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Abstract

This paper examines games with strategic complements or substitutes and incomplete in-
formation, where players are uncertain about the opponents’ parameters. We assume that the
players’ beliefs about the opponent’s parameters are selected from some given set of beliefs.
One extreme is the case where these sets only contain a single belief, representing a scenario
where the players’ actual beliefs about the parameters are commonly known among the players.
Another extreme is the situation where these sets contain all possible beliefs, representing a sce-
nario where the players have no information about the opponents’ beliefs about parameters. But
we also allow for intermediate cases, where these sets contain some, but not all, possible beliefs
about the parameters. We introduce an assumption of weakly increasing differences that takes
both the choice belief and parameter belief of a player into account. Under this assumption, we
demonstrate that greater choice-parameter beliefs leads to greater optimal choices. Moreover,
we show that the greatest and least point rationalizable choice of a player is increasing in their
parameter, and these can be determined through an iterative procedure. In each round of the
iterative procedure, the lowest surviving choice is optimal for the lowest choice-parameter belief,
while the greatest surviving choice is optimal for the highest choice-parameter belief.
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1 Introduction

We focus on games with strategic complements or substitutes, a concept introduced by Bulow,
Geanakoplos, and Klemperer| (1985)). In games with strategic complements, a player’s utility
increases when an opponent increases their choice, while in games with strategic substitutes, it is
the opposite. Many real-world games exhibit strategic complementarities and substitutes, such as
oligopolies, games with network externalities, and bank runs. Extensive research has been done on
these games under complete information, see for example [Milgrom and Roberts| (1990), |Vives
(1990), and [Topkis| (1979) showing the existence of largest and smallest equilibria in pure choices

that bound the set of rationalizable choices.

Similar results have been obtained in the literature on games with incomplete information. [Vives
(1990) showed that his results for the complete information case could be extended to the case for
incomplete information. |Athey| (2001)) studied games with a single crossing condition, where a
player’s optimal choice increases when each opponent uses an increasing strategy, i.e., choosing a
greater choice when they have a higher parameter value compared to a lower parameter value.
This result has been further extended and generalized by McAdams| (2003)) and Reny| (2011)).
Van Zandt and Vives| (2007)) considered games where a player’s belief about their opponents’
parameters changes with their own parameter, specifically, if a player’s parameter increases, they
believe that greater parameter values of their opponents are more likely. This condition is weaker

than the affiliation condition used in [Athey| (2002).

The existing literature often assumes that the distribution of the players’ parameter values is
commonly known by the players, which represents an extreme case of full information about the
distribution of parameter values. On the other hand, another extreme case is when players believe
they have no knowledge about the probability distribution of opponents’ parameter values. In that
case, a player could form any belief about the distribution of the parameter values of his
opponents. In this paper, we consider a more nuanced approach where players form beliefs from a
given set of parameter beliefs, which can range from these extreme cases to intermediate cases.

Furthermore, similar to the related literature, we assume that players also form choice beliefs,
which specify the choices they believe their opponents will make for each possible parameter value.
By combining choice beliefs with parameter beliefs, players can compute the probability of each
choice combination of their opponents being played. We then introduce a notion of stochastic
dominance, where a choice-parameter belief pair stochastically dominates another pair if the

probability of greater choices is higher under the former.

The solution concept we use is point rationalizability, introduced by [Bernheim| (1984)), which has
been generalized for games with incomplete information. For example, the solution concept of
interim rationalizability has been proposed by |[Ely and Peski| (2004) and [Dekel, Fudenberg, and
Morris| (2007). While interim rationalizability fixes the belief hierarchies on utilities, we do not,
making our solution concept more akin to A-rationalizability proposed by Battigalli (2003]) and
Battigalli and Siniscalchi| (2003]). Unlike A-rationalizability, we impose no constraints on the
first-order choice beliefs of players. Our approach is also similar to that of Bach and Perea (2021),
but with the distinction that the sets of choices and parameters in our setting are not finite.
Moreover, we restrict to point beliefs, assigning probability 1 to a single choice for every parameter
value of the opponent.



By focusing on point beliefs, we simplify the comparison with pure Nash equilibria and streamline
the analysis. Rationalizability relaxes the assumption of correct beliefs, which requires each player
to believe that his opponents are correct about his own beliefs and that his opponents share his
own beliefs about other players. When each player can have only one parameter belief, he
automatically believes that his opponents are correct about his parameter belief. However, when
players can have multiple parameter beliefs, it becomes possible for a player to believe that his
opponents are incorrect about his parameter belief, which relaxes the correct beliefs assumption for

both choice and parameter beliefs.

In this paper, we provide a characterization of the set of point rationalizable choices for games
with strategic complements or substitutes. We make the assumption that the expected utility
function of each player exhibits weakly increasing differences. This means that an increase in the
parameter value or the probability of high choices will result in an increase in the expected utility
difference between two choices of a player. Specifically, we show that in our iterative procedure to
characterize the point rationalizable choices, a player’s highest and lowest combination of choice
and parameter belief determines the highest and lowest choices that the player can rationally
make. Furthermore, we demonstrate that as a player’s parameter increases, both their lowest and
greatest point rationalizable choice also increase. Moreover, we aim to shed light on how players’
decision-making processes changes when they are able to compare different choice and parameter
belief pairs. We demonstrate that in games with strategic complements (substitutes), where the
utility function of a player has a third-order partial derivative of zero with respect to his choice
and any two choices of his opponents, an increase in the choice-parameter belief pair with respect

to stochastic dominance leads to an increase (decrease) in the optimal choice of the player.

The outline of the paper is as follows: Section 2 provides the necessary definitions and introduces
point rationalizability under incomplete information. Section 3 shows the main assumptions and
results. In Section 4, we provide two examples to illustrate our findings. The first example is a
Bertrand model with differentiated goods, where players face complete uncertainty about costs of
their opponent. The second example is a Cournot model where players face uncertainty about the
price elasticity of demand. Section 5 provides some concluding remarks. All proofs and lemmas
used in the proofs are collected in the appendix.

2 Point Rationalizability in Games with Incomplete
information

2.1 Game with Incomplete Information

We start by defining a game with incomplete information.

Definition 1. A game with incomplete information (C;,u;, ©;)ien s specified by the following:
1. A set of players N = {1,...,n}.

2. A set of choices C; for each player i € N.

3. A set ©; of possible parameter values for each player i € N.

4. A utility function u; : ©; x C; x C_; =+ R for each player i € N, where C_; = x C;

J#i
We assume that ©; = [0,,0;] for every player i and that ¢; € C; = [¢;, &) Vi € N. Finally, let
@_1‘ = >;®J
JF1



Each player ¢ knows exactly what his own parameter value is, but is uncertain about the parameter
values of his opponents, which makes him uncertain about his opponents’ utility functions as well.
Hence, a player forms a probabilistic parameter belief about the parameter values of the opponents.
This is denoted by f; = (fi;) i, where f;; is a probability density function on ©;. The set of all
possible parameter beliefs of a player i is denoted by M;. A choice belief §; specifies a choice for
each opponent j, for each possible parameter combination 6; € ©;. Hence, a choice belief is a point
belief. We denote this as 8; = (8i;(0;)e,co,);zi, Where B;;(0;) € C; for every j # i and 6; € ©);.

A player i can combine these two beliefs to compute the probability of a choice combination of the
opponents being played.

Definition 2. Consider player i with a parameter belief f; and a choice belief 5;. The composite
belief (B; o f;) which combines these two beliefs is given by

(Bi o fi)(e—i) = [[(Bij o fis)(e))
i
where

(Bij o fij)(cj) = / fi5(05) do;.

0;:Bi;(0;)=c;

A composite belief is useful because even though a player forms a choice belief and a parameter
belief, he is ultimately interested in the probability of each choice combination of his opponents. A
player can use this composite belief to calculate his expected utility.

Definition 3. Consider player i with a parameter belief f; and a choice belief 3;. We can denote
the expected utility of player i as

Ui(aiaci,ﬁiafi):/ . (Bio fi)(c—i) - ui(Oi, ci,c—) de—;
c_;eC_;

Equivalently, the expected utility function of player i can also be directly computed given his choice
belief and parameter belief.

Ui(ei,cnﬁz‘,fi):/e e Hfij(ej)'Ui(eiaci:(ﬁij(ej))jyéi)de—i-
—i jii"j i

We will now define that a choice is optimal for a player if this choice maximizes his expected utility.
Definition 4. Consider player i € N. The choice ¢; is optimal for (0;, Bs, fi) if
Ui(0i,ciy Bi, [i) = Us(05,¢;, Bi, i) V¥ ¢ € C;
If ¢, € A, C C; and the above inequality holds for every ¢, € A;, then ¢; is optimal in A; for
(03, Bis fi)-
2.2 Point Rationalizability

We can now start to define point rationalizability (Bernheiml |1984)), adapted for games with
incomplete information. In each round of the iterative procedure, only the choices that are optimal
for a (surviving) choice belief and a parameter belief survive the round.



Definition 5. Let P(6;) = C; V0; € ©; and Vi € N Let k > 1 and suppose that Pikfl(ﬂi) has been
defined for all players i € N and all §; € ©;. Then for all players i € N and all 0; € 6,

PF(0;) = {ci € PF70,)|ci is optimal in PF™1(6;) for the parameter 0; and a choice belief f3;

and parameter belief f; € M; where B;;(6;) € Pf_l(ﬁj) YV 0;€0; and j #i}.

The set of point rationalizable choices of an player ¢ with parameter 6; can then be denoted as
Pi(0;) = () PF(6:).

k>1

2.3 Comparing Parameters and Beliefs

The next definition provides a way to compare choice combinations of opponents of an agent.

Definition 6. We define ¢’_, > c_; if

g > Vj#i

For the next definition, a choice belief is considered larger than another choice belief if, for the
former, a player believes that the opponents will choose a greater choice for each possible
parameter.

Definition 7. We define 8, > B; if
Bi;(0;) > Bij(0;) V0; € ©; and ¥ j # i
The next definition provides a notion of comparing parameter beliefs. A parameter belief f!
first-order stochastically dominates another parameter belief f; if the probability of high parameter
values is greater under f/ (Hadar & Russell, [1969).
Definition 8. We define f/. > fi; if

ij =
éj éJ
/9/ fi;(05) do; > /9 fi5(0;) do; V0, € ©;

and fj > fi if fi; = fi; Vj #i.

Similarly, the next definition combines the choice belief and parameter belief. We say that (5. o f/)
stochastically dominates (3; o f;) if the probability of high choices is greater under the former belief.
Definition 9. We define (8}, o f;) > (Bij o fij) if

Cj

//J(ﬂz{j o i/j)(cj)dcj > // (Bij o fij)(cj) de; VC; € Cj

and (B o fi) = (Bio fi) if (B o fi;) = (Bij o fij) Vi #i.

Definition 8 and 9 correspond to first-order stochastic dominance. The next definition combines
our previous definitions of a composite belief and parameter value.

Definition 10. We define (0}, 8L, f1) > (04, Bi, fi) if 0; > 0; and (B} o f]) > (Bio fi).

79
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Figure 1: Parameter beliefs of player 1

Consider the following simple example with 2 players, ©; = ©3 = [0, 1]. Consider the following
parameter beliefs of player 1

2 if0<6, <03
fla(f2) = ¢ 1 if03<6, <07
Tif07<6, <1
3 if0<6, <03
f12(62) = ¢ T if0.3<6, <07
2 if07<6, <1

Figure 1 plots the corresponding cumulative distribution function for both parameter beliefs, which
shows that neither parameter belief stochastically dominates one another. The bold line
corresponds to fi,, and the other line to fi2. Next consider the following choice beliefs depicted in
Figure 2, where again the bold lines correspond to 315(f2) and the other lines to 812(62).

05 if0<6 <0.3
Bia(f2) = 0.3 if0.3<60; <07
0.8 if0.7<0, <1



1 —

0.9
B12(62)

0.8
0.7
0.6
0.5
0.4 -

0.3

0.2 +

0.1

0 T T
0.1 0.

I
2 03 04 O

I A S
5 06 0.7 08 09
62

Figure 2: Choice beliefs of player 1

0.8 if0<6y <0.3
B12(62) = 0.2 if0.3<0, <0.7
05 if0.7<6y <1

Neither choice belief is larger than the other for any 5, nor are these choice beliefs always
increasing or decreasing in the value of the parameter. However, we will now show that

(B12 0 fi2) = (P12

1
[ (Bl fia)(ex) dea =

2

0.1
0.3
1

/ (Br2 0 fi2)(c2) deg =

/
2

Hence, the probability of high choices is greater for the

(e} f12)3

if ¢5 > 0.8
if 0.5 < ¢, <0.8
if0.3 < ¢, <05
if ¢4, <0.3

if ¢4 > 0.8
it 0.5 < ¢y < 0.8
if0.2 <, <05
if ¢ < 0.2

former choice-parameter belief combination.
Note that if f/ > f; and B} > B;, it is not necessarily true that (8} o f/) > (8; o fi). For example, if



both S/ and 3; are decreasing, and the probability of low parameter values is much greater for f;,
then it is not necessarily true that (3] o f/) > (B; o fi). Lastly, if we consider the same parameter
belief f; and 3} > B;. Then (B! o f;) > (5; o f:), but the opposite is not necessarily true.

3 Monotonicity Results under Point Rationalizability

We are interested in comparing two distinct parameter beliefs and choice beliefs, determining
which one yields a greater optimal choice for the player. To this end, we assume that the expected
utility function exhibits increasing or decreasing differences in parameters and the composite belief.

Assumption 1. Fach player i’s expected utility function has weakly increasing differences. That is,
for any (05, BL, f1) > (0;, Bi, fi) and ¢; > ¢; it holds that
U2(97{7 C;, 57{7 fz/) - Uz(eia Ci, ﬁ:a fz/) 2 Ul(ela C;, ﬁza fz) - Ul(eh Ci, ﬁh fl)

Similarly, player i’s expected utility function would have weakly decreasing differences if the
inequality in Assumption [I| would be reversed.

We next assume that there exists a unique optimal choice.

Assumption 2. For every choice belief B;, parameter belief f; and parameter 8;, there is a unique
¢i € C; that is optimal for (0;, B, fi).

For the next assumption, we assume a form of continuity in the game.

Assumption 3. Consider ¢; < c; and let ¢; be optimal for playeri for (0;, B;, fi) and let ¢, be optimal
for (6,5, f]). Now consider some choice ¢ such that ¢; < ¢ < ¢;. Then there exists some choice
belief 8" and parameter belief f such that ¢} is optimal for (0;, By, fI'), where 8/ = (1—X)-B;+ X 5.
and f'=(1—=X)- fi+ X f], for some A € [0,1] .

Lastly, we assume that for each player, there exists a parameter belief that first-order
stochastically dominates all other parameter beliefs and that there exists a parameter belief that is
first-order stochastically dominated by all other parameter beliefs.

Assumption 4. For each player i there exists o fl, fI' € M; with f! > fi and fI' < f; for all
fi € M;.

Checking whether Assumption 1 holds might be a difficult task in practice. The following lemma
shows that under certain conditions on the utility function of the players, Assumption 1 is implied.

Lemma 1. Let 2% >0 Oy >0Vj#iand #gﬁacl =0Vj,l#iandj#1. Then playeri’s

0c;00; ? Oc;Ocy
expected utility function has weakly increasing differences. Similarly, if 8(220”5- <0, d‘zzgz <O0Vj#i
1OU4 10Cj
and —2%_ = Vj,l # i, then player i’s expected utility function has weakly decreasing differences.

Bciacj 8cl

Lemma [2] shows that if assumption 1 and 2 hold, then greater choices are optimal for greater
composite beliefs and parameter values.

Lemma 2. Let Assumption 1 and 2 hold. Consider player i and (0;,5;, fi) < (0}, 8L, f). If ¢; is
optimal for (0;, Bs, 1) and ¢, is optimal for (0., i, f!) , then ¢; < ci.



Theorem 1 shows that for each player, the set of point rationalizable choices is an interval and that
the greatest and least choice than can be chosen after round k of the iterative procedure can be
found by investigating the greatest and lowest composite belief. Furthermore, these lowest and

greatest choices are both weakly increasing in the value of the parameter.

Theorem 1. Let Assumptions 1,2,3 and 4 hold and consider playeri. Then PF(6;) = [I1¥(6;),u¥(8,)],
where 1¥(0;) and u¥(0;) denote the smallest and greatest choice that player i with parameter 6; can
choose after round k of the iterative procedure. If 0; < 0, then 1¥(6;) < 1¥(0)) and uF(0;) < u¥(0))
for every k € N. Moreover,

1¥(60;) = {c; € PF7X(6;)| ¢i is optimal in PF~1(6;) for the choice belief B such that

B;(0;) = min Pj{“_l(ﬁj) V0; € ©; and j # i and a parameter belief f!' such that f]' < f; Vfi € M}.

Similarly, we have that

uf(0;) = {c; € PF71(8:)| ¢; is optimal in PF~(8;) for the choice belief 8] such that

Bi;(6;) = max PF(0,) V6; € ©; and j # i and a parameter belief f{ such that f{ > fi Vf; € M}

Furthermore, we have that P;(0;) = [1;(6;),u;(0;)], where 1;(6;) < 1;(0) and u;(0;) < u;(0}) whenever

Theorem 1 shows that if a player would gain new information that changes the set of parameter
beliefs, then the set of point rationalizable choices does not change as long as the highest and the
lowest parameter belief of this player remains the same.

4 Applications

4.1 Bertrand Model with Differentiated Goods

Consider a Bertrand model with two firms and differentiated goods with the following profit
functions.

m1(601,p1,02) = (p1 — 61)(a — p1 + p2) and

m2(02,p2,p1) = (P2 — 02)(a — p2 + p1),

where p1, p2 are the prices that the firms choose, and 61, 65 are the marginal costs of the firm.
Analyzing the profit functions, we observe that a firm’s received demand is positively correlated
with the opponents’ price and negatively correlated with its own price. When a firm increases its
price, it experiences a gradual decline in demand rather than an immediate drop. Moreover, firms
have knowledge of their own marginal costs but face uncertainty regarding their opponents’
marginal costs. However, they do have certainty that the opponents’ costs fall within a specified
range or domain. Let ©1 = 04 = [0, ¢]. Let M; = {ff|a € [0, %]}, where

i o if 6; € [0, 2]
fij(ej)_{i_a if 0, € (2, 9]



Let each firm have a choice set of C; = Cy = [0, p]. We have that 3221)7{;}91 =1>0, and

ngg;lnz =1 > 0, and similarly for firm 2. The third order condition for Lemma is automatically
satisfied as this condition is only necessary to check for three or more players. Hence, by Lemma

the expected utility function of each firm has weakly increasing differences and Assumption 1 holds.

Consider firm 1 with valuation 6y, choice belief 81 and parameter belief f*. The expected utility
function of firm 1 can be denoted as

wle

9 [
Ur(01,p1, B, fT) :a./ (101—91)(a—271Jr512(92))d92+(8—04)'/9 (p1—61)(a—p1+Pi2(02)) db2

0 2

£ ®
=1 —0)(a—p1+a- /0 B12(02) dba + (% - Oé)/g Br2(02) dbz)

Hence, we can rewrite the expected utility function of firm 1 to

U1(917p17615f1a) = (pl - 91)(& — D1 +E(p2 |61’f104))

¢
where E(ps 51, f{*) = a - [;Z B12(02) db2 + (% —a) fg B12(62) dfs. Hence, for any (61, 81, f{¥), the

unique optimal choice of firm 1 is given by p; = % + 3 -E(p2 |81, ). As a result, Assumption 2
holds.

To show that Assumption 3 holds, let p; be optimal for (61, 81, f1) and let p} > p; be optimal for
(01,51, f1). Now consider some p; < p{ < p}. Consider the function
g(A) = I E(po A1+ (1= N) - BL A fi+ (1= X) - f]). Because g is continuous, by the
intermediate value theorem, as ¢(0) = p} and g(1) = p;, there exists some A € (0,1) such that
g(A\) = pY. Hence, p/ is optimal for (61, A 51 + (L= X)- B, - fi+ (1 =X f]).

2
Finally, Assumption 4 holds as well as f? > f& Va € [0, %] and f” < f& Va €0, %]

Theorem 1 then implies that we can find the lower and upper bound after round 1 of the iterative
procedure by investigating the lowest possible price that firm 2 can choose together with the lowest
&

possible parameter belief f;* and the highest possible price that firm 2 can choose together with
the highest possible parameter belief fY. We will show that for every k > 1, the set of choices of a
firm with parameter 6; that survive round k of the procedure can be denoted as

1

1 1 1 1
K _
P (0;) =1 - 27)a+(§* 2k+2)¢+ §9i7(1*27)a+(§* W)¢+2—kp+

3 3 1 191}
2

Consider round 1 of the iterative procedure. Consider any parameter belief and the highest choice
belief 37*, where 375(62) = p V02 € ©3. Then E(ps |51, ff¥) = p and the optimal price of firm 1 is
then p; = 20 + 1. E(p, 8%, ff) = 220

Similarly, when we consider consider the lowest possible choice belief 57, where

10



Bi5(02) = 0 V2 € Oy, then this leads to an optimal price of %.
Hence, we have that P[(6;) = [—“'291 , 7(1“3;01] and similarly Ps(63) = [—”;92 , 7‘1“7;“92].

Now consider round k& > 2 of the iterative procedure and assume that

_ 1 1 1 1 1 3 3 1 _ 1
PEY0;) =[(1- F)G‘F(g - W)QH_ 5917(1 - F)G‘F (é - W)QH‘ 1Pt 591]

and similarly for firm 2.

Consider firm 1. The highest parameter belief of firm 1 is f? and the highest choice belief is 8;*,
where 73 (62) = (1 — s=7)a + (3 — 527)¢ + 5==D + 362 V02 € O;. Then
E(p2 |87, fY) = (1 — zi=7)a+ (2 — 557)¢ + 35=rp + 3¢. The optimal choice of firm 1 is then given
by pr = 450 + LE(pe |87 f) = G2 + (3 — gr)a+ (5 — 55=)0+ b + 150 =
(1- %)a + (% — Qk%m + 2%]5—1— %91. The proof of the lower bound is very similar, which completes
the proof.

Finally, we are able to investigate the set of point rationalizable choices. We have that

1 1 3 1
P.(0:) = - -h. e -f.
(60:) = la+ 50+ S0 a+ S6+ 36

Both the upper bound and lower bound of the set of point rationalizable choices of a firm is
increasing in a, ¢ and ;. An increase in 6; results in a higher price for firm ¢ as it needs to
compensate for the rise in costs. Furthermore, this is true because of Theorem 1. Similarly, an
increase in ¢ leads to a higher price because it implies that firm ¢ anticipates firm j choosing a
higher price, allowing firm ¢ to raise its own price accordingly.

4.2 Cournot Model with Demand Uncertainty

Consider a Cournot model with two firms with the following profit functions. Instead of choosing a
price, in this model the firms choose a quantity they will sell. The profit functions of firm 1 and 2
are given by:

m1(01,q1,q2) = (a — 01(q1 + q2) — )¢

m2(02,q2,q1) = (a — O2(q1 + q2) — €)@z

In this model, the firms know both have the same constant marginal costs given by ¢, but they are
uncertain how the demand will change when total quantity changes. The parameters ; and 6
represent a belief of firms 1 and 2 about the price elasticity of demand. Let ©; = ©3 = [¢, ¢]. Let

M; = {f{|a € [0, ﬁ]}, where
coy - | it 0, € [¢, 2]
ij\Yj) = . d+o
ij\Yj (E%?—a if 0; € (—=, 9]

11



Let each firm have a choice set of C; = Cy = [0, g]. Contrary to the Bertrand example, we now

have that 0 gé = —-2q1 —q2 <0, and a g(lh) = —0; <0, and similarly for firm 2. Similarly to the
Bertrand example the third order condltlon for Lemma [I] is automatically satisfied. Hence, by
Lemma [I] the expected utility function of each firm has weakly decreasing differences and

Assumption 1 holds.

The expected utility of firm 1 with parameter 0, parameter belief f{* and choice belief 5; can then
be denoted as

S+¢
Ur(01,q1, 61, ff) = - / (a—01-q1—01-B12(02) — c) dbo
¢

2 ’ 0 ) 0 o
+(M_a>'ql~/¢;¢(a— 1 @1 — 01 Pra(02) — ) do;

Hence, we can rewrite the expected utility function of firm 1 to

Ui(01,q1, 81, fi') = q1 - (a — 01 - 1 — 01 - E(q2 |81, f1') — ¢)

+

b+
where E(QQ |ﬂl, fl =« f¢ 512(02) dog -+ ( f d> 512(02) d92 Hence for any (91, ﬂl, fl )

—a)
there exists a unique optimal quantity ¢; = 2510 — % ( |81, f* and Assumption 2 holds.

\ 6\

To show that Asssumptign 3 holds, let ¢; be optimal for (61, 31, f*) and let ¢} > ¢1 be optimal for
(91, B1, f1). Now consider some ¢; < ¢} < ¢j. Consider the function
g(\) = 55° — S Ep2 N Bi+ X=X -BLAfr+(1=N)- o). As g is continuous, by the
intermediate value theorem, as g(0) = ¢} and g(1) = ¢, there exists a A € (0,1) such that
g(\) = ¢ Hence, ¢ is optimal for (61, X+ By + (1 —A) - B, A+ fi + (1= X) - ff¥)

2

| e

Finally, Assumption 4 holds as well as f? > f& Va € [0, d—)fQCb] and fCL < ff VYa € [0, - ¢].
We will show that if k is even, then
1 1 ) 1 29 1o
PR =2 — Z(a— o)——(21 =)(1—(5)2) — In(= 1— ()2t
00 = 55— gle =7 Ol 500~ ()~ - (i),
a—c 1 1 26 1. x ¢+ ¢ Lok q
~ (@ —¢)——(2In(= 1— ()5 1 =1 - (5)F A
5 gm0 () R - )+ )
Similarly if £ is odd
a—c 1 1 ) 20 k=1

12



1 1 20 o+¢ 1ok
= 5( *C)é_g(ﬂn((ﬂ?) In(——= 2% NA=(3)=)]

264 3
Consider round 1 of the iterative procedure. Similarly to the Bertrand example, consider any

a—c

parameter belief and the lowest possible choice belief g7, where 512(02) =0 V0, € Os. ThlS leads
o — 4. 1. Hence, we have

291

to a correspondlng optimal quantity of ¢; =
*, where 875(02) = g V82 € ©9 leads to an optlmal quantity of ¢; =
a—c q a—c¢
PH61) = [——
1 (61) = 20, ]

Now consider round 2 of the iterative procedure. We consider the lowest choice belief 57, where

27 20,
— 4 V0, € ©,. Note that the greater the value of 5, the lower 5{,(62) is, which is

Bial02) = 55
2) - (a=c)-

then ¢; =
7 (5

why the highest parameter belief f{ is consrdered The corresponding optimal quantity of firm 1 is
E(go |ﬁl,f1) where
g. Hence

(QQ |517f1 f fd» 2526 - g)d92
¢ = %55 — ﬁ ln(%) (5°) + 1. Similarly, conslderlng the lowest possible parameter belief
f 2 and highest choice belief 57*, where £75(02) = Vs € O3 leads to an optimal quantity of
@ = %55 - —1 ((Hd)) (%5¢). Hence, we have
- 1 b+¢. a—c a—c 1 2¢ a—c, q
P2o) =4 —€ _ _ In £y , — = In(= : + -
00 = g~ ) (0 g G (5
Let k > 2 and let the statement be true for the first £ — 1 rounds, where k — 1 is odd. Then
o1 a—c 1 1 o+ ¢ 2¢ Lok 4 q
= —_ = —_ — _1 — 1 — (—)2 —
Py™(69) [202 3((1 c)¢7?(21n( 2% ) n(¢+?))( (4) ) 2T
a—c 1 1 2¢ ¢+¢ 1. x4
—=(a—c¢)= 21In(= -1 —)?2
50— BT (- () )
Consider round k and firm 1. Consider the highest parameter belief fY and the lowest choice belief
s’k Kok a—c ¢+¢ £ q
where B3 (62) = %5 — 3o — )7 (@In(52) — (22 (1~ (1)EY) - s VB, € 0y,
Sk b b+ " k_ i
Then E(5°, 9) = 75 - n(25) - (a— ¢) — ba— ) 725 @In(52) ~ m(Z5)(1 — ()51) - i
Hence, the optlmal quantlty is
a—c 1 1 20 b 26 Le G
0= ay ML) e glam oz @S SR A D+ g
a—c 1 1 2(Z_> 1. & é‘f'(b 1.x_4 q
= ——(a—c)= 21 1—(-)2) -1 =)(1 - (= —
a5 @0 - (R~ 50 - )+ g




The proof for the lower bound is very similar. As a result we have that

Pf(6y) = [“2;10 _ ;(a - c)d-) i ¢(2ln(¢;;)¢)(1 - (i)%) - m(d_j‘_ZS )1 — (i)%—l)),
T 5 g (¢2+¢¢)(1 SR ‘1“(¢2+¢¢>(1 ~ (@ + A

Now let the statement be true for the first £ — 1 rounds, where k — 1 is even. Then

P = [~ e om0 - ()F) - <¢2f¢><1—<i>"21-1>>,
a—c 1 ¢ i o+ ¢ 1oko1_ q
S~ 5005 I 0 () - R - () + )

2

Let us now consider the lowest parameter belief ff)_f and the highest choice belief 5, where
k—1

Bialf) = %52 = Sa— 75 () (1 - (1)) ~ (521 - (1)'F 7)) + 7Lr V0 € 05,
Then E(5, f1(6)) =

g 5E) (4=0) ~ Ha =02 CI(E (1~ (1))~ (01~ (1)) . Hence
q = a2;10_;¢1¢.1n(¢2';¢)-(a—c)+é(a c) (2111((;52f¢)(1_(i)’“21)_ln(ﬁb;ﬁd’)(l_(i)k 1

=5 - jla- o) - m oy - () - 4

The proof for the lower bound is very similar. As a result we have that

& _a—c 1 1 o+ 26 1 Et q
PO = (5.5~ gla= 0= (5% (220 - () - 5
a—c 1 1 20 Ot 1
T R LU e B U )
The set of point rationalizable choices of agent 1 is thus
a-c 1 1 o+ ¢ 20 a—c 1 1 26 )
R0 = (g5 5o 5 (I3 5 =0, G glama o i) -

The upper and lower bound of the set of point rationalizable choices of each firm is increasing in a

and decreasing in #; and ¢, which is also true because of Theorem 1. An increase in 6; results in a

greater price elasticity of demand, which makes producing less more favorable. Note that in both

examples, if both players would have only one parameter belief, then the set of point rationalizable
choices of a player would consist of a single choice.

14
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5 Discussion and Conclusion

A limitation in this paper is the one dimensionality of the choice set and parameter set of the
players. In future work, the model could be extended to a multidimensional choice set and
parameter set. By limiting the analysis to a one-dimensional setting, we can keep the model and
analysis simple and easy to understand. Introducing additional dimensions to the choice set and
parameter set could significantly increase the complexity of the model and analysis, making it

harder to derive clear and intuitive results.

Finally, it is worth noting that the assumption of a third-order partial derivative of zero with
respect to his choice and any two choices of his opponents may rule out some interesting scenarios,
such as public good environments. Although this assumption is sufficient to ensure weakly
increasing differences for the expected utility function, it may be refined to a condition that is
necessary for weakly increasing differences. However, it is important to highlight that this
assumption is often satisfied in many industrial organization models, such as the Cournot and
Bertrand models. Nevertheless, further research could explore the relaxation or generalization of

this assumption to accommodate a wider range of strategic environments.

15



6 Appendix

We need the following Lemma to prove Lemma[I] It is a generalization of [Mas-Colell, Whinston,
and Green| (1995) from one-dimensional variables to multi-dimensional variables.

Lemma 3. Let X; = [z, 3] for every j € {1,..,n}. Letu = X1 x ..x X, — R where 2425st) >

0 forallj € {1,..,n} and %{th“) =0 forallj #ke{l,...,n}. Foreveryj € {l,...,n}, let f;,g;
be probability density functzons on X; and F;,G; be the cumulative distribution functions belonging
to fj,gj, where F} first-order stochastically dominates G;. Then

X1 Tn n
/ / u(xy, .. H (xj)dxy, ... dxe
Zy Z, j

T Tn
2/ / u(xy, .. ngxj dz,, ...dz,
g1 gn

Proof. We will prove by induction on n. Consider the base case with only one variable ;. We can
now apply the proof of proposition 6.1.B of (Mas-Colell et al. [1995). We will repeat their proof
here:

/ﬂ:l fi(zy) - u(zy) doy — /9:1 g1(@1) - u(wr) das —

/I1 u(z1) - (fi(z1) — g1(z1)) ds.

=1

Using integration by parts, this integral is equal to

) (o) = Grte)]” = [ 2L () - o)) =

z; z, 0z

w(@) - (1—1) —u(zy) - (0—0) — /wl 815(;11)

< (Fi(z1) — Gi(z1)) dzy > 0.

Note that the first and second term are zero. For the third term, we have %‘T;) > 0 and we have
Fi(x1) — Gi(x1) <0 for all x4, since F first order stochastically dominates G .

Now consider the case when there are n > 2 variables and assume that for n — 1 variables that

n—1 n—1
/ / 331, ceey n) . (H fj(.’L'j) — H gj(xj)) d:nn 1- dSL‘l > 0
—n 1 j:l j:l

for every xz,,. We should show that

/ / u(ml,...,xn)~(Hfj(xj H ) day, ...dxy >0
z z, j=1 j=1

Using integration by parts on the inner integral, this integral is equal to

16



/ v / T ulr e wa) - (Bl T1 5) - Gutr) ﬁgj(mj))]j" dp 1 ... day
x x j=1 j=1

=n

Fn  pE1 - oz n—1 n—1
—/z // %-(Fn(%)-Hfj(xj)—an(xn)-ng(xj))dxn_l...dxldxn

=n =1 Zn—1 Jj=1 j=1

As F(Z,) = G(Z,) =1 and F(z,) = G(z,,) = 0, this can be rewritten to

#1 Fr1 n—1
/ / w(z1, . H Fi(as) = T 95(s)) dvr .. da
z z,_ j=1

n—1

/ / / ne 6” 1‘1, ey L Z‘n H f] x] mn) . H g](x]))dxn—l . ~d$1d$n

j=1

Note that by the assumption for n — 1 Varlables, the first term is positive. Now we will show that

O Tl Qu(x, ..., Ty n-t n—1
[ [ ) ) TT S5 - Gt [T st s dede, <0

=n =1 Zn—1

Using integration by parts, this integral is equal to
n—2
8u (T1y .oy Tp
/ / / QU1 ) (p (0,) - Fua(ea) [] fi(o)
T, o

G(n) nlxnl ngx] }" dTp—o ...dz1dx,

Zp—1

/ / / /x" 2 0u(xy, ..y n)
01,02y 1

n—2
(Fo(n) - Foci(@n1) - [] £i(25) = Ga(n) - Groa(@n1) - [ 95(2))) dan—s ... dordapdz, 1 =
j=1 i=1

Tn T Tp—2 = n—2 n—2
/ / / 8u(m1,.5xxn,1,mn) (Fn(z) - H fi(xj) — Gp(zy) - ng(xj))dxn,g...dxldwn
x x 1y n 7:1 7:1

Z, Iy Zp—2

Tn—1 Tn T Tn—2 82'&(5017 ,xn) (e
_ e (Fu(2n) - Fuoy(@n-1) - [] £i(x)
. z, z z, ., n n— Jj=1

n—2
—Gn(fEn) . Gn,1($n,1) H 9gj (LCJ)) d.’ﬂn,Q e dxldxndxn,l
j=1
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2
We have %ﬁ = 0. Hence, the second term is zero.
n n-—

By applying integration by parts n — 2 more times in this fashion, the second term will vanish
Bzu(wl,...,xn,

in each iteration as D 05, ) = 0 for all j # n. Hence, after applying integration by parts n — 2

times, we are left with

/ " Ou(Zy, a, Tn—1,Tp) (Fo () — G () ditm < 0
z Tn

=n

as 2uzrenn) 5 0 and F, (2,) — Gp(zn) < 0 for all z,,.
Hence, we have shown that

n

/' 1/ (s ) - (H fitay) = T 9s(x5)) dan ... dzy >0

j=1

which completes the proof. O

Proof of Lemma 1

Proof. We prove the part on Weakly increasing differences. The part on weakly decreasing differences
is similar. As 8 —4- - >0 and a 5 > 0Vj # i, we have that

auz(e G, C z) > 5%(91',01'7671')
Oc; - Odc;

u;(0;, ci, c;) S Ou;i(0;, ciyc—i)
Oc; - oc;

Hence, we have that V¢, >¢;, 0, > 6; and ¢, > c_;

for every 0, > 0;,c; € C; and c_; € C_;

and for every ¢, > c_;,0; € ©; and ¢; € C;.

(0, C C ) (0 Ci, C )>u1(9130z7c ) i(eivciacl—i)

19~

and
ui(ehcgvclfi) (91707,7 ) > UZ<9“C7MC ) i(e’hciacfi))

which implies that

wi (0, ¢ e ;) —ui(0, ¢ ) > ui(0;, 5, ci) —ui (05, ¢i,04).

79~

Next, let (0;, 5}, f) > (0;, Bi, fi). Then, we have that

(Hiacuﬁfuf) 1(0;7627B;7f1/) =
[ e uie)de
c_,€C_;
f/ (B0 ) (ems) - us(Bls ey de_s =
c_;€C_;

| B o) o) = O i) e

18



Similarly, we have that

Ui(0s,¢;, Bi, fi) — Ui(03, ¢i, Bs, fi) =

| B R 0 i) — w(Oucien)) des.

Hence, we have weakly increasing differences if
[ oo e —uiBcie)de-s >
c_,eC_;

| B R tuBinche) — (O deny

Let Au; (0, c—;) = ui(0;, cie—i) —ui (05, ¢iyc—i) and Aw;(0;,c—;) = ui(0;, ¢, c—i) —ui (05, ¢;, c—;), which

are both increasing in ¢; Vj # ¢ and Auz(ﬂz, c—;) > Aui(0;,c_;) for all c_; € C_;.
Without loss of generality, consider player 1. To show increasing differences we must show that

/?u/“AmwhanIﬂmwmqm%”d@z/“m/“AmwhaoIkmwn@»WW“w2

i1 C> Cn J#1

As aca Y — () for all j # [ and j,1 # 1, we have that PAur(Bremy) _ 9w (Onep.e_)—wi (Brerne-n))

10¢;0¢; OcjOcy Oc;jOcy
o2 . OAuy(01,c_ O(u1(01,c),c—1)—u1(01,c1,c—
0. Similarly, as 5751 > 0 for all j # 1, we have that ulécf e=1) - Hwm(buo, 18)CJ 10neremi)) >

for all j # 1. Lastly, as (8] o F{) > (810 F}), Lemma 3] impliés that the above inequality is true. [

Proof of Lemma [2]

Proof. If ¢; = ¢}, then the statement holds. Next, let ¢; # ¢, The choice ¢; is optimal for (6;, 5;, fi)
and ¢} is optimal for (8%, 5, f!), which implies that

Ui(s, ci, Bi, fi) — Ui(0i, ¢, Bs, fi) >
and

Ui(0;, ci, B, f1) — Ui(0;, ¢, B, f1) < 0
By contradiction, assume that ¢, < ¢;. For U; to have weakly increasing differences, it must then be
true that

UZ(0;7CZaﬂ;7f{) - Uz(aiacgaﬂfzafz/) Z Ui(aiacia/@iafi) - Ui(giacgyﬁiafi)

However, our first two inequalities imply that

Ui(ggac’iaﬁ;’f{) (egacmﬁzafl) < Ui(eiaciv/giafi) - ( iy C 17627.]01)

which is a contradiction. Hence, it must be that ¢, > ¢;. O
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Proof of Theorem 1

Proof. We will start by proving that PF(6;) = [1¥(6;),u¥(0;)] for all i € N. We will prove by in-
duction. The statement is true for round k = 0 as P2(0;) = [¢;,¢] Vi € {1,...,N} and 6; € ©,.
Now assume that the statement holds for the first k — 1 rounds. If PF(6;) is a singleton then the
statement is true for round k. Hence, assume that PF(6;) is not a smgleton Consider ¢, ¢ € PF(0;)
with ¢/ < ¢;. Now consider some choice ¢ < ¢; < ¢.

The choice ¢; is optimal for some choice belief 3;" such that 57(0;) € Pk Lo;) = [lk L9,), uf L(9,)]
V8; € ©, and Vj € N\ {i} and parameter belief f/" € M. The choice c is optimal for some belief B.
such that §;;(6;) € Pf_l(ﬁj) = [lf_l(ej),u?_le)} V8, € ©; and Vj € N\ {i} and parameter belief
fi € M. Now consider a belief 8; such that 3;;(0;) = (1—\)-8/5(0;) + \- B{;(0;) ¥0; € ©; and Vj €
N\{i}, where A € [0,1]. Hence 8;;(6;) € [157'(6;),ut ™" (6,)] = P’f 1(0,) V0; € ©; and Vj € N\ {i}.
Assumption [3| implies that there exists some value of A € [0,1] for the choice belief 5; = (1 —
A) - B+ X B; and parameter belief f; = (1 — A) - f// + X - f/ such that ¢; is optimal for (8;, 5;, fi)
, which implies that ¢; € PF(6;). This implies that all choices in between (¥(6;) and u¥(¢;) are also
in PF(0;). As a result, we have that PF(0;) = [I¥(0;),u¥(0;)]. Hence, the statement also holds for
round k.

Next, we will prove that if 6; < 6., then I¥(0;) < 1¥(6}) and uF(0;) < ulF(0.) for every k € N.
We will prove the first statement by induction on k. Note that the base case k = 0 is true. Now
assume that our statement holds for the first £ — 1 rounds of the iterative procedure.

We will first consider the lower bound. By contradiction, let I¥(6;) > ¥(6.) after round k. This
means that the choice [¥(6!) will be eliminated for player ¢ with parameter 6; after round k. Hence,
for parameter 6;, for any choice belief 3;, where 3;;(0;) € P;“il(ej) V0; € ©j and Vj € N \ {i} and
any parameter belief f; € M, there will be some choice in Pik _1(91‘) that yields a greater utility than
choosing I¥(6!). We denote this by

(0“ 15(9/) ﬂi7 fl) U (025 ci76ia fz) for some c; € Pikil(ei)- (1)

Furthermore, we have that the choice I¥(6!) is optimal for player i with parameter #.. Hence, there
exists some choice belief 3], where 3;;(0;) € Pf‘l(ﬂj) V8, € ©; and Vj € N\ {i} and parameter
belief f! € M, such that

U0, 15(6;), 57, J7) = UilB, e, B, f1) ¥ e € PEH(8)). (2)
For this choice belief 3, and parameter belief f!, consider a choice ¢} such that U;(0;, ¢, 5], f1) >
Ui(0;, ¢, B, f1) Ve € Pf 1(6;). Furthermore, (1) implies that U; (91,15(0') LD < U (91, c, 5 .
It must be that ¢; € PF(6;), which implies that ¢} > I¥(6;). Furthermore, we have that ¢, € PF(6;)
PF=1(6;), which implies that ¢, < u¥1(6;). As a result, we have that

-

Ui(0:,15(0), BL, £1) < Ui(0s, ¢, Bl f]) for some ¢} € [1F(6;),ul " (6;)] € P}

(0
We have that [I¥(6;),uf=2(6;)] € PF=1(6)) as 1F(6;) > 1F(6)) > 1¥71(0)) and ul(6;) <
uffl(ﬁg). Together with lb this implies that

(
)

w
=

i)

IN

Ui (07, 15(07), B, f7) = Us(6;, ¢, 87, f) (4

~—

We can rewrite and to
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Ui(giacg>ﬂz/‘=fz'/)_Ui(eivlf(9£)76£7fz‘/) >0 (5)

and
Ui, ¢, B, f7) — Ua(03, 15 (97). B, f7) < 0. (6)
Finally, we have that and @ imply
Ui(6;, 1,5mf) Uil0;, 1F(67), B, f7) < Uil6s, ¢4, B, f7) — U603, 15 (9), 57, f) (7)
As ¢, > IF(0) and 0. > 6;, this is a contradiction to Assumption 1. Hence, it must be that
156 ) < f( ") after round k. In a similar way, it can be shown that u¥(0}) > (91-).

As PF(0;) = [IF(0:),uF(0,)] for all i € N, we have P;(0;) = () PF(0;) = N [1F(0:),uF(6;)]. Sim-

7 7

E>1 E>1
ilarly we have P;(0)) = (PF)) = N [15(0)),uF(0))]. Furthermore, we have I¥(0;) < 1¥(6))
E>1 k>1
and uf(0;) < uk(0)) Vk > 1. Hence, P;(6;) = [l;(6;),u;(6;)] and P;(0)) = [1;(6),u;(6})], where

1;(0;) <1; (9’) and u; (0;) < ug(6).

Consider player ¢ with parameter 6;, choice belief 8 and parameter belief f/ as described in Theorem
1. We will now show that (5] o f) = (B; o f;) V; such that 53;;(6;) € Pfﬁl(ﬁj) Vo, € ©; and j # i
and Vf; € M. Hence, we will show that

/, (Bij o fi;)(cj) dej > / (Bij o fij)(cj) dej Ve € Cj and j # i

which can be rewritten to

/ f{](ﬁj) dﬁj > / fij(Hj)de VCS S Cj andj 75 7.
0;:8: (0;)>c" Oj:ﬁij(ej)2c;
We have that 3;(0;) = max P;“il(ej) V8, € ©;. As max Pf*l(Gj) is weakly increasing in 6;,
we have that 3;,(6;) is weakly increasing in 6;. Now consider the parameter value ¢’ such that
0 = min{0; € ©;|3;(0;) = c;}. Hence, we have that

0;

/ fi,j(oj)dej:/ fi5(05) do
GJ-:B{.(GJ-)ZC’. 0’
g J J

Consider any 07 < 0. Then B;;(07) < B;;(07) < ;. As a result,

0; 6;
/ fij(0;) do; S/ fij(0;) db; S/ fi;(0;) db; =/ fi;(0) db;.
0;:8:;(0,)=¢, o o 0;:8,,(0,)=c

The second inequality holds as fl-’j first-order stochasically dominates f;;. As this is true for any
opponent j, this implies that (3! o f!) > (B; o f;). Now let u¥(6;) be optimal for (6,3, f!). Note
that for any other f3; such that f3;;(6;) € Pk Lo i) V0; € ©; and j # i and Vf; € M we have that
s, 85, 1) > (64, Bis fz) Then, by Lemma' for the optlmal ch01ce ¢; that corresponds to (6;, 5;, fi)
we have that ¢; < u¥(6;). The proof for the lower bound is similar.

O
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