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Preliminaries

Roadmap

@ Preliminaries from probability theory
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Preliminaries
Independence of two events

e Consider a (finite) probability space (2, 7).
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Preliminaries
Independence of two events

e Consider a (finite) probability space (2, 7).
@ Two events A, B C Q are independent whenever

m(AN B) = n(A) - m(B).
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Preliminaries

Independence of more than two events

@ Take a finite collection A = {A1,...,A,} of events in Q.
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Preliminaries

Independence of more than two events

@ Take a finite collection A = {A1,...,A,} of events in Q.

@ The events in A are pairwise independent whenever
m(AiNAj) = 7(Aj) - 7(A;)

for every pair A;, A; € A.
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Preliminaries

Independence of more than two events

@ Take a finite collection A = {A1,...,A,} of events in Q.

@ The events in A are pairwise independent whenever
m(AiNAj) = 7(Aj) - 7(A;)

for every pair A;, A; € A.
@ The events in A are (n-way) independent whenever

(AN ---NA,) =m(A1) - 7(An).
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Preliminaries

Independence of more than two events

@ Take a finite collection A = {A1,...,A,} of events in Q.

@ The events in A are pairwise independent whenever
m(AiNAj) = 7(Aj) - 7(A;)

for every pair A;, A; € A.
@ The events in A are (n-way) independent whenever

(AN ---NA,) =m(A1) - 7(An).

@ Pairwise independence and independence are not the same.
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Preliminaries

Pairwise independence vs. independence

@ We throw two dies simultaneously, and consider the events:

o A=1{(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}: the sum of the
dies is 7.

o B=1{(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)}: the outcome of
the first die is 3.

o C=1{(1,4),(2,4),(3,4),(4,4),(5,4),(6,4)}: the outcome of
the second die is 4.
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Prel aries

Pairwise independence vs. independence

@ We throw two dies simultaneously, and consider the events:
o A={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}: the sum of the
dies is 7.
o B=1{(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)}: the outcome of
the first die is 3.
o C=1{(1,4),(2,4),(3,4),(4,4),(5,4),(6,4)}: the outcome of
the second die is 4.

@ The three events are pairwise independent:
o T(A)=m(B)=7(C)=1/6
o mM(ANB)=7n(ANC)==(BNC)=1/36
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Prel aries

Pairwise independence vs. independence

@ We throw two dies simultaneously, and consider the events:
o A={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}: the sum of the
dies is 7.
o B=1{(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)}: the outcome of
the first die is 3.
o C=1{(1,4),(2,4),(3,4),(4,4),(5,4),(6,4)}: the outcome of
the second die is 4.

@ The three events are pairwise independent:
o T(A)=m(B)=7(C)=1/6
o mM(ANB)=7n(ANC)==(BNC)=1/36
@ The three events are not independent:
o w(A) - 7(B) -n(C)=1/216
o T(ANBNC)=1/36
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Preliminaries

Product measure

o Consider a collection of (finite) spaces Qq,...,Q,.
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Preliminaries
Product measure

o Consider a collection of (finite) spaces Qq,...,Q,.

@ Define the product space Q :=Q; x -+ x Q.
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Preliminaries
Product measure

o Consider a collection of (finite) spaces Qq,...,Q,.
@ Define the product space Q :=Q; x -+ x Q.
e For an event Ay C Qy, we define [Ax] C Q by

[Ak] = QlX"'XQk—IXAkXQk_HX'--XQn
= {(w]-?"')wn)EQ:wkEAk}
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Preliminaries
Product measure

o Consider a collection of (finite) spaces Qq,...,Q,.
@ Define the product space Q :=Q; x -+ x Q.
e For an event Ay C Qy, we define [Ax] C Q by

[Ak] = Ql><-~~XQk_1XAk><Qk+1><'--XQn
= {(w1,...,wn) € Q:wk € Ax}
@ A probability measure 7 over € is called a product measure

whenever for every A; C Q1,...,A, C Q, it is the case that
[A1],...,[An] are independent, i.e.,

m([A] - N [AR]) = 7([Ad]) - - 7([An])
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Product measure

o Consider a collection of (finite) spaces Qq,...,Q,.
@ Define the product space Q :=Q; x -+ x Q.
e For an event Ay C Qy, we define [Ax] C Q by

[Ak] = Ql><-~~XQk_1XAk><Qk+1><'--XQn
= {(w1,...,wn) € Q:wk € Ax}
@ A probability measure 7 over € is called a product measure

whenever for every A; C Q1,...,A, C Q, it is the case that
[A1],...,[An] are independent, i.e.,

m([A] - N [AR]) = 7([Ad]) - - 7([An])

o If 7 is a product measure, we say that the marginal probability
measures (margq, 7, ..., margg 7) are independent.
Otherwise, we say that they are correlated.
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).
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An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip twice. Then, the (product) state space is

Q = Ql><92
= {H, T} x{H, T}
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip twice. Then, the (product) state space is
Q = Ql X Qg
= {H, T} x{H, T}

H T
H| wi | w2
T| w3 | ws
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An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip twice. Then, the (product) state space is

Q = Ql><92
= {H, T} x{H, T}

H

T

H| W1

w2

T | w3

waq

@ The probability of each event in Q depends on which coin we

choose to flip at each round.
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Preliminaries

An example

@ A product measure (independent flips):
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Preliminaries
An example

@ A product measure (independent flips):
o We flip the fair coin second, irrespective of the outcome of the

first coin.
H T
H|3/8|1/8
T(3/8[1/8
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Preliminaries
An example

@ A product measure (independent flips):

o We flip the fair coin second, irrespective of the outcome of the
first coin.

e We flip the biased coin second, irrespective of the outcome of
the first coin.

H|3/8|1/8| H|3/16[1/16

T13/8|1/8| T|9/16(3/16
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Preliminaries
An example

@ A product measure (independent flips):
o We flip the fair coin second, irrespective of the outcome of the
first coin.
e We flip the biased coin second, irrespective of the outcome of
the first coin.

o Not a product measure (correlated flips):

H|3/8|1/8| H|3/16[1/16

T13/8|1/8| T|9/16(3/16
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Preliminaries
An example

@ A product measure (independent flips):
o We flip the fair coin second, irrespective of the outcome of the
first coin.
e We flip the biased coin second, irrespective of the outcome of
the first coin.
o Not a product measure (correlated flips):
o We flip the biased coin after observing heads, and we flip the
fair coin after observing tail.

H T H T H T
H|3/8|1/8| H|3/16[1/16] H|1/8|1/4

T|3/8[1/8| T|9/16/3/16| T [3/8]|1/4
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Preliminaries

Conditional independence

e Consider a (finite) probability space (£, 7).
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Prel aries

Conditional independence

e Consider a (finite) probability space (£, 7).

@ Two events A, B C Q are conditionally independent given
C whenever

7(AN B|C) = n(A|C) - (B|C).
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip three times. We always flip the fair coin,
unless we observe tails in both the first and the second round,
in which case we flip the biased coin at the third round.
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip three times. We always flip the fair coin,
unless we observe tails in both the first and the second round,
in which case we flip the biased coin at the third round.

@ Then, the corresponding probabilities are shown below.

H|1/8|1/8| H|1/8]|1/8

T|1/8|1/8| T3/16/1/16
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Preliminaries
An example

@ Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

@ Suppose that we flip three times. We always flip the fair coin,
unless we observe tails in both the first and the second round,
in which case we flip the biased coin at the third round.

@ Then, the corresponding probabilities are shown below.

@ Observe that the events “heads at round 2" and “heads at
round 3" are not independent events, but they are
conditionally independent given the event “heads at round 1".

H T H T
H|1/8|1/8| H|1/8]|1/8

T|1/8|1/8| T3/16/1/16

H T
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Preliminaries

Probability measures in game theory

@ There are two types of uncertainty modeled with probability
measures in game theory.

Elias Tsakas (Maastricht University) Correlation in games



Preliminaries

Probability measures in game theory

@ There are two types of uncertainty modeled with probability
measures in game theory.

o Beliefs (subjective uncertainty): p; € A(C_;)
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Preliminaries

Probability measures in game theory

@ There are two types of uncertainty modeled with probability
measures in game theory.
o Beliefs (subjective uncertainty): p; € A(C_;)
o Mixed strategies (objective uncertainty): o; € A(C;)
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Preliminaries

Probability measures in game theory

@ There are two types of uncertainty modeled with probability
measures in game theory.

o Beliefs (subjective uncertainty): p; € A(C_;)
o Mixed strategies (objective uncertainty): o; € A(C;)
@ Today, we are going to focus on the consequences of
correlation in beliefs (correlation in mixed strategies leads to
new concepts, viz., most well-known, correlated equilibrium).
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Beliefs

Roadmap

© Correlation in beliefs

Elias Tsakas (Maastricht University) Correlation in games



Beliefs
Correlation in first order beliefs

@ A (first order) belief is a probability measure p; over the
product space

C_,'Z: C1><---><C,'_1><C,'+1X--~><Cn

Elias Tsakas (Maastricht University) Correlation in games



Beliefs
Correlation in first order beliefs

@ A (first order) belief is a probability measure p; over the
product space

C_,'Z: C1><---><C,'_1><C,'+1X--~><Cn

o A belief u; € A(C_;) is independent whenever it is a product
measure.
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Beliefs
Correlation in first order beliefs

@ A (first order) belief is a probability measure p; over the
product space

C_,'Z: C1><---><C,'_1><C,'+1X--~><Cn

o A belief u; € A(C_;) is independent whenever it is a product
measure. It is correlated otherwise.
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Beliefs
Correlation in first order beliefs

@ A (first order) belief is a probability measure p; over the
product space

C_,'Z: C1><---><C,'_1><C,'+1X--~><Cn

o A belief u; € A(C_;) is independent whenever it is a product
measure. It is correlated otherwise.

@ Obviously, in two-player games there is no distinction. Thus,
we focus on games with three (or more) players.
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Beliefs
Rationality

@ In the following example, the numbers correspond to utilities
of the matrix player.
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Beliefs
Rationality

@ In the following example, the numbers correspond to utilities
of the matrix player.

e R is rational given p, = (3 ® (A, C), % ® (B, D)), which is a
correlated belief.
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Beliefs
Rationality

@ In the following example, the numbers correspond to utilities
of the matrix player.

e R is rational given p, = (3 ® (A, C), % ® (B, D)), which is a
correlated belief.

@ R is not rational given any independent belief. Indeed, if R
is rational given u/, then u,(A,D) = u,(B,C) =0.

c D c D c D
Al 22| A0 ] 2| A1 ]1

B|2|0| B|2]|2] B|1]|1
L M R
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Beliefs
Rationality

@ In the following example, the numbers correspond to utilities
of the matrix player.

e R is rational given p, = (3 ® (A, C), % ® (B, D)), which is a
correlated belief.

@ R is not rational given any independent belief. Indeed, if R
is rational given u/, then u,(A,D) = u,(B,C) =0.

c D c D c D
Al 22| A0 ] 2| A1 ]1

B|2|0| B|2]|2] B|1]|1
L M R

@ A strategy is not strictly dominated if and only if is rational
given some belief, independent or correlated.
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Beliefs
Correlated rationalizability

@ Take the following sequence of strategy-type pairs.

CR? = {(ci,t;): ¢ is rational given b}(t;)}
CRY = {(ci,t;): bi(t;)(CRY x -+~ x CR?; x CR%; x --- x CRY) =1}
CRE = {(ci,t;): bi(t;))(CRF ™ x -+ x CRKF! x CR,."J:l1 x - x CRK"1)
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Beliefs
Correlated rationalizability

@ Take the following sequence of strategy-type pairs.

CR? = {(ci,t;): ¢ is rational given b}(t;)}
CRY = {(ci,t;): bi(t;)(CRY x -+~ x CR?; x CR%; x --- x CRY) =1}
CRE = {(ci,t;): bi(t;))(CRF ™ x -+ x CRKF! x CR,."J:l1 x - x CRK"1)

@ Then, RCBCR; := nkgo CR,-" does not impose any restriction
on whether the beliefs are correlated or independent.
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Beliefs
Correlated rationalizability

@ Take the following sequence of strategy-type pairs.

CR? = {(ci,t;): ¢ is rational given b}(t;)}
CRY = {(ci,t;): bi(t;)(CRY x -+~ x CR?; x CR%; x --- x CRY) =1}
CRE = {(ci,t;): bi(t;))(CRF ™ x -+ x CRKF! x CR,."J:l1 x - x CRK"1)

e Then, RCBCR; := (>, CRF does not impose any restriction
on whether the beliefs are correlated or independent.

e CR; := proj¢, CBCR; is the set of correlated rationalizable
strategies (Brandenburg & Dekel, 1987; Tan & Werlang,
1988).
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Beliefs
Independent rationalizability

@ Take the following sequence of strategy-type pairs.

IR? = {(ci,t;): ¢ is rational given b} ()}
IRt = {(ci,t;): bi(t))(IRY x -+ x IR?_; x IR® 4 x -+ x IRY) = 1}
IRF = {(ciiti) : bi(t))(IRF x -+ x IRKE X IR x -+ x IRKT1) =1
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Beliefs
Independent rationalizability

@ Take the following sequence of strategy-type pairs.

IR? = {(ci,t;): ¢ is rational given the independent b} (t;)}
IRt = {(ci,t;): bi(t))(IRY x -+ x IR?_; x IR® 4 x -+ x IRY) = 1}
IRF = {(ciiti) : bi(t))(IRF x -+ x IRKE X IR x -+ x IRKT1) =1
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Beliefs
Independent rationalizability

@ Take the following sequence of strategy-type pairs.

IR? = {(ci,t;): ¢ is rational given the independent b} (t;)}
IRt = {(ci,t;): bi(t))(IRY x -+ x IR?_; x IR® 4 x -+ x IRY) = 1}
IRF = {(ciiti) : bi(t))(IRF x -+ x IRKE X IR x -+ x IRKT1) =1

@ Then, RCBIR; := nkgo IR,-" contains the action-type pairs
that satisfy rationality (given independent beliefs) and
common belief in rationality (given independent beliefs).
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Beliefs
Independent rationalizability

@ Take the following sequence of strategy-type pairs.

IR? = {(ci,t;): ¢ is rational given the independent b} (t;)}
IRt = {(ci,t;): bi(t))(IRY x -+ x IR?_; x IR® 4 x -+ x IRY) = 1}
IRF = {(ciiti) : bi(t))(IRF x -+ x IRKE X IR x -+ x IRKT1) =1

e Then, RCBIR; := (>, IRX contains the action-type pairs
that satisfy rationality (given independent beliefs) and
common belief in rationality (given independent beliefs).

o IR; := proj¢, RCBIR; is the set of (independent)
rationalizable strategies (Bernheim, 1984; Pearce, 1984).
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Beliefs
Relation between solution concepts

Correlated rationalizability
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Beliefs
Relation between solution concepts

Correlated rationalizability

Independent rationalizability
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Beliefs
Relation between solution concepts

Correlated rationalizability

Independent rationalizability

Nash equilibrium
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Beliefs
Is IR; C CR; a strict inclusion?
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c D c D c D

Al244|242 A|044|242 A|133|1,33

B |2,2,4|0,22| B (224222 B|133(133

L M R
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c D c D c D

Al244|242 A|044|242 A|133|1,33

B |2,2,4|0,22| B (224222 B|133(133

L M R

o Correlated rationalizability yields the entire strategy space.
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c D c D c D

Al244|242 A|044|242 A|133|1,33

B |2,2,4|0,22| B (224222 B|133(133

L M R

o Correlated rationalizability yields the entire strategy space.

@ Independent rationalizability
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c D c D c D

Al244|242 A|04,4|242 A|183|133

B |2,2,4|10,22| B (224|222 B|LZ3(183

L M R

o Correlated rationalizability yields the entire strategy space.

@ Independent rationalizability

Elias Tsakas (Maastricht University) Correlation in games



Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c b c b c D

Al244\242 A|044|1242 A|183|133

Br224r02r B4t B |LA3(183

o Correlated rationalizability yields the entire strategy space.

@ Independent rationalizability
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c b c b c D

Al244\242 A|0X4|242 A|183|133

Br224r02r B4t B |LA3(183

o Correlated rationalizability yields the entire strategy space.

@ Independent rationalizability
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Beliefs
Is IR; C CR; a strict inclusion?
Proposition
The inclusion IR; C CR; can be strict.

c b c b c D

Al244\242 A|0X4|242 A|183|133

Br224r02r B4t B |LA3(183

o Correlated rationalizability yields the entire strategy space.

e Independent rationalizability yields only (L, A, C).
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Beliefs

Types of correlation

@ Correlated rationalizability allows for correlated beliefs.
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Beliefs

Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.
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Beliefs
Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.

@ There is no distinction between the following two types of
correlated beliefs:
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Beliefs
Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.
@ There is no distinction between the following two types of
correlated beliefs:
e Extrinsic correlation: Ann believes that Bob and Carol

coordinate their strategies using some physical device
(Aumann, 1974, 1987).
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Beliefs
Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.

@ There is no distinction between the following two types of
correlated beliefs:

e Extrinsic correlation: Ann believes that Bob and Carol
coordinate their strategies using some physical device
(Aumann, 1974, 1987).

o Intrinsic correlation: Ann believes that Bob's and Carol's
belief hierarchies are correlated and thus their strategies are
correlated (Brandenburger & Friedenberg, 2008).
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Beliefs
Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.

@ There is no distinction between the following two types of
correlated beliefs:

e Extrinsic correlation: Ann believes that Bob and Carol
coordinate their strategies using some physical device
(Aumann, 1974, 1987).

o Intrinsic correlation: Ann believes that Bob's and Carol's
belief hierarchies are correlated and thus their strategies are
correlated (Brandenburger & Friedenberg, 2008).

@ How do we formally model the distinction?
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Beliefs
Types of correlation

@ Correlated rationalizability allows for correlated beliefs.

@ However, it does not say anything about the source of
correlation.

@ There is no distinction between the following two types of
correlated beliefs:

e Extrinsic correlation: Ann believes that Bob and Carol
coordinate their strategies using some physical device
(Aumann, 1974, 1987).

o Intrinsic correlation: Ann believes that Bob's and Carol's
belief hierarchies are correlated and thus their strategies are
correlated (Brandenburger & Friedenberg, 2008).

@ How do we formally model the distinction?

@ Does the distinction matter for our predictions?
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Beliefs
Modelling intrinsic correlation

@ Intrinsic correlation is a characteristic of a belief hierarchy.
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Beliefs
Modelling intrinsic correlation

@ Intrinsic correlation is a characteristic of a belief hierarchy.

@ A belief hierarchy (of Ann) has intrinsically correlated beliefs
whenever it satisfies:
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Beliefs
Modelling intrinsic correlation

@ Intrinsic correlation is a characteristic of a belief hierarchy.
@ A belief hierarchy (of Ann) has intrinsically correlated beliefs
whenever it satisfies:
o Conditional independence (Cl): Conditional on Bob's and
Carol’s hierarchies, Ann believes that Bob's and Carol's
strategies are chosen independently.
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Beliefs
Modelling intrinsic correlation

@ Intrinsic correlation is a characteristic of a belief hierarchy.

@ A belief hierarchy (of Ann) has intrinsically correlated beliefs
whenever it satisfies:

o Conditional independence (Cl): Conditional on Bob's and
Carol's hierarchies, Ann believes that Bob's and Carol's
strategies are chosen independently.

o Sufficiency (SUFF): Conditional on Bob's hierarchy, Ann's
(marginal) belief about Bob's strategy does not change upon
Ann learning Carol's belief hierarchy.
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Beliefs
Modelling intrinsic correlation

@ Intrinsic correlation is a characteristic of a belief hierarchy.
@ A belief hierarchy (of Ann) has intrinsically correlated beliefs
whenever it satisfies:

o Conditional independence (Cl): Conditional on Bob's and
Carol's hierarchies, Ann believes that Bob's and Carol's
strategies are chosen independently.

o Sufficiency (SUFF): Conditional on Bob's hierarchy, Ann's
(marginal) belief about Bob's strategy does not change upon
Ann learning Carol's belief hierarchy.

@ Intuitively, Ann thinks that Bob and Carol think alike, e.g.,
they took the same game theory course.
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Beliefs
Conditional Independence

o Conditional independence: Conditional on Bob's and
Carol’s hierarchies, Ann believes that Bob's and Carol's
strategies are chosen independently.
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Beliefs
Conditional Independence

o Conditional independence: Conditional on Bob's and
Carol’s hierarchies, Ann believes that Bob's and Carol's
strategies are chosen independently.

e Formally, t, satisfies conditional independence whenever

ba(ta) ([eplN[cc] ‘ [h—a]) = ba(ta)([cs] ‘ [h—a])-ba(ta) ([cc] ‘ [h—a])-

where [h_j] := {(c_a, t—s) : hj(t)) = h;, Vj # a}.
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Beliefs
Conditional Independence: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133
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Beliefs
Conditional Independence: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

~

M R

o Let by(t,) = (3@ (A1), (C,t)). 3 @ (B, ). (D, 12))).
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Beliefs
Conditional Independence: an example

¢ D c D ¢ D

242 A|133|133

Al244|242 A|044

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

M

L R

o Let by(t,) = (3@ (A1), (C,t)). 3 @ (B, ). (D, 12))).

e t,'s beliefs are correlated: bl(t,)

((®(A 0). 1 (B D).
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Beliefs
Conditional Independence: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

L M R

o Let ba(ta) = (% X ((A7 tb)7 (C, tc))v % ® ((87 tlly)7 (D’ té)))
o t,'s beliefs are correlated: bl(t,) = (1 ® (A, C), 1 ® (B,D)).
o For every j # a, let t; and ¢/ yield a different hierarchy.
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Beliefs
Conditional Independence: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

L M R

Let ba(t,) = (% ® ((A 1), (C, 1)), 53 @ (B, 1), (D, té)))-
t.'s beliefs are correlated: bl(t,) = (1 ® (A, C), 1 ® (B,D)).
For every j # a, let t; and tj yield a different hierarchy.

Then, t,'s hierarchy satisfies conditional independence.
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Sufficiency

e Sufficiency: Conditional on Bob's hierarchy, Ann’s (marginal)
belief about Bob's strategy does not change upon Ann
learning Carol's belief hierarchy.

Elias Tsakas (Maastricht University) Correlation in games



Sufficiency

e Sufficiency: Conditional on Bob's hierarchy, Ann’s (marginal)
belief about Bob's strategy does not change upon Ann
learning Carol's belief hierarchy.

o Formally, t; satisfies sufficiency whenever

ba(ta)([cb] ‘ [hb]) = ba(ta)([cb] ’ [hs] N [hC])'
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Beliefs
Sufficiency: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133
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Beliefs
Sufficiency: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

~

M R

o Let by(t,) = (3@ (A1), (C,t)). 3 @ (B, ). (D, 12))).
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Beliefs
Sufficiency: an example

¢ D c D ¢ D

242 A|133|133

Al244|242 A|044

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

M

L R

o Let by(t,) = (3@ (A1), (C,t)). 3 @ (B, ). (D, 12))).

e t,'s beliefs are correlated: bl(t,)

((®(A 0). 1 (B D).
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Beliefs
Sufficiency: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

L M R

o Let ba(ta) = (% X ((A7 tb)7 (C, tc))v % ® ((87 tlly)7 (D’ té)))
o t,'s beliefs are correlated: bl(t,) = (1 ® (A, C), 1 ® (B,D)).
o For every j # a, let t; and ¢/ yield a different hierarchy.
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Beliefs
Sufficiency: an example

¢ D c D ¢ D

A|2,4,4|242| A|04,4(242 A|133(133

B |2,2,4|10,2,2| B|2,2,4|2,2,2| B|1,3,3|133

L M R

Let ba(t,) = (% ® ((A 1), (C, 1)), 53 @ (B, 1), (D, té)))-
t.'s beliefs are correlated: bl(t,) = (1 ® (A, C), 1 ® (B,D)).
For every j # a, let t; and tj yield a different hierarchy.

Then, t,'s hierarchy satisfies sufficiency.
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Beliefs
Modelling intrinsic correlation

Proposition (Brandenburger & Friedenberg, 2008)

Let t;'s belief hierarchy satisfy Cl and SUFF. Then, if t; induces
independent beliefs about the opponents’ hierarchies, it also
induces independent beliefs about the opponents’ strategies.
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Beliefs
Modelling intrinsic correlation

Proposition (Brandenburger & Friedenberg, 2008)

Let t;'s belief hierarchy satisfy Cl and SUFF. Then, if t; induces
independent beliefs about the opponents’ hierarchies, it also
induces independent beliefs about the opponents’ strategies.

e Formally, if

ba(ta)([hb] N [hC]) = ba(ta)([hb]) ’ ba(ta)([h::])

then

ba(ta)([cb] N [cc]) = ba(ta)([cp]) - ba(ta)([cc])-
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Beliefs
Modelling intrinsic correlation

Proposition (Brandenburger & Friedenberg, 2008)

Let t;'s belief hierarchy satisfy Cl and SUFF. Then, if t; induces
independent beliefs about the opponents’ hierarchies, it also
induces independent beliefs about the opponents’ strategies.

e Formally, if

ba(ta)([hb] N [hC]) = ba(ta)([hb]) ’ ba(ta)([hr:])

then

ba(ta)([cb] N [cc]) = ba(ta)([cp]) - ba(ta)([cc])-

@ In other words, under Cl and SUFF, Ann’s beliefs about Bob's
and Carol's strategies are correlated only if the correlation is
intrinsic.

Elias Tsakas (Maastricht University) Correlation in games



Beliefs

Correlated rationalizability with intrinsic correlation

Definition
We say that a correlated rationalizable strategy c; is consistent
with intrinsic correlation, and we write ¢; € ICR;, if there is some
ti € T;" such that

(i) (C,', t,') € RCBCR;, and

(ii) hi(t;) satisfies Cl and SUFF. )
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Beliefs

Correlated rationalizability with intrinsic correlation

Definition
We say that a correlated rationalizable strategy c; is consistent
with intrinsic correlation, and we write ¢; € ICR;, if there is some
ti € T;" such that

(i) (C,', t,') € RCBCR;, and

(ii) hi(t;) satisfies Cl and SUFF.

Proposition (Brandenburger & Friedenberg, 2008)

IR; C ICR; C CR;.
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Beliefs

Relation between solution concepts

Correlated rationalizability

Correlated rationalizability
with intrinsic correlation

Independent rationalizability

Nash equilibrium
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Beliefs
Is ICR; C CR; a strict inclusion?
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Beliefs
Is ICR; C CR; a strict inclusion?

Proposition (Brandenburger & Friedenberg, 2008)

The inclusion ICR; C CR; can be strict.
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Beliefs
ICR; C CR; can be a strict inclusion

For some ¢; € CR; there is no t; € T* with (c;,t;) € CR? and

1

hi(t;) satisfying Cl.
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Beliefs

ICR; C CR; can be a strict inclusion

For some ¢; € CR; there is no t; € T* with (c;,t;) € CR? and
hi(t;) satisfying Cl.

D E F D E F D E F
A|2,00(2,00(201 A|111/0,0,1(00,1 A|0,00{0,00{00,1

B (0,0,0/0,0,0/0,0,1f B0,1,0(1,0,0/0,0,1f B |2,0,0/20,0|2,0,1

C|21,0(2,1,0|2,11 C|0,1,0/01,0/0,11 (C|21,021,0(21,1

L M R

Elias Tsakas (Maastricht University) Correlation in games



Beliefs

ICR; C CR; can be a strict inclusion

For some ¢; € CR; there is no t; € T* with (c;,t;) € CR? and
hi(t;) satisfying Cl.

D E F D E F D E F
A|2,00(2,00(201 A|111/0,0,1(00,1 A|0,00{0,00{00,1

B (0,0,0/0,0,0/0,0,1f B0,1,0(1,0,0/0,0,1f B |2,0,0/20,0|2,0,1

C|21,0(2,1,0|2,11 C|0,1,0/01,0/0,11 (C|21,021,0(21,1
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Beliefs
ICR; C CR; can be a strict inclusion

For some ¢; € CR; there is no t; € T* with (c;,t;) € CR? and

1

hi(t;) satisfying Cl.

D E F D E F D E F
A|2,00(2,00(201 A|111/0,0,1(00,1 A|0,00{0,00{00,1

B (0,0,0/0,0,0/0,0,1f B0,1,0(1,0,0/0,0,1f B |2,0,0/20,0|2,0,1

C|21,0(2,1,0|2,11 C|0,1,0/01,0/0,11 (C|21,021,0(21,1

L M R

{(M. 1), (M. €)} € CRY = B(t) = B3(t5) = (5 @ (A.D),} & (B, E))
(A 6).(B, 1)} € CRY = b}(ts) = b}(t}) = (1@ (M, D)
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Beliefs
ICR; C CR; can be a strict inclusion

For some ¢; € CR; there is no t; € T* with (c;,t;) € CR? and

1

hi(t;) satisfying Cl.

D E F D E F D E F

A|2,00(2,00(201 A|111/0,0,1(00,1 A|0,00{0,00{00,1

B (0,0,0/0,0,0/0,0,1f B0,1,0(1,0,0/0,0,1f B |2,0,0/20,0|2,0,1

C|21,0(2,1,0|2,11 C|0,1,0/01,0/0,11 (C|21,021,0(21,1

L M R

{(M. 1), (M. €)} € CRY = B(t) = B3(t5) = (5 @ (A.D),} & (B, E))
(A1), (B )} € CRY = b(ts) = b}(t}) = (1 (M. D))
(D, (E. )} € CRY = Bl(t) = BY(1l) = (1 (M, A))
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Beliefs

ICR; C CR; can be a strict inclusion

D E F D E F D E F
A|2,0,0]2,00/201 A|11,1(0,0,1/0,0,1] A|00,0/000(00,1

B(0,0,0/0,0,0(0,0,1f B0,1,0/1,0,0/0,0,1] B|2,0020,0(2,0,1

C|2,10(2,1,0(2,1,1] (|0,1,0/01,0/0,1,1| C|21,0(21,0(21,1

L M R
{(M, 1), (M, £))} C CRY = bl(t) = b}(t,) = (

{(Av tb)7 (Bv t;;)} - CR[? = bllv(tb) = bfll(té) = (1 ® (M1 D))
{(D, tc), (E, t.)} € CR = bi(tc) = b
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Beliefs

ICR; C CR; can be a strict inclusion

D E F D E F D E F

A|2,0,0]2,00/201 A|11,1(0,0,1/0,0,1] A|00,0/000(00,1

B(0,0,0/0,0,0(0,0,1f B0,1,0/1,0,0/0,0,1] B|2,0020,0(2,0,1

C|2,10(2,1,0(2,1,1] (|0,1,0/01,0/0,1,1| C|21,0(21,0(21,1

L M R
{(M. ), (M. t))} € CR] = by(ta) = b3(1;) = (
{(Av tb)7 (Bv t;;)} < CR[? = bllv(tb) = bfll(té) = (1 ® (M1 D))
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The only belief hierarchy h, for which M is rational is h,(t,) in the
type space model T, = {t.}, Tp = {tp}, Tc = {Tc} with

ba(t) = (539 (A 6).(D.1). 5 ((B,), (E, 1))

1® (M, ), (D, t)))

(
be(t.) = (1®((M,ta)7(A7tb)))
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Beliefs

ICR; C CR; can be a strict inclusion

D E F D E F D E F

A12,0,02,00(2,01 A|111/00,1{0,0,1f A|0,00/0,0,0(0,0,1

B0,0,0/0,0,00,0,1f B|0,1,0/1,0,0/0,0,1f B|20,0{2,0,0{2,0,1

C 210210211 (C|01,0/01,0011] (|21,0(210211

L M R

The only belief hierarchy h, for which M is rational is h,(t,) in the
type space model T, = {ta}, Tp = {tp}, Tc = {Tc} with

ba(t) = (3 (A1).(D.2)). 5 (B.to). (£ 1))

bo(ts) = (1@ ((M.2),(D, 1))
be(te) = (1@ ((M.1).(A 1))

~—
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Beliefs

ICR; C CR; can be a strict inclusion

D E F D E F D E F

A12,0,02,00(2,01 A|111/00,1{0,0,1f A|0,00/0,0,0(0,0,1

B0,0,0/0,0,00,0,1f B|0,1,0/1,0,0/0,0,1f B|20,0{2,0,0{2,0,1

C 210210211 (C|01,0/01,0011] (|21,0(210211

L M R

The only belief hierarchy h, for which M is rational is h,(t,) in the
type space model T, = {ta}, Tp = {tp}, Tc = {Tc} with

bt = (32 ((A8).(0,1).3  (8.6).(E.t)
bo(ts) = (1@ ((M.t).(D.1)))
be(te) = (1@ ((M.1).(A 1))

However, h,(t,) does not satisfy Cl:

ba(ta) (TAINID | [esllte]) # balta) (IA] | 6l lte])-ba(ta) (101 | [2s][2c))
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Questions???
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