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A Characterization of Rationality

Pearce’s Lemma:
The rational choices in a static game are exactly those choices that
are not strictly dominated.
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Application

Four ways to rationality:

El Identify all rational choices: find a belief on the opponents’
choices such that the respective choice is optimal.

H Identify all irrational choices: show that the respective choice is
not optimal for any belief on the opponents’ choices.

Kl Identify all choices that are not strictly dominated: find an
opponents’ choice-combination such that there is no choice that
is better than the respective choice.

B Identify all choices that are strictly dominated: show that the
respective choice fares worse than some other choice for all
opponents’ choice-combinations.

Note:

m For rational choices it is often easier to find a supporting belief.
m Forirrational choices it is often easier to show strict dominance.
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A static game is a tuple

I = (I,(Cier, (Uiier),

where

m / denotes the finite set of players,
m C; denotes the finite set of choices for player i,

m U; : x;¢;C; — R denotes the utility function of player i.

EPICENTER Spring Course 2016: Pearce’s Lemma C. W. Bach (EPICENTER & University of Liverpool)



Definitions

O0@000000000

Belief about the opponents’ choices

Definition
Let T" be a static game, and i be a player. A belief for player i about
the opponents’ choices is a probability distribution

b,:C_; — [0, 1]

over the set of opponents’ choice-combinations C_; = x;cp (1 G-
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Expected utility

Definition
Let I" be a static game, and i be a player with utility function U;.

Suppose that player i entertains belief b; and chooses ¢;. The
expected utility for playeri is

ui(ci, bi) = Z bi(c_;) - Ui(ci,c—i),

c_€C_;

where (¢;, c—;) = (c1,...,¢n) € XeiC;.
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Optimality

Definition
Let I" be a static game, and i be a player with utility function U;.
Suppose that player i entertains belief b;. A choice c; for player i is
optimal, iff

ui(ci, bi) > ui(ci, bi)

holds for all choices ¢! € C; of player i.
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Rationality

Definition

Let I" be a static game, and i be a player with utility function U;. A
choice c; for player i is rational, iff there exists a belief b; for player i
about the opponents’ choices such that ¢; is optimal.
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Randomizing

Definition
Let T" be a static game, and i be a player. A randomized choice for
player i is a probability distribution

ri: C; — [0; 1]

over the set C; of player i’s choices
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Utility with randomizing

Definition
Let I' be a static game, and i be a player with utility function U;.

Suppose that player i chooses r;, and that his opponents choose
according to c¢_;. The randomizing-utility for player i is

Vi(ri,c—i) = Z ri(ci) - Ui(ci, c—i),

¢ €Ci

where (¢;, c—;) = (c1,...,¢n) € XerC;.
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Expected utility with randomizing

Definition

Let I' be a static game, and i be a player with utility function U;.
Suppose that player i entertains belief b; and chooses r;. The
expected randomizing-utility for player i is

vi(ri, b)) = Z bi(c—;) - Vi(ri,c—;)

c_ieC_;
= Z bi(c_i) - ( Z ri(ci) - Ui(Cani)>,
c_ieC_; G EC;
where (Cl',C,l') = (Cl, e ,Cn) e XjGICj-
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Strict Dominance: the pure case

Definition
Let T" be a static game, and i be a player. A choice c; for player i is
strictly dominated by another choice, iff there exists some choice
c; € C; of player i such that

U,'(C,'7 C,,') < U,'(Cl{, C,,')

holds for every opponents’ choice combinationc_; € C_,.
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Strict Dominance: the randomized case

Definition
Let T" be a static game, and i be a player. A choice c; for player i is

strictly dominated by a randomized choice, iff there exists some
randomized choice r; € A(C;) of player i such that

Ui(ci,c—i) < Vi(ri,c—p)

holds for every opponents’ choice combinationc_; € C_,.
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Strict Dominance

Definition
Let I be a static game, and i be a player. A choice c; for player i is

strictly dominated, iff ¢; is either strictly dominated by another choice
or strictly dominated by a randomized choice.
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A basic lemma

Basic-Lemmall

Let I be some index set, 0 < o; < 1 foralli € I suchthat )., a; =1,
xeR,andy; e Rforalliel. Ifx <}, ay;, then there exists i* € 1
such that x < y;«.

Proof:
= Towards a contradiction suppose that x > y; foralli € 1.
m Then, a;x > «;y; holds for all i € 1.

m |tdirectly follows that 1 - x = 3=, aix > 37, i, @ contradiction.
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A second basic lemma

Basic-Lemma ll

Let 7 be some index set, 0 < o; < 1 foralli € I suchthat ., a; =1,
x€R,andy; e Rforalli e l. If x <37, cuy;, then (there exists i* € 1
such that x < y;«) or (x =y; forall i € I).

Proof:
m By contraposition, suppose that x > y; for all i € I and that there exists i’ € I such that x # Vit -
m Then,x > Vit -
B AsO < a; < 1 holds foralli € 1, itis the case that v,y x > cryy and ajx > agy; foralli € 1\ {i'}.

m ltfollows thatx = 37, cix > 37,c; i
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Two useful facts

If a choice ¢; is strictly dominated by ¢},
then u;(c;, b;) < wi(cf, b;) for all beliefs b; € A(C_;).
Proof:

m By definition U;(c¢j, c_;) < Ui(c],c—_;) holdsforallc_; € C_;.

m leth; € A(C_;) be some belief for player i.

m Then,

bi(c—i) - Ui(ciye—i) < bi(e—i) - Uile] ye—y) foralle_; € C_,
and
bi(c_p) - Ui(eiy e)) < bi(c")) - Ui(ef, ;) forall ¢, € supp(b;).

m Hence, u;(ci bi) = X _ec_,; bile—i) - Uilci,e—i) < e ec_, bile—i) - Ui s e—i) = wilcf"s by)

If a choice ¢; is strictly dominated by r;,
then u,-(ci,b,-) < v,-(r,»,b,-) for all beliefs b; € A(C_l)
Proof:

m Analogously to the pure case.
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Pearce’s Lemma

Theorem (Pearce’s Lemma)

LetT be a static game, i be a player, and c¢; be a choice for player i.
¢; Is rational, iff, c¢; is not strictly dominated.
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Proof of the only if (=) direction
(“strictly dominated implies irrational”)

m Let ¢’ be a choice of player i that is strictly dominated.

Case 1:

m Suppose that ¢i? is strictly dominated by another choice c;.

m Remark 1 then implies that u;(c5?, b;) < u;(c}, b;) holds for all
beliefs b; € A(C_)).

m Hence, there exists no belief b; € A(C_;) such that ¢/ can be
optimal, and ¢” therefore is irrational.

Case 2:

m Suppose that ¢i? is strictly dominated by a randomized
choice r;.

m Remark 2 then implies that u;(c$?, b;) < v;(r:, b;) holds for all
beliefs b; € A(C_;).
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Proof of the only if (=) direction
(“strictly dominated implies irrational”)

m Observe that by associativity, commutativity, and distributivity it
holds that

vi(risbi) = 32 cc_, bilc—i) - (Eciec,- ri(ci) - Ui(Ci’C—i)> =
e i) (Lo ee bile=)-Uileisew)) = e, nlei) wileisb)

m Hence, u;(c;”,b;) < 3, ¢ rici) - ui(ci, bi) holds for all beliefs
b; € A(C_,)
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Proof of the only if (=) direction
(“strictly dominated implies irrational”)

m Let b] € A(C_;) be some belief.

m However, as 0 < r;(¢;) < 1 for all ¢; € C;, the inequality

ui(c$P b)) < Z ri(ci) - ui(ci, bY)

€

implies — by Basic-Lemma | — that there exists some choice
¢l € C; such that u;(cP, b!) < u;(cl, b}).

m Therefore, ¢i” cannot be optimal given belief 4.

m As the belief b/ has been chosen arbitrarily, ¢5? is irrational.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

m Let ¢/® be a choice of player i that is irrational.

Step 1: fixing three basic building blocks d, d* and f

m Define functions d : C; x A(C_;) > Randd™ : C; x A(C_;) = R
such that

d(ci bi) == ui(ci, bi) — wi(ci®, by)

i

and

d+ (C,’, bl) = max{O, d(Ci, b,)}

for every choice-belief pair (¢;, b;) € C; x A(C_;) of player i.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

m Moreover, define a function f : A(C_;) — R such that

f(bi) = Z (d+(Ci,bi))2

¢ €C

forall b; € A(C-)).

m As the function f is continuous and its domain A(C_;) is
compact, it follows with Weierstrass’ extreme value theorem
that the function f attains a minimum, i.e. there exists a belief
bl e A(C_;) such that £(5,"™") < f(b;) for all b; € A(C_)).
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 2: building a randomized choice r}
m Define numbers
d*t (Civ blf—min)
Zcfeci d+ (Cz/W bzf'_mm)

for every choice ¢; € C; of player i.

rile) =

m Remark: the weight that r* assigns to choices increases in the
goodness of the respective choice relative to c/k.

m Observe that the numbers r7(c;) for all ¢; € C; constitute a
randomized choice r € A(C)).
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Proof of the /f direction
(“irrational implies strictly dominated”)

El Well-definedness of r;:
min

m As ¢® is irrational, it cannot be optimal given belief 5/ """,
m Hence, there exists some choice ¢} € C; such that
I/l,'(C;-k, b/;fmm) > I/t,'(C{R, bgfmm).

m Thus, d*(c;,b}""™™) > 0 for at least some choice ¢; € C;.
m As, by construction, d* (c;,,”"™") > 0 for all ¢; € C;, it
follows that 3, .. d* (¢}, b ~"™) > 0 and therefore r¥(c;) is

well-defined for every ¢; € C;.

H Since d*(ci,b’;’”’"") > 0 for every ¢; € C;, it is the case that
ri(c;) > 0 for every ¢; € C;.

d( . f—min
B Also, it holds that 5=, ., i (c) = e sl = 1.
(ale iYi
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

m Next, it is shown that ¢/® is strictly dominated by the
randomized choice r;, i.e. U;(cik c_;) < Vi(rf, c_;) for all
c_; € C_;, or equivalently, Vi(rf,c_;) — Ui(c!R,c_;) > 0 for all
c_i€C_.

m Letc¢*;, € C_; be some opponents’ choice-combination.

m Consider the belief bfi" € A(C_,;) of player i that assigns
probability-1 to the opponents’ choice-combination ¢* ;.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 3: reformulating strict dominance in terms of 4 and d*

m Observe that, Vi(r7,c*,) — Ui(c/F,¢* ) = vi(rt, b)) — wi( R, b)

[ irYi I |

=3 (e - wilen ) = S r(e) - wle® B

¢ €Ci ¢ €Ci
= ri(en) - (wilen by ) —wi(el® b)) = Y r(e) - deib; )
¢ €C c€C;
mAsri(c) = — @™ foralle € ¢, and as

Deq dt(d B
Svee d"'(cf,b}; "y > 0, the inequality
Vi(}j‘,cii) — U(c®, c¢*;) > 0 is equivalent to the inequality
Soec d* e ™) - dleisby ) > 0.

l
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 4: building a belief bA in terms of the f-minimal belief 5/ """ and
the probability-1 belief bi ‘

m Forevery \ € [0; 1] define b} := (1 — \) - bf'_""" + X b such
that b (c_;) = (1= A) - B " (c_;) + A - b (c_) forall c_; € C_.

1

m Observe that b} € A(C_;) for all X € [0;1] is indeed a belief for
player i. (“a convex combination of two beliefs always is a belief”)

m Note that for all A € [0; 1], it is the case that 0 < b (c_;) < 1
forallc_; € C_;.

m Note that for all X € [0; 1], itis the case that }-, .. b}(c_y)
=(1=X) Y e BT e) + X cc, b e) = 1.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 5: fixing a small number ¢ to make d negative in b if so in bf"’""”

m Now, choose a real number ¢ > 0 such that for all ¢; € C;, if
d(ci, b ™™™) < 0, then d(c;, b}) < 0 for all A € [0;¢].

m Observe that such an ¢ exists for all ¢; € C;.
B Letc; € C; be achoice for player i such thatd(c,»,b/,.(f'""") <o.
B if X =0, then b} = b/ ~"" and thus d(c;, b)) < 0 immediately holds.
B Note that d(c;, b)) = u;(c;, b)) — ui(clR, b)) =
S sec; (=287 e + N e ) Useis i) — (1 = NH" () +
N () Ui, )
is linear — and hence continuous —in A.

B By continuity of d(c;, b) in X there exists e, > 0 such that d(c;, b) < 0 also holds for all
A< €c;-

B Choose ¢ = min{c,; : ¢; € C;}.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 6: establishing an inequality about 4~ and d

m Itis shown for all ¢; € C; that the inequality

2

(d* (i, b)) < (1= A) - d* (i, )™ + X - d(ci, b)) (o)

holds for all X € (0; €].

m Let ¢ € C; be some choice for player i and A° € (0; ] some
“small” positive number.

m Case 1: Suppose that d(c?,b}") < 0. Then, d*(c?,b") = 0, and
the inequality (o) holds.
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

"
Required to show: (dF (2, 52°))2 < ((1 = A®) - d (@, 5[ ™"y + X° - d(c?, b, "))? (0)

m Case 2: Suppose that d(cf, b}") > 0. The appropriate choice of

e assures that d(cf, b, ") > 0, and therefore .
dt (e, b)) = d(c, b)) as well as d* (2, b)) = d(c¢, b, ™).
)
m As c? and \° are fixed, d(c?, (1 — A°) - b/ ™" + X° - b") is a linear
function in i’s beliefs b;, thus d(cg, (1 — X°) - B[ " + X° - b, ™) =
(1= X°)-d(cO, b} ™™™ + X° - d(c0, b, ).

irYi i

m Thus, d*(c?, b)) = d(cP, (1 = X°) - b ™™ 4 \° - b

17

X° - d(c?,b;~) results, which directly implies the inequality (o).

[

m Consequently, d*(c? bf\°) =(1-X° ,d+(c?’blf—min) n

m Hence, (o) holds for all ¢f € C; and for all A° € (0;¢€].
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 7: deriving consequences for f in b}

m Then,
o) =3 (@ (e b))’
¢ €C;
<30 ((1=A) - d (e BT+ X d(en b))
¢ €C;
— (1—>\)2. d+(C,’,blf.—mm —|—2)\ 1-— )\ Z at C,, mm ) ( ,,b;i'))
ceC Jer)
+A7- Z (d(Cub, )) for all A € (0; €]

¢ €C;

m Recall that (5, ~"") < f(b;) for all b; € A(C_,).
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

m Thus, Y, ce, (dF (e b)) =1 (07"") <S5
< (10237 (@ (en b)) 42210 ( DD dF (e, b)) d(ci, b))

GEC G €C
w223 (d(c”b, 9)? for all A € (0; ).
c€Ci

m [t follows for all A € (0; €] that

(1= (1= 2)) Eeeq, (@ (el T™)

2

<2M(1-X Z d*(c;, b (c,,bl )+ Z (d(c,-,bf*’"))z.

ceCi ci€Ci
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

m Dividing both sides of the inequality by A > 0 yields
2-) Zc-ec- (d* (ci, B ™)
Z d+ c,, ) (c,,bl )+ A Z (d(ci,bf*"'))2
ceC ceC;
forall A € (0; €.
m Let )\ approach 0 and obtain

*

D (A e o) < (30 d (e ) -d(ein b))

c€Ci ¢ €Ci
m Recall that 3", ... d*(c;,b["") > 0 and thus
—miny\ 2
ZC(EC,‘ (d+(ci717); )) > 0'

m Therefore, > .. d*(ci,b["™") - d(ci,b") > 0 obtains.

1
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Proof of the i/f (<) direction
(“irrational implies strictly dominated”)

Step 8: establishing that r; strictly dominates ¢/®

m Recall that .
Z d* Cn mm d(ci’b;q) >0

c;€C;

is equivalent to
Vi(ry ¢2) > Ui, ct)).

m As the opponents’ choice combination ¢* ; has been chosen
arbitrarily, it can be concluded that U;(c/R, c_;) < Vi(r7,c_;) holds
for all c_; € C_;, and the irrational choice ¢/ is thus strictly
dominated by the randomized choice r;.
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Topology, topological space, and open sets

Definition

A topology on some set X is a set 7 C P(X) of subsets of X such that
m0XeT,
mif7, 7" e T,thenTNT €T,
m if 7, € T foralli € I, then U;g;T; € T.

A set X for which a topology 7 has been specified is called a
topological space. Aset T € T is called open set.
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Standard topology

Definition

A set O C R is called open, if for all 0 € O there exists ¢ > 0 such that
(0 — €;0+ €) C 0. The set containing all such sets O is called
standard topology of R.
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Open sets in R with the standard topology

Leta,b € R and R be equipped with the standard topology. The open
interval (a; b) is an open set.

Argument:

m letx € (¢;b)ande < min{| x —a |, | b —x|}.
m Then, (x — e;x + €) C (a;b).

B Therefore, (a; b) is open.

Leta € R and R be equipped with the standard topology. The open
intervals (a; +00) and (—oo;a) are open sets.
Argument:

m Note that (a; +00) = U,>4(a;r) and that (—oo;a) = Ur<q(r; a).

B As unions of open sets (a; +o00) and (—oo; a) are therefore open sets.
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Continuity

Definition
Let X and Y be topological spaces with topologies 7x and Ty,

respectively. A function X — Y is continuous, if for every open set
Ve Ty, thesetf~1(V)={xeX:f(x) € V} € Tx is open.
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Definition
Let X be a topological space. A set C C P(X) is a cover of X, if the

union of the elements of C is a superset of X. If all elements of C are
open, then C is called open cover of X.
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Compactness

Let X be a topological space. The space X is compact, if every open
cover of X contains a finite number of sets that also cover X.
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Continuity preserves compactness

Theorem

LetX and Y be topological spaces, andf : X — Y be a function. IfX is
compact andf is continuous, then the image f(X) is compact.

Proof:

m Let C be an open cover of f(X).
m Note thatevery C € Cis openin Y.

m As C covers Y and f(X) C Y, it follows that X C {f~!(C) : C € C},
i.e. {f~1(C): C e} covers X.

m Continuity of f ensures that every such set f~!(C) is open in X.

m By compactness of X a finite number of these sets, say
¢, ....f71(C,), cover X.

m Then, the sets Cy, ..., C, cover f(X).
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Weierstrass’ extreme value theorem

Theorem (Weierstrass’ extreme value theorem)

Let X be a compact topological space, andf : X — R be a continuous
function, where R is equipped with the standard topology. Then, there
exista,b € X such thatf(a) < f(x) < f(b) forallx € X.
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Proof of Weierstrass’ extreme value theorem

Proof:

m Since X is compact and f is continuous, the image f(X) is
compact.

m Suppose f(X) has no smallest element, i.e. there exists no
m € f(X) such that m <y for all y € f(X).

m Then, the set {(y; +00) : y € f(X)} forms an open cover of f(X).

m By compactness of f(X) a finite number of these sets, say
(yi;4+00), . . ., (yu; +00) cover f(X), and consider min{yi, ..., y,}.

m Note that min{yy,...,y,} <yforall y € f(X), a contradiction.

B As min{y,...,y.} € f(X) there exists a € X such that
fla) =min{y;,...,y.}.
m Analogously for b.
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Thank you!
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