �

To prove Theorem 4.1 we need a preparatory result, which requires some additional notation. For a
history h ∈ H and k ∈ N0, let Gk(h) = (Aki (h), uk+i [h], uk−i [h])i∈I be the double-utility game at round k
of the double-utility procedure. Although the utility functions uk+i [h], uk−i [h] are only defined for action
profiles in ×i∈IAki (h), they can be extended to all action profiles in ×i∈IAi(h) by setting

uk+i [h](a) := max{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Akj (h′) for all j ∈ I and all h′ ∈ H with z < h′ < (h, a)} and

uk−i [h](a) := min{ui(z) | z ∈ Z, z < (h, a) and

aj(z, h
′) ∈ Akj (h′) for all j ∈ I and all h′ ∈ H with z < h′ < (h, a)}

for all a ∈ ×i∈IAi(h). Also, we denote by Ak−i(h) := ×j 6=iAkj (h) the set of opponents’action profiles, and by
Ak(h) := ×j∈IAkj (h) the set of all players’action profiles, in Gk(h).

25



Lemma 10.1 (Optimality of actions in procedure) Consider a history h, a round k ∈ N0, a player i
and an action a∗i ∈ Ai(h). Then, a∗i ∈ Ak+1i (h), if and only if, there is a belief βi ∈ ∆(Ak−i(h)) such that∑

a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h).

Proof. We prove the statement by induction on k.

Induction start. Let k = 0. For some history h ∈ H, consider the double-utility game G0(h) =
(A0i (h), u0+i [h], u0−i [h])i∈I , some player i, and an action a∗i ∈ Ai(h). Recall that A0i (h) = Ai(hi). By def-
inition, a∗i ∈ A1i (h) if and only if a∗i is not strictly dominated in G

0(h). By Lemma 4.1 applied to G0(h), we
conclude that a∗i ∈ A1i (h), if and only if, there is a belief βi ∈ ∆(A0−i(h)) such that∑

a−i∈A0−i(h)

βi(a−i) · u0+i [h](a∗i , a−i) ≥
∑

a−i∈A0−i(h)

βi(a−i) · u0−i [h](ai, a−i) for all ai ∈ Ai(h).

This concludes the induction start.

Induction step. Now, take some k ∈ N and assume that the statement holds for k − 1. For some history
h ∈ H, consider the double-utility game Gk(h) = (Aki (h), uk+i [h], uk−i [h])i∈I , some player i, and an action
a∗i ∈ Ai(h).

To show the “only if”part, suppose that a∗i ∈ Ak+1i (h). By definition, this means that a∗i is not strictly
dominated in Gk(h). Lemma 4.1 applied to Gk(h) then implies that there is a belief βi ∈ ∆(Ak−i(h)) such
that ∑

a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Aki (h). (10.1)

Let âi ∈ Ai(h) be such that∑
a−i∈Ak−i(h)

βi(a−i) · uk−i [h](âi, a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h). (10.2)

Then, we have in particular that∑
a−i∈Ak−i(h)

βi(a−i) · uk+i [h](âi, a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h). (10.3)

As βi ∈ ∆(Ak−i(h)) and Ak−i(h) ⊆ Ak−1−i (h), we have that βi ∈ ∆(Ak−1−i (h)). Moreover, it holds by
definition that uk−1+i [h](ai, a−i) ≥ uk+i [h](ai, a−i) and uk−1−i [h](ai, a−i) ≤ uk−i [h](ai, a−i) for all (ai, a−i) ∈
A(h). Together with (10.3) we conclude that∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1+i [h](âi, a−i) ≥
∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1−i [h](ai, a−i) for all ai ∈ Ai(h), (10.4)
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where βi ∈ ∆(Ak−1−i (h)). By the induction assumption we then know that âi ∈ Aki (h).
By (10.1) and (10.2) it then follows that∑

a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](âi, a−i)

≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h),

where βi ∈ ∆(Ak−i(h)). This proves the “only if”part.

For the “if”part, suppose that there is a belief βi ∈ ∆(Ak−i(h)) such that∑
a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h). (10.5)

As βi ∈ ∆(Ak−i(h)) and Ak−i(h) ⊆ Ak−1−i (h), we have that βi ∈ ∆(Ak−1−i (h)). Moreover, it holds by
definition that uk−1+i [h](ai, a−i) ≥ uk+i [h](ai, a−i) and uk−1−i [h](ai, a−i) ≤ uk−i [h](ai, a−i) for all (ai, a−i) ∈
A(h). Together with (10.5) we conclude that∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1−i [h](ai, a−i) for all ai ∈ Ai(h), (10.6)

where βi ∈ ∆(Ak−1−i (h)). By the induction assumption we then know that a∗i ∈ Aki (h).
Together with (10.5) it thus follows that∑

a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Aki (h),

where βi ∈ ∆(Ak−i(h)) and a∗i ∈ Aki (h). Hence, a∗i is optimal for some belief in the double-utility game
Gk(h). By applying Lemma 4.1 to Gk(h) we conclude that a∗i is not strictly dominated in G

k(h), and hence
a∗i ∈ Ak+1i (h). This proves the “if”part, and thereby the proof of the induction step is complete.

By induction on k, the statement of the lemma follows. �

Proof of Theorem 4.1. We prove the theorem through a sequence of claims. For every player i, history
h ∈ H, and k ∈ N0, let

BRki (h) := {ai ∈ Ai(h) | there is an epistemic model M = (Tj(h), bj)j∈I,h∈H and some

ti ∈ Ti(h) such that ti expresses up to k-fold belief in future action-based rationality,

and the action ai is optimal for ti}
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Remember that Ak+1i (h) is the set of player i actions at h that survives round k + 1 of the double-utility
procedure.

Claim 1. For every player i, history h ∈ H, and k ∈ N0, it holds that BRki (h) ⊆ Ak+1i (h).

Proof of claim 1. We proceed by induction on k.

Induction start. Consider first k = 0, and some a∗i ∈ BR0i (h). Then, there is an epistemic model
M = (Tj(h), bj)j∈I,h∈H and some type ti ∈ Ti(h) such that the action a∗i is optimal for ti. Then, action a

∗
i

is optimal at hi for the first-order belief bi := b1i (ti) ∈ ∆(Ai,<h). That is,∑
a∈Ai,<h

bi(a) · ui(z(h, a∗i , a)) ≥
∑

a∈Ai,<h
bi(a) · ui(z(h, ai, a)) (10.7)

for all ai ∈ Ai(h). Define the belief βi :=margA−i(h)bi ∈ ∆(A−i(h)). For every a ∈ Ai,<h, let a−i(h) ∈ A−i(h)
be its projection on A−i(h).

Then, we have that∑
a∈Ai,<h

bi(a) · ui(z(h, a∗i , a)) =
∑

a−i∈A−i(h)

∑
a∈Ai,<h:a−i(h)=a−i

bi(a) · ui(z(h, a∗i , a))

≤
∑

a−i∈A−i(h)

∑
a∈Ai,<h:a−i(h)=a−i

bi(a) · u0+i [h](a∗i , a−i)

=
∑

a−i∈A−i(h)
βi(a−i) · u0+i [h](a∗i , a−i), (10.8)

where the inequality follows from the fact that z(h, a∗i , a) < (h, (a∗i , a−i)) for all a ∈ Ai,<h with a−i(h) = a−i.
Similarly, it can be shown for every ai ∈ Ai(hi) that∑

a∈Ai,<h
bi(a) · ui(z(h, ai, a)) ≥

∑
a−i∈A−i(h)

βi(a−i) · u0−i [h](ai, a−i). (10.9)

By combining (10.7), (10.8) and (10.9) we conclude that∑
a−i∈A−i(h)

βi(a−i) · u0+i (a∗i , a−i) ≥
∑

a−i∈A−i(h)
βi(a−i) · u0−i (ai, a−i)

for all ai ∈ Ai(hi).
That is, a∗i is optimal within the double-utility game G

0(h) for the belief βi ∈ ∆(A−i(h)). By Lemma
4.1 we conclude that a∗i is not strictly dominated within G

0(h). Therefore, a∗i ∈ A1i (h), which was to show.

Induction step. Suppose that k ≥ 1, and that BRk−1j (h) ⊆ Akj (h) for every player j and history h ∈ H.
Take some player i and history h ∈ H. We will show that BRki (h) ⊆ Ak+1i (h).
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Take some a∗i ∈ BRki (h). Then, there is an epistemic model M = (Tj(h
′), bj)j∈I,h′∈H and some type

ti ∈ Ti(h) that expresses up to k-fold belief in future action-based rationality, such that the action a∗i is
optimal for ti. Hence, action a∗i is (i) optimal at h for the first-order belief bi := b1i (ti) ∈ ∆(Ai,<h), and (ii)
bi(ti) only assigns positive probability to pairs (aj , t

′
j) (allowing for j = i) where aj is optimal for t′j , and t

′
j

expresses up to (k − 1)-fold belief in future action-based rationality.
For every action profile a ∈ Ai,<h, every history h′ < h and every player j, let aj(h′) be the action

prescribed for player j at h′ if either j 6= i, or j = i and h′ � h. By (i) and (ii) above it thus follows that the
first-order belief bi only assigns positive probability to action profiles a ∈ Ai,<h where aj(h′) ∈ BRk−1j (h′)

for all j 6= i and h′ < h, and ai(h′) ∈ BRk−1i (h′) for all h′ � h. By the induction assumption, we thus know
that bi only assigns positive probability to action profiles a ∈ Ai,<h where (iii) aj(h′) ∈ Akj (h′) for all j 6= i

and h′ < h, and (iv) ai(h′) ∈ Aki (h′) for all h′ � h.
Recall that action a∗i is optimal at h for the first-order belief bi. That is,∑

a∈Ai,<h
bi(a) · ui(z(h, a∗i , a)) ≥

∑
a∈Ai,<h

bi(a) · ui(z(h, ai, a)) (10.10)

for all ai ∈ Ai(h).
Define βi := margA−i(hi)bi ∈ ∆(A−i(h)). By property (iii) we know, in fact, that βi ∈ ∆(Ak−i(h)). We

have that ∑
a∈Ai,<h

bi(a) · ui(z(h, a∗i , a)) =
∑

a−i∈A−i(h)

∑
a∈Ai,<h:a−i(h)=a−i

bi(a) · ui(z(h, a∗i , a))

≤
∑

a−i∈A−i(h)

∑
a∈Ai,<h:a−i(h)=a−i

bi(a) · uk+i [h](a∗i , a−i)

=
∑

a−i∈A−i(h)
βi(a−i) · uk+i [h](a∗i , a−i). (10.11)

To see why the inequality holds, take some a ∈ Ai,<h with a−i(h) = a−i and bi(a) > 0. By (iii) and (iv)
above, we know that aj(h′) ∈ Akj (h′) for all j 6= i and h′ < h, and ai(h′) ∈ Aki (h′) for all h′ � h. Thus,

ui(z(h, a
∗
i , a)) ≤ uk+i [h](a∗i , a−i).

Similarly, it can be shown for every ai ∈ Ai(hi) that∑
a∈Ai,<h

bi(a) · ui(z(h, ai, a)) ≥
∑

a−i∈A−i(hi)
βi(a−i) · uk−i [h](ai, a−i). (10.12)

By combining (10.10), (10.11) and (10.12) we conclude that∑
a−i∈A−i(hi)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈A−i(hi)
βi(a−i) · uk−i [h](ai, a−i)

for all ai ∈ Ai(hi).
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As βi ∈ ∆(Ak−i(h)) it follows from Lemma 10.1 that a∗i ∈ Ak+1i (h), which was to show.
By induction on k we thus conclude that BRki (h) ⊆ Ak+1i (h) for all players i, histories h ∈ H and k ∈ N0.

This completes the proof of claim 1. ♦
For the next claim we need some new notation. For a history h, player i and number k ∈ N0, define

(Ak)i,<h := {a ∈ Ai,<h | ai(h′) ∈ Aki (h′) for all h′ � h, and
aj(h

′) ∈ Akj (h′) for all h′ < h and j 6= i}

Claim 2. For every player i, history h ∈ H, number k ∈ N0 and action a∗i ∈ Ak+1i (h), there is some belief
bi(a

∗
i ) ∈ ∆((Ak)i,<h) for which the action a∗i is optimal at h.

Proof of claim 2. Take some a∗i ∈ Ak+1i (h). Then, by Lemma 10.1, there is some belief βi ∈ ∆(Ak−i(h)) such
that ∑

a−i∈Ak−i(h)

βi(a−i) · uk+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−i(h)

βi(a−i) · uk−i [h](ai, a−i) for all ai ∈ Ai(h). (10.13)

Take some a−i ∈ Ak−i(h). Then, by definition of uk+i [h](a∗i , a−i), there is some z
+(h, a∗i , a−i) ∈ Z such

that
uk+i [h](a∗i , a−i) = ui(z

+(h, a∗i , a−i)) (10.14)

and

aj(z
+(h, a∗i , a−i), h

′) ∈ Akj (h′) for all j ∈ I and
all h′ ∈ H with z+(h, a∗i , a−i) < h′ < (h, (a∗i , a−i)). (10.15)

Similarly, for every ai ∈ Ai(hi)\{a∗i } and a−i ∈ Ak−i(h) there is some z−(h, ai, a−i) ∈ Z such that

uk−i [h](a−i , a−i) = ui(z
−(h, a∗i , a−i)) (10.16)

and

aj(z
−(h, ai, a−i), h

′) ∈ Akj (h′) for all j ∈ I and
all h′ ∈ H with z−(h, ai, a−i) < h′ < (h, (ai, a−i)). (10.17)

By (10.15) and (10.17) we can find, for every a−i ∈ Ak−i(h), an action profile a[a−i] ∈ (Ak)i,<h such that

a[a−i] selects at every h′ with z+(h, a∗i , a−i) < h′ < (h, (a∗i , a−i)) (10.18)

the actions aj(z+(h, a∗i , a−i), h
′) for every j ∈ I
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and

a[a−i] selects at every h′ with z−(h, ai, a−i) < h′ < (h, (ai, a−i)) (10.19)

for some ai ∈ Ai(h)\{a∗i } the actions aj(z−(h, a∗i , a−i), h
′) for every j ∈ I.

Let bi(a∗i ) ∈ ∆((Ak)i,<h) be the belief that, for every a−i ∈ Ak−i(h), assigns probability βi(a−i) to the
action profile a[a−i] defined above, and assigns probability zero to all other action profiles in Ai,<h.

On the basis of (10.14), (10.16), (10.18) and (10.19), we then have that

ui(a
∗
i , bi(a

∗
i )) =

∑
a−i∈Ak−i(hi)

βi(a−i) · uk+i [h](a∗i , a−i) (10.20)

and, for every ai ∈ Aki (hi)\{a∗i },

ui(ai, bi(a
∗
i )) =

∑
a−i∈Ak−i(hi)

βi(a−i) · uk−i [h](ai, a−i). (10.21)

From (10.20), (10.21) and (10.13) we then conclude that

ui(a
∗
i , bi(a

∗
i )) ≥ ui(ai, bi(a∗i )) for all ai ∈ Ai(hi).

Hence, the action a∗i ∈ Ak+1i (h) is optimal at h for the belief bi(a∗i ) ∈ ∆((Ak)i,<h), which was to show. This
completes the proof of claim 2. ♦

We will now construct an epistemic model M = (Ti(h), bi)i∈I,h∈H , as follows. For every player i and
history h, consider the set of types

Ti(h) := {ti(h, ai) | ai ∈ Ai(h)}.

Take some type ti(h, ai) in Ti(h). To define the belief bi(ti(h, ai)) ∈ ∆(Ai,<h × T i,<h) we distinguish three
cases. For case 2 and 3, let K be such that AKj (h′) = AK+1j (h′) for all players j and all h′ ∈ H in the
double-utility procedure.

Case 1. Suppose that ai /∈ A1i (h). Then, we define bi(ti(h, ai)) ∈ ∆(Ai,<h × T i,<h) arbitrarily.

Case 2. Suppose that ai ∈ Aki (h)\Ak+1i (h) for some k ∈ {1, ...,K − 1}. Then, we know from claim 2 that
ai is optimal at h for some belief bi(h, ai) ∈ ∆((Ak−1)i,<h). For every action profile a ∈ Ai,<h let

t(a) := ((ti(h
′, ai(h

′)))h′�h, (tj(h
′, aj(h

′)))j 6=i,h′<h

be the associated type profile in T i,<h. Define the belief bi(ti(h, ai)) by

bi(ti(h, ai))(a, t) :=

{
bi(h, ai)(a), if t = t(a)

0, otherwise
(10.22)
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for all (a, t) ∈ Ai,<h × T i,<h.

Case 3. Suppose that ai ∈ AKi (h). As AKi (h) = AK+1i (h), it follows that ai ∈ AK+1i (h). Hence, we know
from claim 2 that ai is optimal at h for some belief bi(h, ai) ∈ ∆((AK)i,<h). Define the belief bi(ti(h, ai)) by

bi(ti(h, ai))(a, t) :=

{
bi(h, ai)(a), if t = t(a)

0, otherwise
(10.23)

for all (a, t) ∈ Ai,<h × T i,<h.

Claim 3. For every player i, history h ∈ H and k ∈ N0 such that ai ∈ Ak+1i (h), we have that ai is optimal
for ti(h, ai), and ti(h, ai) expresses up to k-fold belief in future action-based rationality.

Proof of claim 3. By induction on k. Start with k = 0, and take some ai ∈ A1i (h). By (10.22) and (10.23) we
know that b1i (ti(h, ai)) = bi(h, ai). As, by construction, ai is optimal at h for the belief bi(h, ai), we conclude
that ai is optimal for ti(h, ai). Moreover, by definition, ti(h, ai) expresses 0-fold belief in future action-based
rationality.

Now, let k ≥ 1, and suppose that the claim holds for k − 1. Take some ai ∈ Ak+1i (h). As ai ∈ Aki (h)
we know, by the induction assumption, that ai is optimal for ti(h, ai). Moreover, by (10.22) and (10.23),
the belief bi(ti(h, ai)) only assigns positive probability to tuples (a, t) ∈ Ai,<h × T i,<h where a ∈ (Ak)i,<h.
Choose some (a, t) that receives positive probability by bi(ti(h, ai)).

Take some h′ � h. Then, by construction, the projection of (a, t) on Ai(h′)×Ti(h′) is some (a′i, ti(h
′, a′i))

where a′i ∈ Aki (h
′). By he induction assumption we thus know that a′i is optimal for ti(h

′, a′i), and that
ti(h

′, a′i) expresses up to (k − 1)-fold belief in future action-based rationality.
Next, take some h′ < h and some j 6= i. Then, by construction, the projection of (a, t) on Aj(h′)×Tj(h′)

is some (a′j , tj(h
′, a′j)) where a

′
j ∈ Akj (h′). By the induction assumption we thus know that a′j is optimal for

tj(h
′, a′j), and that tj(h

′, a′j) expresses up to (k − 1)-fold belief in future action-based rationality.
By the two insights above, we conclude that ti(h, ai) expresses up to k-fold belief in future action-based

rationality. By induction on k, the proof of claim 3 is complete. ♦
Claim 4. For every player i, history h ∈ H and k ∈ N0, it holds that Ak+1i (h) ⊆ BRki (h).

Proof of claim 4. Take some ai ∈ Ak+1i (h). By claim 3 we conclude that ai is optimal for the type ti(h, ai),
and that ti(h, ai) expresses up to k-fold belief in future action-based rationality at hi. Thus, by definition
ai ∈ BRki (h), which was to show. ♦

By claims 1 and 4 it follows that BRki (h) = Ak+1i (h) for every player i, history h ∈ H, and k ∈ N0.With
this result we can now prove parts (a) and (b) of the theorem.

(a) Fix some k ∈ N0. Take first an action ai ∈ Ai(h) that can rationally be chosen under up to k-fold belief
in future action-based rationality. Then, ai ∈ BRki (h). As BRki (h) = Ak+1i (h) it follows that ai ∈ Ak+1i (h)
and hence ai survives round k + 1 of the double-utility procedure.

Next, take an action ai ∈ Ai(h) that survives round k + 1 of the double-utility procedure. Hence,
ai ∈ Ak+1i (h). As BRki (h) = Ak+1i (h) we know that ai ∈ BRki (h). That is, ai can rationally be chosen under
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up to k-fold belief in future action-based rationality. Together with the insight above, this completes the
proof of (a).

(b) To prove part (b) of the theorem, we need the following result.

Claim 5. For every player i, history h ∈ Hi and action ai ∈ AKi (h), the type ti(h, ai) expresses common
belief in future action-based rationality.

Proof of claim 5. We prove, by induction on k, that for every player i, history h ∈ H and action ai ∈ AKi (h),
the type ti(h, ai) expresses up to k-fold belief in future action-based rationality.

For k = 0 the statement is true by definition. Now, take some k ≥ 1 and suppose that the statement is
true for k − 1. Take some player i, history h ∈ H and action ai ∈ AKi (h). By (10.23), the belief bi(ti(h, ai))
only assigns positive probability to tuples (a, t) ∈ Ai,<h×T i,<h where a ∈ (AK)i,<h. Choose some (a, t) that
receives positive probability by bi(ti(h, ai)).

Take some h′ � h. Then, by construction, the projection of (a, t) on Ai(h′)×Ti(h′) is some (a′i, ti(h
′, a′i))

where a′i ∈ AKi (h′). By claim 3, the action a′i is optimal for ti(h
′, a′i). Moreover, as a

′
i ∈ AKi (h′) we know by

the induction assumption that ti(h′, a′i) expresses up to (k− 1)-fold belief in future action-based rationality.
Next, take some h′ < h and some j 6= i. Then, by construction, the projection of (a, t) on Aj(h′)×Tj(h′)

is some (a′j , tj(h
′, a′j)) where a

′
j ∈ AKj (h′). By claim 3, the action a′j is optimal for tj(h

′, a′j). Moreover, as
a′j ∈ AKj (h′) we know by the induction assumption that tj(h′, a′j) expresses up to (k−1)-fold belief in future
action-based rationality.

By the two insights above, we conclude that ti(h, ai) expresses up to k-fold belief in future action-
based rationality. By induction on k, it follows that ti(h, ai) expresses common belief in future action-based
rationality. This completes the proof of claim 5. ♦

We can now prove part (b) of the theorem. Take first an action ai ∈ Ai(h) that can rationally be
chosen under common belief in future action-based rationality. Then, ai ∈ BRki (h) for all k ∈ N0. As
BRki (h) = Ak+1i (h) for all k ∈ N0, it follows that ai ∈ Ak+1i (h) for all k ∈ N0. That is, ai survives the
double-utility procedure.

Next, take an action ai ∈ Ai(h) that survives the double-utility procedure. Then, ai ∈ AKi (h). By claim
3, ai is optimal for the type ti(h, ai). Moreover, by claim 5, type ti(h, ai) expresses common belief in future
action-base rationality. Altogether, we see that ai can rationally be chosen under common belief in future
action-based rationality. This completes the proof of part (b). �

10.2 Proof of Section 5

Proof of Lemma 5.2. Take some product sets D,E ⊆ A with rdu(E) ⊆ D ⊆ E. We show that rdu(D) ⊆
rdu(E).

Let D′ := rdu(D) and E′ := rdu(E). Take some player i and history h ∈ H. We will show that D′i(h) ⊆
E′i(h). Consider some ai ∈ D′i(h). As D′ = rdu(D), it follows by (5.1) that ai ∈ Di(h) and that ai is
not strictly dominated in G(h,D). By Lemma 4.1 we then know that ai is optimal in G(h,D) for a belief
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bi ∈ ∆(D−i(h)). That is,∑
a−i∈D−i(h)

bi(a−i) · uD+i [h](ai, a−i) ≥
∑

a−i∈D−i(h)
bi(a−i) · uD−i [h](a′i, a−i) for all a

′
i ∈ Di(h). (10.24)

As D ⊆ E we have, by construction, that uE+i [h](ai, a−i) ≥ uD+i [h](ai, a−i) and uE−i [h](ai, a−i) ≤
uD−i [h](ai, a−i) for all (ai, a−i) ∈ Di(h) × D−i(h). Together with (10.24) and the fact that D ⊆ E, we
conclude that the belief bi is in ∆(E−i(h)), and that∑

a−i∈E−i(h)
bi(a−i) · uE+i [h](ai, a−i) ≥

∑
a−i∈E−i(h)

bi(a−i) · uE−i [h](a′i, a−i) for all a
′
i ∈ Di(h). (10.25)

We now show that (10.25) holds for every a′i ∈ Ei(h), and not only for every a′i ∈ Di(h). That is, we
show that∑

a−i∈E−i(h)
bi(a−i) · uE+i [h](ai, a−i) ≥

∑
a−i∈E−i(h)

bi(a−i) · uE−i [h](a′i, a−i) for all a
′
i ∈ Ei(h). (10.26)

Let a∗i ∈ Ei(h) be such that∑
a−i∈E−i(h)

bi(a−i) · uE−i [h](a∗i , a−i) ≥
∑

a−i∈E−i(h)
bi(a−i) · uE−i [h](a′i, a−i) for all a

′
i ∈ Ei(h). (10.27)

Then, it follows in particular that∑
a−i∈E−i(h)

bi(a−i) · uE+i [h](a∗i , a−i) ≥
∑

a−i∈E−i(h)
bi(a−i) · uE−i [h](a′i, a−i) for all a

′
i ∈ Ei(h).

By Lemma 4.1 we conclude that the action a∗i is not strictly dominated in G(h,E), and hence a∗i ∈ E′i(h).
As E′ = rdu(E) ⊆ D it follows that a∗i ∈ Di(h). Together with (10.25) we then conclude that∑

a−i∈E−i(h)
bi(a−i) · uE+i [h](ai, a−i) ≥

∑
a−i∈E−i(h)

bi(a−i) · uE−i [h](a∗i , a−i).

Combining this inequality with (10.27) yields (10.26), which was to show.
By (10.26) and Lemma 4.1, we see that ai is not strictly dominated in G(h,E), and hence ai ∈ E′i(h).

As this holds for every player i, history h ∈ H, and action ai ∈ D′i(h), we conclude that D′ ⊆ E′, and thus
rdu(D) ⊆ rdu(E). As such, rdu is monotone. This completes the proof. �
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10.3 Proof of Section 7

Proof of Proposition 7.1. For every n ∈ N with n ≥ 2, δ ∈ (0, 1], m ∈ {1, ..., n} and player j, let αmj (n, δ)
be the αmj generated by the double-utility procedure for finitely repeated games at stage m of the repeated
game Γ(G,n, δ), and let A∗m(n, δ) ⊆ ×j∈IAj be the set of action profiles that survive the procedure at stage
m of the repeated game Γ(G,n, δ). By construction we have, for a given player i, that αni (n, δ) = 0, and for
every stage m ∈ {1, ..., n− 1} it holds that

αmi (n, δ) = δ ·
(

max
a∈A∗m+1(n,δ)

vi(a)− min
a∈A∗m+1(n,δ)

vi(a) + αm+1i (n, δ)

)
. (10.28)

Set

α∗i := δ ·
(

max
a∈A∗

vi(a)− min
a∈A∗

vi(a)

)
.

Since, by assumption, there are a, a′ ∈ A∗ with vi(a) 6= vi(a
′), it follows that α∗i > 0.

As A∗n(n, δ) = A∗, we know from (10.28) that αn−1i (n, δ) = δ · α∗i . Moreover, since by Observation 7.1,
A∗ = A∗n(n, δ) ⊆ A∗m(n, δ) for every m ∈ {1, ..., n}, we conclude by (10.28) that for every m ∈ {1, ..., n−1},

αmi (n, δ) ≥ δ ·
(

max
a∈A∗(n,δ)

vi(a)− min
a∈A∗(n,δ)

vi(a) + αm+1i (n, δ)

)
= αn−1i (n, δ) + δ · αm+1i (n, δ) = δ · α∗i + δ · αm+1i (n, δ).

This, in turn, implies that
α1i (n, δ) ≥ α∗i ·

(
δ + δ2 + ...+ δn−1

)
. (10.29)

Now, let ∆i := maxa∈A vi(a) − mina∈A vi(a). Recall that α∗i > 0. Note that δ + δ2 + ... + δn−1 can be
made arbitrarily large by choosing n large enough and δ suffi ciently close to 1, and that this expression is
increasing in δ and n. Hence, there are n∗ ∈ N and δ∗ ∈ [0, 1) such that for every n ∈ N with n ≥ n∗, and
every δ ∈ [δ∗, 1], we have that

α∗i ·
(
δ + δ2 + ...+ δn−1

)
≥ ∆i.

Together with (10.29) we conclude, for every n ∈ N with n ≥ n∗, and every δ ∈ [δ∗, 1], that α1i (n, δ) ≥ ∆i.
But then, by the choice of ∆i, every action in Ai will survive the iterated elimination of actions that are

strictly dominated by more than (α1j (n, δ))j∈I , for all n ≥ n∗ and δ ∈ (δ∗, 1]. As such, every action in Ai will
survive the double-utility procedure for finitely repeated games at stage 1 of the repeated game Γ(G,n, δ),
for all n ≥ n∗ and δ ∈ [δ∗, 1]. Hence, by Corollary 7.1 and Theorem 4.1, we have for every n ≥ n∗ and
δ ∈ [δ∗, 1] that player i can rationally play every action at stage 1 of the repeated game Γ(G,n, δ) under
common belief in future action-based rationality. �
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10.4 Proof of Section 8

For the proof of Theorem 8.1 we rely on a result in Perea (2014). To formally state it we need the following
definition. Consider a history h ∈ H, a player i, a strategy si ∈ Si(h), and a belief bi ∈ ∆(S−i(h)) about
the opponents’strategies. The strategy si is optimal in Si(h) for the belief bi if∑

s−i∈S−i

bi(s−i) · ui(z(si, s−i)) ≥
∑

s−i∈S−i

bi(s−i) · ui(z(s′i, s−i))

for all s′i ∈ Si(h).

Lemma 10.2 (Optimality of strategies in backward dominance procedure) For a given history h ∈
H and k ∈ N, let (Ski (h))i∈I be the decision problem at h in round k of the backward dominance proce-
dure. Then, for every player i, strategy si ∈ Ski (h), and history h′ ∈ H(si) with h′ < h, there is a belief
bi ∈ ∆(Sk−1−i (h′)) such that si is optimal in Si(h′) for bi.

The proof can be found in Perea (2014), proof of Lemma 9.4.

Proof of Theorem 8.1. For every history h ∈ H and k ∈ N0, let (Ski (h))i∈I be the decision problem at h
in round k of the backward dominance procedure, and Gk(h) = (Aki (h), uk+i [h], uk−i [h])i∈I the double-utility
game at h in round k of the double-utility procedure. We start by showing the following result.

Claim. For every player i, history h ∈ H, number k ∈ N0 and strategy si ∈ Ski (h), we have that si(h) ∈ Aki (h).

Proof of claim. We show the result by induction on k. For k = 0 the statement is trivially true as A0i (h) =
Ai(h).

Take now some k ∈ N and suppose that the statement is true for k − 1. Consider, for a given player
i and history h ∈ H, a strategy s∗i ∈ Ski (h). Then, s∗i ∈ Sk−1i (h) and, by Lemma 10.2, there is a belief
bi ∈ ∆(Sk−1−i (h)) such that si is optimal in Si(h) for bi. That is,∑

s−i∈Sk−1−i (h)

bi(s−i) · ui(z(s∗i , s−i)) ≥
∑

s−i∈Sk−1−i (h)

bi(s−i) · ui(z(si, s−i)) for all si ∈ Si(h). (10.30)

Let a∗i := s∗i (h). As s∗i ∈ Sk−1i (h) we know, by the induction assumption, that a∗i ∈ Ak−1i (h). For every
j 6= i and aj ∈ Aj(h), define the set of strategies Sj(h, aj) := {sj ∈ Sj(h) | sj(h) = aj}. Define the belief
βi ∈ ∆(A−i(h)) by

βi((aj)j 6=i) := bi(×j 6=iSj(h, aj)) (10.31)

for all (aj)j 6=i ∈ A−i(h). We will show that (a) βi ∈ ∆(Ak−1−i (h)), and that (b) a∗i is optimal in the double-
utility game Gk−1(h) for the belief βi.

(a) To see that βi ∈ ∆(Ak−1−i (h)), suppose that βi((aj)j 6=i) > 0 for some (aj)j 6=i ∈ A−i(h). By (10.31)
there must be some (sj)j 6=i ∈ ×j 6=iSj(h, aj) with bi((sj)j 6=i) > 0. As bi ∈ ∆(Sk−1−i (h)) we must have that
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sj ∈ Sk−1j (h) for all j 6= i. By the induction assumption we thus have that aj = sj(h) ∈ Ak−1j (h) for all

j 6= i. As such, βi ∈ ∆(Ak−1−i (h)).

(b) We next show that a∗i is optimal in the double-utility game G
k−1(h) for the belief βi. Let S

k−1
i (� h)

be the set of strategies si ∈ Si(h) such that si ∈ Sk−1i (h′) for all h′ ∈ H(si) with h′ � h. Note that
Sk−1i (� h) is non-empty. Indeed, take a strategy si ∈ Sk−1i (h). Then, by definition of the sets Sk−1i (h′′), for
every h′ ∈ H(si) with h′ � h we have that si ∈ Sk−1i (h′) also, and hence si ∈ Sk−1i (� h).

Consider some s−i = (sj)j 6=i with bi(s−i) > 0, let aj := sj(h) for all j 6= i, and set a−i := (aj)j 6=i. Also,
take some si ∈ Sk−1i (� h) and some history h′ ∈ H with z(si, s−i) < h′ < (h, (si(h), a−i)). We will show
that (i) si(h′) ∈ Ak−1i (h′) and (ii) sj(h′) ∈ Ak−1j (h′) for all j 6= i.

(i) Since z(si, s−i) < h′ we conclude that h′ ∈ H(si). As h′ � h and si ∈ Sk−1i (� h), it follows that
si ∈ Sk−1i (h′). By the induction assumption we conclude that si(h′) ∈ Ak−1i (h′).

(ii) Take some j 6= i. As z(si, s−i) < h′ we conclude that h′ ∈ H(sj). Since bi(s−i) > 0 and bi ∈
∆(Sk−1−i (h)) it follows that sj ∈ Sk−1j (h). As h′ ∈ H(sj) and h′ � h, it follows by the definitions of Sk−1j (h)

and Sk−1j (h′) that sj ∈ Sk−1j (h′) also. By the induction assumption we conclude that sj(h′) ∈ Ak−1j (h′).
Since (i) and (ii) hold for every history h′ with z(si, s−i) < h′ < (h, (ai, a−i)), it follows that

uk−1−i [h](ai, a−i) ≤ ui(z(si, s−i)) ≤ uk−1+i [h](ai, a−i). (10.32)

Recall that a∗i = s∗i (h) with s∗i ∈ Sk−1i (h). Since Sk−1i (h) ⊆ Sk−1i (� h) it follows that s∗i ∈ Sk−1i (� h).
As (10.32) applies to every si ∈ Sk−1i (� h) and every s−i ∈ Sk−1−i (h) with bi(s−i) > 0, and βi ∈ ∆(Ak−1−i (h)),
we conclude on the basis of (10.31) that∑

s−i∈Sk−1−i (h)

bi(s−i) · ui(z(s∗i , s−i)) ≤
∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1+i [h](a∗i , a−i) (10.33)

and ∑
s−i∈Sk−1−i (h)

bi(s−i) · ui(z(si, s−i)) ≥
∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1−i [h](ai, a−i) (10.34)

for every si ∈ Sk−1i (� h) with si(h) = ai.
Note that for every ai ∈ Ak−1i (h) there is some si ∈ Sk−1i (� h) with si(h) = ai. To see this, let

Hfirst(h) := {h′ ∈ H | h′ � h and @h′′ ∈ H s.t. h′ � h′′ � h}

be the first non-terminal histories that follow h. For every h′ ∈ Hfirst(h) take some ŝi[h′] ∈ Sk−1i (h′), and
let si ∈ Si(h) be a strategy such that si(h) = ai, and si(h′′) = ŝi[h

′](h′′) for all h′ ∈ Hfirst(h) and all
h′′ < h′. As, by definition, Sk−1i (h′)∩Si(h′′) ⊆ Sk−1i (h′′) for all h′ ∈ Hfirst(h) and all h′′ < h′ it follows that
si ∈ Sk−1i (h′′) for all h′ ∈ Hfirst(h) and all h′′ < h′. Hence, si(h) = ai and si ∈ Sk−1i (� h). Therefore, it is
indeed the case that for every ai ∈ Ak−1i (h) there is some si ∈ Sk−1i (� h) with si(h) = ai.
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Based on this insight, it follows from (10.30), (10.33) and (10.34) that∑
a−i∈Ak−1−i (h)

βi(a−i) · uk−1+i [h](a∗i , a−i) ≥
∑

a−i∈Ak−1−i (h)

βi(a−i) · uk−1−i [h](ai, a−i)

for all ai ∈ Ak−1i (h). That is, a∗i ∈ Ak−1i (h) is optimal for the belief βi ∈ ∆(Ak−1−i (h)) in the double-utility
game Gk−1(h). This completes the proof of (b).

By Lemma 4.1 we conclude that a∗i ∈ Ak−1i (h) is not strictly dominated in the double-utility game
Gk−1(h). Hence, a∗i ∈ Aki (h). Thus, we have shown that s∗i (h) = a∗i ∈ Aki (h) for every history h, every player
i, and every strategy s∗i ∈ Ski (h). By induction on k, the proof of the claim is complete. ♦

To prove the theorem, choose a player i and a strategy si that survives the backward dominance proce-
dure. Then, si ∈ Ski (h) for all h ∈ H(si) and all k ∈ N. By the claim, we then conclude for every history
h ∈ H(si) that si(h) ∈ Aki (h) for all k. That is, for every history h ∈ H(si), the action si(h) survives the
double-utility procedure. This completes the proof. �
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